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ABSTRACT  OF  VOLUMES  I  AND  II 


This  book  presents  design  techniques  for  s  wide  variety  of  low-pass, 
bend-pass,  high-pass,  and  band-stop  microwave  filters;  for  multiplexers; 
and  for  certain  kinds  of  directional  couplers.  The  material  is  organized 
to  be  used  by  the  designer  who  needs  to  work  out  a  specific  design  quickly, 
with  a  minimum  oi  reading,  as  well  as  by  the  engineer  who  wants  a  deeper 
understanding  of  the  design  techniques  used,  so  that  he  can  apply  them  to 
new  and  unusual  situations. 

Most  of  the  design  procedures  described  make  use  of  either  a  lumped- 
element  low-pass  prototype  filter  or  a  step- transformer  prototype  as  a 
basis  for  design.  Using  these  prototypes,  microwave  filters  can  be  ob¬ 
tained  which  derive  response  characteristics  (such  as  a  Tchebyscheff 
attenuation  ripples  in  the  pass  band)  from  their  prototype.  Prototype 
filter  designs  are  tabulated,  and  data  is  given  relevant  to  the  use  of 
prototype  filters  as  a  basis  for  the  design  of  impedance-matching  networks 
and  time-delay  networks.  Design  formulas  and  tables  for  step-transfori..er 
prototypes  are  else  given. 

The  design  of  microwave  filter  structures  to  serve  as  impedance¬ 
matching  networks  is  discussed,  and  examples  are  presented.  The  techniques 
described  should  find  application  in  the  design  of  impedance-matching  net¬ 
works  for  use  in  microwave  devices  such  as  tubes,  parametric  devices, 
antennas,  etc.,  in  order  to  achieve  efficient  broad-band  operation.  The 
design  of  microwave  filters  to  achieve  various  time-delay  (or  slow-wave) 
properties  is  also  discussed. 

Various  equations,  graphs,  and  tables  are  collected  together  relevant 
to  the  design  of  coaxial  lines,  strip-lines,  waveguides,  parallel-coupled 
lines  between  common  ground  plsnes,  arrays  of  lines  between  ground  planes, 
coupling  and  junction  discontinuities,  and  resonators.  Techniques  for 
measuring  the  Q' a  of  resonators  and  the  coupling  coefficients  between 
resonators  are  also  discussed,  along  with  procedures  for  tuning  filters. 
Equations  and  principles  useful  in  the  analysis  of  filters  are  collected 
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together  for  easy  reference  and  to  aid  tha  raadar  whose  backgrtund  for 
the  subject  matter  of  this  book  may  contain  some  gapa. 

Directional  filters  have  special  advantages  for  certain  applies-  - 
tioaa,  and  are  treated  in  detail  in  a  separate  chapter,  at  are  high- 
power  filters.  '•  Tunable  filters  of  the  kind  that  might  be  desired  for 
preselector  applications  are  also  treated.  Both  mechanically  tunable 
filters  and  filters  using  ferrimagnetic  resonator*,  which  can  be  tuned 
by  varying  a  biasing  magnetic  field,  are  discussed. 


PREFACE  TO  VOLUMES  I  AND  II 


The  organization  of  thia  book  has  three  general  objectivea.  The 
firat  objective  is  to  present  fundamental  concepts,  techniques,  and  data 
that  are  of  general  use  in  the  design  of  the  wide  range  of  microwave 
structures  discussed  in  thia  book.  The  second  objective  ia  to  present 
specialized  data  in  more  or  leas  handbook  form  so  that  a  designer  can 
work  out  practical  designs  for  structures  having  certain  specific  con¬ 
figurations,  without  having  to  recreate  the  design  theory  or  the  deriva¬ 
tion  of  the  equations.  (However,  the  operation  of  most  of  the  devices 
diacusaed  herein  is  sufficiently  complex  that  knowledge  of  some  of  the 
basic  concepts  and  techniques  ia  usually  important.)  The  third  objective 
ia  to  present  the  theory  upon  which  the  various  design  procedures  are 
baaed,  so  that  the  deaigner  can  adapt  the  various  design  techniques  to 
new  and  unusual  situations,  and  so  that  researchers  in  the  field  of 
microwave  devices  may  use  some  of  this  information  as  a  basis  for  deriv¬ 
ing  additional  techniques.  The  presentation  of  the  material  so  that  it 
can  be  adapted  to  new  and  unusual  situations  is  important  because  many 
of  the  microwave  filter  techniques  described  in  this  book  are  potentially 
useful  for  the  design  of  microwave  devices  not  ordinarily  thought  of  as 
having  anything  to  do  with  filters.  Some  examples  are  tubes,  parametric 
devices,  and  antennas,  where  filter  structures  can  serve  as  efficient 
impedance-matching  networks  for  achieving  broad-band  operation.  Filter 
structures  are  also  useful  as  slow-wave  structures  or  time-delay  struc¬ 
tures.  In  addition,  microwave  filter  techniques  can  be  applied  to  other 
devices  not  operating  in  the  microwave  band  of  frequencies,  as  for 
instance  to  infrared  and  optical  filters. 

The  three  objectives  above  are  not  listed  in  any  order  of  importance,  nor 
is  this  book  entirely  separated  into  parts  according  to  these  objectivea. 
However,  in  certain  chapters  where  the  material  lends  itself  to  such 
organisation,  the  first  section  or  the  first  few  sections  discu*s  general 
principles  which  a  designer  should  understand  in  order  to  make  best  use 
of  the  design  data  in  the  chapter,  then  come  sections  giving  design  data 


for  specific  typos  of  structures,  sod  the  end  of  the  cheptcr  discusses 
the  derivations  of  the  various  design  equations.  Also,  et  numerous  pieces 
cross  references  sre  node  to  other  portions  of  the  book  where  information 
useful  for  the  design  of  the  particular  structure  under  consideration  can 
be  found.  For  example,  Chapter  11  describes  procedures  for  measuring  the 
unloaded  Q  and  external  Q  of  reaonatora,  and  for  measuring  the  coupling 
coefficients  between  resonators.  Such  procedures  have  wide  application 
in  the  practical  development  of  many  types  of  band-pass  filters  and 
impedance-aiatching  networks. 

Chapter  1  of  thia  book  deacribes  the  broad  range  of  applications  for 
which  microwave  filter  structurea  are  potentially  useful.  Chapters  2 
through  6  contain  reference  data  and  background  information  for  the  rest 
of  the  book.  Chapter  2  summarizes  various  concepts  and  equations  that 
are  particularly  useful  in  the  analysis  of  filter  structures.  Although 
the  image  point  of  view  for  filter  design  is  made  use  of  only  at  certain 
points  in  this  book,  some  knowledge  of  image  design  methods  is  desirable. 
Chapter  3  gives  a  brief  summary  of  the  image  design  concepts  which  are 
particularly  useful  for  the  purposes  of  this  book.  Chapters  1  to  3  should 
be  especislly  helpful  to  readers  whose  background  for  the  material  of  this 
book  may  have  some  gaps. 

Most  of  the  filter  and  impedance-matching  network  design  techniques 
described  later  in  the  book  make  use  of  a  low-pass  prototype  filter  as  a 
basis  for  design.  Chapter  4  discusses  various  types  of  lumped-element, 
low-pass,  prototype  filters,  presents  tables  of  element  values  for  such 
filters,  discusses  their  time-delay  properties,  their  impedance-matching 
properties,  and  the  effects  of  dissipation  loss  upon  their  responses.  In 
later  chapters  these  low-pass  prototype  filters  and  their  various  proper¬ 
ties  are  employed  in  the  design  of  low-pass,  high-pass,  band-pass,  and 
band-stop  microwave  filters,  and  also  in  the  design  of  microwave  impedance¬ 
matching  networks,  and  time-delay  networks. 

Various  equations,  graphs,  and  tables  relevant  to  the  design  of 
coaxial  line,  atrip-line,  waveguide,  and  a  variety  of  resonators,  coupling 
structures,  and  discontinuities,  are  summarized  for  easy  reference  in 
Chapter  S.  Chapter  6  discusses  the  design  of  step  transformers  and  pre¬ 
sents  tables  of  designs  for  certain  cases.  The  step  transformers  in 
Chapter  6  are  not  only  for  use  in  conventional  impedance-transformer 
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applications,  but  also  for  uao  as  prototypes  for  certain  types  of  band¬ 
pass  or  pseudo  high-pass  filters  discussed  in  Chapter  9. 

Design  of  low-pass  filters  snd  high-pass  filters  from  the  semi- 
lumped-element  point  of  view  are  treated  in  Chapter  7.  Chapters  8,  9, 
and  10  discuss  band-pass  or  pseudo-high-pass  filter  design  using  three 
different  design  approaches.  Which  approach  is  beat  depends  on  the  type 
of  filter  structure  to  be  used  and  the  bandwidth  required.  A  tabulation 
of  the  various  filter  structures  discussed  in  all  three  chapters,  a 
summary  of  the  properties  of  the  various  filter  structures,  and  the 
section  number  where  design  data  for  the  various  structure/  can  be  found, 
are  presented  at  the  beginning  of  Chapter  8. 

Chapter  11  describes  various  additional  techniques  which  are  useful 
to  the  practical  development  of  microwave  band-pass  filters,  impedance¬ 
matching  networks,  and  time-delay  networks.  These  techniques  are  quite 
general  in  their  application  and  can  be  used  in  conjunction  with  the 
filter  structures  and  techniques  discussed  in  Chapters  8,  9,  and  10,  and 
elsewhere  in  the  book. 

Chapter  12  discusses  band-stop  filters,  while  Chapter  13  treats 
certain  types  of  directional  couplers.  The  TEM-mode,  coupled- transmission¬ 
line,  directional  couplers  discussed  in  Chapter  13  are  related  to  certain 
types  of  directional  filters  discussed  in  Chapter  14,  while  the  branch- 
guide  di  rectional  couplers  can  be  designed  using  the  step- transformer 
prototypes  in  Chapter  6.  Both  waveguide  and  strip-line  directional  filters 
are  discussed  in  Chapter  14,  while  high -power  filters  are  treated  in  Chapter  15. 
Chapter  16  treats  multiplexers  and  diplexers,  and  Chapter  17  deals  with 
filters  that  can  be  tuned  either  mechanically  or  by  varying  a  biasing 
magnetic  field. 

It  is  hoped  that  this  book  will  fill  a  need  (which  has  become  in¬ 
creasingly  apparent  in  the  last  few  years)  for  a  reference  book  on  design 
data,  practical  development  techniques,  and  design  theory,  in  a  field  of 
engineering  which  has  been  evolving  rapidly. 
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CHAPTER  1 


SOME  GENERAL  APPLICATIONS  OF  FILTER  STRUCTURES 
IN  MICROWAVE  ENGINEERING 


SEC.  1.01,  INTRODUCTION 

Most  readers  will  be  familiar  with  the  use  of  filters  as  discussed 
in  Sec.  1.02  below.  However,  the  potential  applications  of  the  material 
in  this  book  goes  much  beyond  these  classical  filter  applications  to 
cover  many  other  microwave  engineering  problems  which  involve  filter-type 
structures  but  are  not  always  thought  of  as  being  filter  problems. 

Thus,  the  purpose  of  this  chapter  is  to  make  clear  to  the  reader 
that  this  book  is  not  addressed  only  to  filter  design  specialists,  but 
also  to  antenna  engineers  who  may  need  a  broadband  antenna  feed,  to 
microwave  tube  engineers  who  may  need  to  obtain  broadband  impedance 
matches  in  and  out  of  microwave  tubes,  to  system  engineers  who  may  need 
a  microwave  time-delay  network,  and  to  numerous  others  having  other 
special  microwave  circuit  design  problems. 

SEC.  1.02,  USE  OF  FILTERS  FOR  THE  SEPARATION  OH 
SUMMING  OF  SIGNALS 

The  most  obvious  application  of  filter  structures,  of  course,  is 
for  the  rejection  of  unwanted  signal  frequencies  while  permitting  good 
transmission  of  wanted  frequencies.  The  most  common  filters  of  this 
sort  are  designed  for  either  low-pass,  high-pass,  band-pass  or  band-stop 
attenuation  characteristics  such  as  those  shown  in  Fig.  1.02-1.  Of  course, 
in  the  case  of  practical  filters  for  the  microwave  or  any  other  frequency 
range,  these  characteristics  are  only  achieved  approximately,  since  there 
is  a  high-frequency  limit  for  any  given  practical  filter  structure  above 
which  its  characteristics  will  deteriorate  due  to  junction  effects, 
resonances  within  the  elements,  etc. 

Filters  are  also  commonly  used  for  separating  frequencies  in 
diplexers  or  multiplexers.  Figure  1.02-2  shows  a  multiplexer  whixh 
segregates  signals  within  the  2.0  to  4.0  Gc  bend  into  three  sepsrate 
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ATTENUATION - <*k  ATTENUATION 


FIG.  1.02-1  FOUR  COMMON  TYPES  OF  FILTER  CHARACTERISTICS 


FIG.  1.02-2  A  THREE-CHANNEL  MULTIPLEXING 
FILTER  GROUP 
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channel*  according  to  their  frequencies.  A  well  designed  multiplexer  of 
this  sort  would  have  very  low  VSWH  at  the  input  port  across  the  2.0  to 
4.0  Gc  input  band.  To  achieve  this  result  the  individual  filters  must 
be  designed  specially  for  this  purpose  along  with  a  special  junction- 
matching  network. 

Another  way  that  diplexers  or  multiplexers  are  often  used  is  in  the 
summing  of  signals  having  different  frequencies.  Supposing  that  the 
signal-flow  arrowheads  in  Fig.  1.02-2  arejveversed;  in  this  event,  signals 
entering  at  the  various  channels  can  all  be  joined  together  with  negligible 
reflection  or  leakage  of  energy  so  that  all  of  the  signals  will  be  super¬ 
imposed  on  a  single  output  tine.  If  signals  in  these  various  channel  fre¬ 
quency  ranges  were  summed  by  a  simple  junction  of  transmission  lines  (i.e., 
without  a  multiplexer),  the  loss  in  energy  at  the  single  output  line  would, 
of  course,  be  considerable,  as  a  result  of  reflections  and  of  leakage  out 
of  lines  other  than  the  intended  output  line. 

SEC.  1.01,  IMPEDANCE -MATCHING  SKT'AOHKS 

Bode1  first  showed  what  t.he  physical  limitations  were  on  the  broadband 
impedance  matching  of  loads  consisting  of  a  reactive  element  and  a  resistor 
in  series  or  in  parallel.  Later,  Kano2  presented  the  general  limitations 
on  the  impedance  matching  of  any  load.  bano’.s  work  shows  that  efficiency 
of  transmission  and  bandwidth  are  exchangeable  quantities  in  the  impedance 
matching  of  any  load  having  a  reactive  component. 

To  illustrate  the  theoretical  limitations  which  exist  on  broadband 
impedance  matching,  consider  the  example  shown  in  Fig.  1.03-1  where  the 
load  to  be  matched  consists 
of  a  capacitor  G'(  and  a  re¬ 
sistor  Bn  in  parallel.  A 
lossless  impedance-matching 
network  is  to  be  inserted 
between  the  generator  and 
the  load,  and  the  reflec¬ 
tion  coefficient  between 
the  generator  and  the 
impedance-matching  net¬ 
work  is 


FIG.  1.03-1  EXAMPLE  OF  AN  IMPEDANCE-MATCHING 
PROBLEM 


r 


(1.03-1) 


The  wcrk  of  Bode1  and  that  of  Fano*  shows  that  there  is  a  physical  limits 
tion  on  what  T  can  be  at  a  function  of  frequency.  The  best  possible 
results  are  limited  as  indicated  by  the  relation* 


Recall  that  for  a  passive  circuit  0  *  |P|  *  1,  for  total  reflection 
|T|  «  1,  and  that  for  perfect  transmission  j P j  >  0.  Thus,  the  larger 
In  |i/r|  is  the  better  the  transmission  will  be.  But  Eq .  (1.03-2)  says 
that  the  area  under  the  curve  of  In  | 1 . P |  vs  w  can  be  no  greater  than 

"/(«„£,)■ 

If  a  good  impedance  match  is  desired  from  frequency  o>g  to  ,  best 
results  can  be  obtained  if  |T|  «  1  at  all  frequencies  except  in  the  band 
from  «g  to  Then  In  1 1  / T j  «  0  at  all  frequencies  except  in  the  to 

band,  and  the  available  area  under  the  In  | 1 /T |  curve  can  all  be  con¬ 
centrated  in  the  region  where  it  does  the  most  good.  With  this  specifi¬ 
cation,  Eq.  (1.03-2)  becomes 


«oCi 


.(1.03.3) 


and  if  } P |  is  assumed  to  be  constant  across  the  band  of  impedance  match, 
|r|  as  a  function  of  frequency  becomes 


|r| 


in  -  i 


)J»  Cj  <  < 

j  •  ■  w  for  (o  m  »  eo  ■ 


for  0  *  a;  ■  a>t  and  ■ 


< 

■ 


. (1.03-4) 

a/ 


This  ralstioa  balds  it  tbs  iapodaaao  astsbiaf  satwsrk  is  dtsifaod  so  that  tbs  raflsetioa  ooof- 
ficisat  batooaa  gj  aad  tbs  cirsiit  to  tbs  loft  of  *  ia  Fig.  1.01-1  has  all  of  its  sorts  ia 
tbs  loft  half  alias.1 '* 
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Equation  (1.03-4)  says  that  an  i'ieal  impedance-matching  network  for 
the  load  in  Fig.  1.03-1  would  be  a  band-pass  filter  structure  which  would 
cut  off  sharply  at  the  edges  of  the  band  of  impedance  match.  The  curves 
in  Fig.  1.03-2  show  how  the  | P |  vs  u>  curve  for  practical  band-pass 
impedance-matching  filters  might  look.  The  curve  marked  Case  1  is  for  the 
impedance  matching  of  a  given  load  over  the  relatively  narrow  band  from 
ci>t  to  ,  while  the  curve  marked  Case  2  is  for  the  impedance  matching  of 
the  same  load  over  the  wider  band  from  cu  to  using  the  same  number  of 
elements  in  the  impedance -matching  network.  The  rectangular  J P ]  character¬ 
istic  indicated  by  Eq.  (1.03-4)  is  that  which  would  be  achieved  by  an 
optimum  hand-pass  matching  filter  with  an  infinite  number  of  elements.* 


FIG.  1.03-2  CURVES  ILLUSTRATING  RELATION  BETWEEN  BANDWIDTH  AND  DEGREE  OF 
IMPEDANCE  MATCH  POSSIBLE  FOR  A  GIVEN  LOAD  HAVING  A  REACTIVE 
COMPONENT 


The  work  of  Fano2  shows  that  similar  conditions  apply  no  matter  what 
the  nature  of  the  load  (as  long  as  the  load  is  not  a  pure  resistance). 
Thus,  for  this  very  fundamental  reason,  efficient  broadband  impedance¬ 
matching  structures  are  necessarily  filter  structures .  In  this  book 
methods  will  be  given  for  designing  impedance-matching  networks  using 
the  various  microwave  filter  structures  to  be  treated  herein. 


Siaplo  aatekiaf  uliotki  cis  girt  vary  (rot  itprniwtti  is  iiptdmci  utck,  and  •*  tha 
aaakar  of  aatokint  alaaonta  it  iacraaatd  tkt  iaprovtsost  par  additioaal  olaaaat  rapidly 
kataaoa  taallar  and  aaallar.  far  tkia  raaaaa  fairly  aiapla  aatckiaf  aatoorka  can  fira 
ptrfaraaaea  vkiek  coaaa  cloaa  to  tka  tkaoratieally  optima  parforsaact  for  aa  iafiaita 
aaakor  of  iapodaaoa-aatokiaf  alaaoata. 
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SEC.  1.04,  COUPLING  NETWORKS  FOR  TUBES  AND 
NEGATIVE-RESISTANCE  AMPLIFIERS 

A  pentode  vacuum  tube  can  often  be  aimulated  at  ita  output  aa  an 
infinite-impedance  current  generator  with  a  capacitor  ahunted  across  the 
terminals.  Broadband  output  circuits  for  such  tubes  can  be  designed  as 
a  filter  to  be  driven  by  an  infinite-impedance  current  generator  at  one 
end  with  only  one  resistor  termination  (located  at  the  other  end  of  the 
filter).  Then  the  output  capacitance  of  the  tube  is  utilized  as  one  of 
the  elements  required  for  the  filter,  and  in  this  way  the  deleterious 
effects  of  the  shunt  capacitance  are  controlled.3  Data  presented  later 
in  this  book  will  provide  convenient  means  for  designing  microwave  broad¬ 
band  coupling  circuits  for  possible  microwave  situations  of  a  similar 
character  where  the  driving  source  may  be  regarded  as  a  current  or  voltage 
generator  plus  a  reactive  element. 
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FIG.  1.04-1  CIRCUIT  ILLUSTRATING  THE  USE  OF  FILTER  STRUCTURES 
IN  THE  DESIGN  OF  NEGATIVE-RESISTANCE  AMPLIFIERS 
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P» 


*1  ~  *0 
+  *0 


and  that  at  the  right  aa 


r 


3 


*3  -*« 

2,  ♦  R< 


(1.04-1) 


a. 04-2) 


Since  the  intervening  band-paas  filter  circuit  is  dissipationless, 

|rj  .  |r,|  (1.04-3) 


though  the  phases  of  Tj  and  Tj  are  not  necessarily  the  same.  The  available 
power  entering  the  circulator  on  the  right  is  directed  into  the  filter 
network,  and  part  of  it  is  reflected  back  to  the  circulator  where  it  is 
finally  absorbed  in  the  termination  RL .  The  transducer  gain  from  the 
generator  to  RL  is 


P 

T 

P 

•  Till 


(1.04-4) 


where  P,raiI  is  the  available  power  of  the  generator  and  Pr  is  the  power 
reflected  back  from  the  filter  network. 


If  the  resistor  fig  on  the  left  in  big.  1.04-1  is  positive,  the 
transducer  gain  characteristic  might  be  as  indicated  by  the  Case  1  curve 
in  big.  1.04-2.  In  this  case  the  gain  is  low  in  the  pass  band  of  the 
filter  since  |Pj  |  *  |P3|  is  small  then.  However,  if  liQ  is  replaced  by  a 
negative  resistance  li'g  a  ~Rg.  then  the  reflection  coefficient  at  the 
left  becomes 


r; 


*1  +  *o 

4  -  *0 


(1.04-5) 


As  a  result  we  then  have 


|rj|  -  |rj-| 


i 

|r> 


(1.04-6) 
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FIG.  1.04-2  TRANSDUCER  GAIN  BETWEEN  GENERATOR  IN  FIG.  1.04-1 
AND  THE  CIRCULATOR  OUTPUT 

Cat*  1  it  for  Rq  Positive  while  Cote  2  it  for  Rq  Replaced  by 

Ro  *  -Ro 


Thus,  replacing  fl0  by  its  negative  corresponds  to  | P3  |  being  replaced  by 
| Pj |  *  1/ |r3 | ,  and  the  transducer  gain  is  as  indicated  by  the  curve  marked 
Case  2  in  Fig.  1.04-2.  Under  these  circumstances  the  output  power  greatly 
exceeds  the  available  power  of  the  generator  for  frequencies  within  the 
pass  band  of  the  filter. 

With  the  aid  of  tqs.  (1.04-1)  and  (1.04-6)  coupling  networks  for 
nega ti ve - resi stance  amplifiers  are  easily  designed  using  impedance¬ 
matching  filter  design  techniques.  Practical  negative-resistance  elements 
such  as  tunnel  diodes  are  not  simple  negative  resistances,  since  they  also 
have  reactive  elements  in  their  equivalent  circuit.  In  the  case  of  tunnel 
diodes  the  dominant  reactive  element  is  a  relatively  large  capacitance  in 
parallel  with  the  negative  resistance.  With  this  large  capacitance  present 
satisfactory  operation  is  impossible  at  microwave  frequencies  unless  some 
special  coupling  network  is  used  to  compensate  for  its  effects.  In 
Fig.  1.04-1,  C,  and  RJJ  on  the  left  can  be  defined  as  the  tunnel-diode 
capacitance  and  negative  resistance,  and  the  remainder  of  the  band-pass 
filter  circuit  serves  as  a  broadband  coupling  network. 

Similar  principles  also  apply  in  the  design  of  broadband  coupling 
networks  for  masers  and  parametric  amplifiers.  In  the  case  of  parametric 
amplifiers,  however,  the  design  of  the  coupling  filters  is  complicated 
somewhat  by  the  relatively  complex  impedance  transforming  effects  of  the 
time-verying  element.4 
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The  coupling  network  shown  in  Fig.  1.04*1  is  in  s  lumped-element 
form  which  is  not  very  prscticsl  to  construct  st  microwsve  frequencies. 
However,  techniques  which  sre  suitable  for  designing  prscticsl  microwave 
filter  structures  for  such  applications  will  be  given  in  later  chapters. 


SEC.  1.05,  TIME-DELAY  NETWORKS  AND  SLOW- 
WAVE  STRUCTURES 

Consider  the  low-pass  filter  network  in  Fig.  1.05-l(a)  which  has  a 
voltage  transfer  function  £0  .  The  transmission  phase  is  defined  as 


<P 


radians 


(1.05-1) 


The  phase  delay  of  this  network  at  any  given  frequency  is 


(  «  —  seconds 


(1.05-2) 


while  its  group  delay  is 


d<p 

——  seconds 

do; 


(1.05-3) 


where  <p  is  in  radians  and  a>  is  in  radians  per  second.  Under  different 
circumstances  either  phase  or  group  delay  may  be  important,  but  it  is 


FIG.  1.05- 1(a)  LOW-PASS  FILTER  DISCUSSED  IN  SEC.  1.05 


9 


U  - ►  I-HIT-IOO 


FIG.  1.05- 1(b)  A  POSSIBLE  |Eq/E4  |  CHARACTERISTIC  FOR  THE  FILTER  IN 
FIG.  1.05-l(a),  AND  AN  APPROXIMATE  CORRESPONDING 
PHASE  CHARACTERISTIC 


group  delay  which  determines  the  time  required  for  a  signal  to  pass 
through  a  circuit.5,6* 

Low-pass  ladder  networks  of  the  form  in  Fig.  1 . 05 -1(a)  have  zero 
transmission  phase  for  a>  *  0,  and  as  «  becomes  large 

.  nv 

<p\  —  —  radians  (1.05-4) 

u-«  2 

where  n  is  the  number  of  reactive  elements  in  the  circuit.  Figure  1.05-l(b) 
shows  a  possible  \Et  Ef  |  characteristic  for  the  filter  in  F'ig.  l.OS-l(a) 
along  with  the  approximate  corresponding  phase  characteristic.  Note  that 
most  of  the  phase  shift  takes  place  within  the  pass  band  a>  *  0  to  u  •  oi,  . 

This  is  normally  the  case,  hence  a  rough  estimate  of  the  group  time  delay 
in  the  pass  band  of  filters  of  the  form  in  Fig.  1.05-l(a)  can  be  obtained  from 


Tkat  ia,  if  tkara  ii  ae  aaplitada  iittortioa  tai  4d>/i o>  ia  eoaataat  aerata  tka  frajaaaay  kaad  of 
tka  aijaal,  tkaa  tka  aatpat  a i jail  vill  ka  aa  aaaat  rapliea  af  tka  iapat  aijaal  kat  diaplaiad  ia 
tiaa  ky  aacaada. 
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nv 


second* 


(1.05-5) 


where  n  is  again  the  number  of  reactive  elements  in  the  filter.  Of  courae, 
in  some  cases  t may  vary  appreciably  within  the  pass  band,  andEq.  (1.05-5) 
is  very  approximate. 

Figure  1.0S-2(a)  shows  a  five- resonator  band-pass  filter  while 
Fig.  1 . 05 - 2(b)  shows  a  possible  phase  characteristic  for  this  filter. 

In  this  case  the  total  phase  shift  from  w  *  0  to  *  ®  is  nn  radians, 


A-SS**-'0< 


FIG.  1.05-2(a)  A  BAND-PASS  FILTER  CORRESPONDING  TO  THE 
LOW-PASS  FILTER  IN  FIG.  1.05-l(o) 


where  n  is  the  number  of  reeonstors,  end  ■  rough  estimate  of  the  paaa- 
band  group  tine  delay  ia 

nv 

t  m  -  aeconda  (1.05-6) 

‘  CO.  -  0} 

•  « 

where  cof  and  are  the  radian  frequencies  of  the  pass-band  edges. 

In  later  chapters  more  precise  information  on  the  time  delay  character¬ 
istics  of  filters  will  be  presented.  Equations  (1.05-5)  and  (1.05-6)  are 
introduced  here  simply  because  they  are  helpful  for  giving  a  feel  for  the 
general  time  delay  properties  of  filters.  Suppose  that  for  some  system 
application  it  is  desired  to  delay  pulses  of  5-band  energy  0.05  microseconds, 
and  that  an  operating  bandwidth  of  50  Me  is  desired  to  accommodate  the 
signal  spectrum  and  to  permit  some  variation  of  carrier  frequency.  If 
this  delay  were  to  be  achieved  with  an  air-filled  coaxial  line,  49  feet 
of  line  would  be  required.  Equation  (1.05-6)  indicates  that  this  delay 
could  be  achieved  with  a  five- resonator  filter  having  50  Me  bandwidth. 

An  S-band  filter  designed  for  this  purpose  would  typically  be  less  than 
a  foot  in  length  and  could  be  made  to  be  quite  light. 

In  slow-wave  structures  usually  phase  velocity 

1 

vf  -  —  (1.05-7) 

> 

or  group  velocity 

l 

vg  -  —  (1.05-8) 

*d 

is  of  interest,  where  l  is  the  length  of  the  structure  and  tg  and  tg  are 
as  defined  in  Eqs.  (1.05-2)  and  (1.05-3).  Not  all  structures  used  as 
slow-wave  structures  are  filters,  but  very  many  of  them  are.  Some 
examples  of  slow-wave  structures  which  are  basically  filter  structures 
are  waveguides  periodically  loaded  with  capacitive  or  inductive  irises, 
interdigital  lines,  and  comb  lines.  The  methods  of  this  book  should  be 
quite  helpful  in  the  design  of  such  slow-wave  structures  which  are 
basically  filters. 
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SEC.  1.06,  GENERAL  USE  OF  FILTER  PRINCIPLES  IN  THE 
DESIGN  OF  MICROWAVE  COMPONENTS 

As  can  be  readily  seen  by  extrapolating  from  the  discuaaions  in 
preceding  sections,  microwave  filter  design  techniques  when  used  in  their 
most  general  way  are  fundamental  to  the  efficient  design  of  a  wide  variety 
of  microwave  components.  In  general,  these  techniques  are  basic  to  precision 
design  when  selecting,  rejecting,  or  channeling  of  energy  of  different  fre¬ 
quencies  is  important;  when  achieving  energy  transfer  with  low  reflection 
over  a  wide  band  is  important;  or  when  achieving  a  controlled  time  delay 
is  important.  The  possible  specific  practical  situations  where  such  con¬ 
siderations  arise  are  too  numerous  and  varied  to  permit  any  attempt  to 
treat  them  individually  herein.  However,  a  reader  who  is  familiar  with 
the  principles  to  be  treated  in  this  book  will  usually  have  little  trouble 
in  adapting  them  for  use  in  the  many  special  design  situations  he  will 
encounter . 
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CHAPTER  2 


SOME  USEFUL  CIICUIT  CONCEPTS  AND  EQUATIONS 

SEC.  2.01.  INTRODUCTION 

The  purpose  of  this  chspter  is  to  summarize  various  circuit  theory 
concepts  and  equations  which  are  useful  for  the  analysis  of  filters.  Though 
much  of  this  material  will  be  familiar  to  many  readers,  it  appears 
desirable  to  gather  it  together  for  easy  reference.  In  addition,  there 
will  undoubtedly  be  topics  with  which  some  readers  will  be  unfamiliar. 

In  such  cases  the  discussion  given  here  should  provide  a  brief  intro¬ 
duction  which  should  be  sdequate  for  the  purposes  of  this  book. 

SEC.  2.02.  COMPLEX  FREQUENCY  AND  POLES  AND  ZEROS 

A  “sinusoidal”  voltage 

e(t)  *  |£j  cos  (cot  +  <p)  (2.02-1) 

may  also  be  defined  in  the  form 

e  ( t )  .  Re  [Eme‘ut]  (2.02-2) 

where  t  is  the  time  in  seconds,  co  is  frequency  in  radians  per  second,  and 
E  ■  |£j||e*'*'  is  the  complex  amplitude  of  the  voltage.  The  quantity  £a , 
of  course,  is  relsted  to  the  root-mean-square  voltage  E  by  the  relation 
E  •  EJ/2. 


Sinusoidal  waveforms  are  a  special  case  of  the  more  general  waveform 


e(t)  ,  ■  \Em\tert  cos  (cut  +  <p) 


(2.02-3) 


R,  lEme"] 


(2.02-4) 


where  £g  ■  |£a|e;*  is  again  the  complex  amplitude.  In  this  case 


IS 


P  •  or  ♦  jto 


(2.02-3) 


FIG.  2.02-1  (a)  SHAPE  OF  COMPLEX-FREQUENCY 
WAVEFORM  WHEN  p  ■  a  +  |0 


ia  the  comp  Its  frtqutncy.  In  thin 
general  caae  the  waveform  may  be  a 
pure  exponential  function  o>  illus¬ 
trated  in  Fig.  2.02-l(a),  it  may 
be  an  exponentially- varying  sinusoid 
as  illustrated  in  Fig.  2 . 02 -1(b), 
or  it  may  be  a  pure  sinusoid  if 
P  •  jo>. 


In  linear,  time-invariant 

circuits  such  as  are  discussed  in  this*  book  complex- frequency  waveforms 
have  fundamental  significance  not  shared  by  other  types  of  waveforms. 
Their  basic  importance  ia  exemplified  by  the  following  properties  of 
linear,  time-invariant  circuits: 


(1)  If  a  "  steady -state ”  driving  voltage  or  current  of  complex 
frequency  p  ia  applied  to  a  circuit  the  steady-ctate 
response  seen  at  any  point  in  the  circuit*  will  also 
have  a  complex-frequency  waveform  with  the  same  frequency 
p.  The  amplitude  and  phase  angle  will,  in  general,  be 
different  at  different  points  throughout  the  circuit. 

But  at  any  given  point  in  the  circuit  the  response  ampli¬ 
tude  and  the  phase  angle  are  both  linear  functions  of 
the  driving-signal  amplitude  and  phase. 

(2)  The  various  possible  natural  modes  of  vibration  of  the 
circuit  will  have  complex- frequency  waveforms.  (The 
natural  modes  are  current  and  voltage  vibrations  which 
can  exist  after  all  driving  signals  are  removed.) 

The  concepts  of  impedance  and  transfer  functions  result  from  the 
first  property  listed  above,  since  these  two  functions  represent  ratios 
between  the  complex  amplitudes  of  the  driving  signal  and  the  response. 

As  a  result  of  Property  (2),  the  transient  response  of  a  network  will 
contain  a  superposition  of  the  complex- frequency  waveforms  of  the  various 
natural  modes  of  vibration  of  the  circuit. 


The  impedance  of  a  circuit  as  a  function  of  complex  frequency  p  will 
take  the  form 


* 


Ualaaa  atataS  otkaraiaa,  a  lisaar,  tiaa-iavariaat  airaait  aill  ka  aaSarataaU. 


If 


Zip) 


«„P*  +  P*"1  +  ...  +  <*,p  +  <1  # 

-  .  (2.02-6) 

*„P*  +  6,_lp*"1  +  ...  +  6tp  +  6# 


By  factoring  the  nuaeretor  and  denominator  polynomials  this  may  be 
written  as 


Zip) 


an\  <P  ~  P l)  &  ~  Ps)  (P  ~  Ps)  •  •  • 
hJ  ( P  ‘  Pf)  (p  ~  P«)  0»  '  Pf)  ■■■ 


(2.02-7) 


At  the  frequencies  p  ■  pt,  P3 ,  p 5 ,  ...  etc.,  where  the  numerator  polynomial 
goes  to  sero  the  impedance  function  will  be  zero;  these  frequencies  are 
thus  known  as  the  terot  of  the  function.  At  the  frequencies  p  ■  pt,  p4, 

P6,  ...,  etc.,  where  the  denominator  polynomial  is  zero  the  impedance 
function  will  be  infinite;  these 
frequencies  are  known  as  the  pol-» 
of  the  function.  The  poles  and 
zeros  of  a  transfer  function  are 
defined  in  a  similar  fashion. 

A  circuit  with  a  finite  num 
ber  of  lumped,  reactive  elements 
will  have  a  finite  number  of  pol 
end  zeros.  However,  a  circuit 

involving  distributed  elements  FIG.  2.02-Ub)  SHAPE  OF  COMPLEX-FREQUENCY 
(which  may  be  represented  as  an  WAVEFORM  WHEN  p  ■  cr  +  jeo 

infinite  number  of  infinitesimal  AND  c  <  0 

lumped-elements)  will  have  an 
infinite  number  of  poles  and  zeros. 

Thus,  circuits  involving  transmission  lines  will  have  impedance  functions 
that  are  transcendental,  i.e.,  when  expressed  in  the  form  in  Eq.  (2.02-7) 
they  will  be  infinite-product  expansions.  For  example,  the  input  impedance 
to  a  lossless,  short-circuited  transmission  line  which  is  one-quarter  wave¬ 
length  lonrg  at  frequency  &>#  may  be  expressed  as 


Zip) 


z.  (^) 

„  np  *  (2k  -  IN*  +  lP  ‘  i2ka>t] 

9  Hi  '  2h  &  +  7(2*  -  l)o>03[p  -  ji2k  -  l)et>0]  (2. °2*8) 


where  is  the  characteristic  impedance  of  the  line.  This  circuit  is 
seen  to  have  poles  at  p  •  ±j  ( 2*  -  1  )<*>„  and  zeros  at  p  -  0  end  ±j 2kcoQ, 
where  k  *  1 ,  2,  3 . 00 • 

Regarding  frequency  as  the  more  general  p  *  a  +  jco  variable  instead 
of  the  unnecessarily  restrictive  jeo  variable  permits  a  much  broader  point 
of  view  in  circuit  analysis  and  design.  Impedance  and  transfer  functions 
become  functions  of  a  complex  variable  (i.e.,  they  become  functions  of 
the  variable  p  *  a  +  ju >)  and  all  of  the  powerful  tools  in  the  mathematical 
theory  of  functions  of  a  complex  variable  become  available.  It  becomes 
very  helpful  to  define  the  properties  of  an  impedance  or  transfer  function 
in  terms  of  the  locations  of  their  poles  and  zeros,  and  these  poles  and 
zeros  are  often  plotted  in  tne  complex- f  requency  plane  or  p-plane.  The 
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The  concepts  of  complex  frequency  and  poles  and  zeros  are  very  helpful 
in  network  analysis  and  design.  Discussions  from  this  point  of  view  will 
be  found  in  numerous  books  on  network  analysis  and  synthesis,  including 
those  listed  in  Heferences  1  to  5.  Poles  and  zeros  also  have  an  electro¬ 
static  analogy  which  relates  the  magnitude  and  phase  of  an  impedance  or 
transfer  function  to  the  potential  and  flux,  respectively,  of  an  analogous 
electrostatic  problem.  This  analogy  is  useful  both  as  a  tool  for  mathe¬ 
matical  reasoning  and  as  a  means  for  determining  magnitude  and  phase  by 
measurements  on  an  analog  setup.  Some  of  these  matters  are  discussed  in 
References  2,  3,  6,  and  7.  Further  use  of  the  concepts  of  complex  fre¬ 
quency  and  poles  and  zeros  will  be  discussed  in  the  next  two  sections. 

SEC.  2.03,  NATURAL  MODES  OF  VIBHATION  AND  THEIR  RELATION 
TO  INPUT- IMPEDANCE  POLES  AND  ZEROS 

The  natural  modes  of  vibration  of  a  circuit  are  complex  frequencies 
at  which  the  voltages  and  currents  in  the  circuit  can  "vibrate”  if  the 
circuit  is  disturbed.  These  vibrations  can  continue  even  after  all 
driving  signals  have  been  set  to  zero.  It  should  be  noted  that  here  the 


It 


FIG.  2.02-2  THE  LOCATIONS  OF  THE  POLES  AND  ZEROS  OF  A  SHORT-CIRCUITED 
TRANSMISSION  LINE  WHICH  IS  A  QUARTER-WAVELENGTH  LONG  WHEN 

P  a  i"0 

The  Magnitude  of  the  Input  Impedance  for  Frequencies  p  *  j«  is  also 
Sketched 


word  vibration  is  used  to  include  natural  modes  having  exponential  wave¬ 
forms  of  frequency  p  *  cr  as  well  as  oscillatory  waveforms  of  frequency 
p  «  a  +  jok 

Suppose  that  the  input  impedance  of  a  circuit  is  given  by  the  function 


E 

Z(P)  *  ~ 


(p  ~  Pt)  iP  ~  P j)  (P  ~  P5) 
(P  “  P^  (p  ”  P4)  (P  -  P6) 


Hearranging  Eq.  (2.03-1), 


(2.03-1) 


-  JZ(p) 


(2.03-2) 
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If  the  input  terminal*  of  this  circuit  are  open-circuited  and  the  circuit 
ia  vibrating  >t  one  of  ita  natural  frequenciea,  there  will  be  a  complex- 
frequency  voltage  acroaa  Z(p)  even  though  I  ■  0-  By  Eq.  (2.03-2)  it  ia 
aeen  that  the  only  way  in  which  the  voltage  E  can  be  non-iero  while  I  ■  0 
ia  for  Z(p )  to  be  infinite.  Thua,  if  Z(p)  ia  open-circuited,  natural 
vibration  can  be  obaerved  only  at  the  frequenciea  pt,  p4,  p(,  etc.,  which 
are  the  polea  of  the  input  impedance  function  Z(p) .  Alao,  by  analogoua 
reaaoning  it  ia  aeen  that  if  Z(p)  ia  ahort-circuited,  the  natural  fre¬ 
quenciea  of  vibration  will  be  the  frequenciea  of  the  zero#  of  Z(p) . 

Except  for  apecial  cases  where  one  or  more  natural  modea  may  be 
stifled  at  certain  points  in  a  circuit,  if  any  natural  modes  are  excited 
in  any  part  of  the  circuit,  they  will  be  observed  in  the  voltages  and 
currents  throughout  the  entire  circuit.  The  frequency  pt  ■  +  ju  of 

each  natural  mode  must  lie  in  the  left  half  of  the  complex  -  frequency 
plane,  or  on  the  joi  axis.  If  this  were  not  so  the  vibrations  would  be 
of  exponentially  increasing  magnitude  and  energy,  a  condition  which  is 
impossible  in  a  passive  circuit.  Since  under  open-circuit  or  short- 
circuit  conditions  the  poles  or  the  zeros,  respectively,  of  an  impedance 
function  are  natural  frequencies  of  vibration,  any  impedance  of  a  linear, 
passive  circuit  must  have  all  of  its  poles  and  zeros  in  the  left  half 
plane  or  on  the  jeo  axis. 

SEC.  2.04,  FUNDAMENTAL  PROPERTIES  OF  TRANSFER  FUNCTIONS 

Let  us  define  the  voltage  attenuation  function  F^,.  for  the  network 
in  Fig.  2.04-1  as 


T(P)  « 
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1 
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el 

r^r 

e(p  ~  Px)  (P  -  P j 
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FIG.  2.04-1  NETWORK  DISCUSSED  IN  SECTION  2.04 
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where  c  is  a  real  constant  and  p  is  the  complex- frequency  variable.  We 
shall  now  briefly  summarize  some  important  general  properties  of  linear, 
passive  circuits  in  terns  of  this  transfer  function  and  Fig.  2.04-1. 

(1)  The  zeros  of  T{p  ) ,  i.e.,  pt,  pJ(  pJ(  ...  are  all  fre¬ 

quencies  of  natural  modes  of  vibration  for  the  circuit. 

They  are  influenced  by  all  of  the  elements  in  the 
circuit  so  that,  for  example,  if  the  value  for  R*  or 
Rl  were  changed,  generally  the  frequencies  of  all  the 
natural  modes  will  change  also. 

(2)  The  poles  of  T(p),  i.e.,  p2>  p4<  pj(  ....  along  with 

any  poles  of  T(p)  at  p  •  0  and  p  »  ®  are  all  frequencies 

of  infinite  attenuation,  or  "poles  of  attenuation." 

They  are  properties  of  the  network  alone  and  will  not 

be  changed  if  Rf  or  RL  is  changed.  Except  for  certain 
degenerate  cases,  if  two  networks  are  connected  in 
cascade,  the  resultant  over-all  response  will  have  the 
poles  of  attenuation  of  both  component  networks. 

(3)  In  a  ladder  network,  a  pole  of  attenuation  is  created 
when  a  series  branch  has  infinite  impedance,  or  when 

a  shunt  branch  has  zero  impedance.  If  at  a  given  fre¬ 
quency,  infinite  impedance  occurs  in  series  branches 
simultaneously  with  zero  impedance  in  shunt  branches, 
a  higher-order  pole  of  atteiuation  will  result. 

(4)  In  circuits  where  there  are  two  or  more  transmission 
channels  in  parallel,  poles  of  attenuation  are  created 
at  frequencies  where  the  outputs  from  the  parallel 
channels  have  the  proper  magnitude  and  phase  to  cancel 
each  other  out.  This  can  happen,  for  example,  in 
bridged-T,  lattice,  and  parallel-ladder  structures. 

(5)  The  natural  modes  [zeros  of  T(p)]  must  lie  in  the  left, 
half  of  the  p-plane  (or  on  the  jo)  axis  if  there  are 

no  loss  elements). 

(6)  The  poles  of  attenuation  can  occur  anywhere  in  the 
p-plane . 

(7)  If  £(  is  a  zero  impedance  voltage  generator,  the  zeros 
of  Z.(  in  Fig.  2.04-1  will  be  the  natural  frequencies 
of  vibration  of  the  circuit.  These  zeros  must  there¬ 
fore  correspond  to  the  zeros  of  the  attmnuation  function 
T(p).  (Occasionally  this  fact  ia  obscured  because  in 
some  special  cases  cancellations  can  be  carried  out  be¬ 
tween  coincident  poles  and  zeros  of  T(p)  or  of  %im- 
Assuming  that  ho  such  cancellations  have  been  carried 
out  even  when  they  are  possible,  the  above  statement 
always  holds.) 
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(8) 


If  the  zero  impedance  voltage  generator  £(  were  replaced 
by  an  infinite  impedance  current  generator  /  ,  then  the 
natural  frequencies  of  vibration  would  correapond  to  the 
poles  of  Z..  Redefining  T(p)  as  T‘ (p)  the 

zeros  of  i(p)  would  in  this  case  still  be  the  natural 
frequencies  of  vibration  but  they  would  in  this  case  be 
the  same  as  the  poles  of  Z.#. 

Let  us  now  consider  some  examples  of  how  some  of  the  concepts  in  the 
statements  itemized  above  may  be  applied.  Suppose  that  the  box  in 
Fig.  2.04-1  contains  a  lossless  transmission  line  which  is  one-quarter 
wavelength  long  at  the  frequency  <i>0.  Let  us  suppose  further  that 
*  Rl  *  Z0,  where  ZQ  is  the  characteristic  impedance  of  the  line. 

Under  these  conditions  the  voltage  attenuation  function  T(p)  would  have 
a  p-plane  plot  as  indicated  in  Fig.  2.04-2(a).  Since  the  transmission 
line  is  a  distributed  circuit  there  are  an  infinite  number  of  natural 


)» 


FIG.  2.04-2  TRANSFER  FUNCTION  OF  THE  CIRCUIT  IN  FIG.  2.04-1  IF  THE  BOX  CONTAINS 
A  LOSSLESS  TRANSMISSION  LINE  A/4  LONG  AT  o>0  WITH  A  CHARACTERISTIC 
IMPEDANCE  Z0  /  R  -  RL 
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modes  of  vibration,  and,  hence  there  are  an  infinite  array  of  zeros  to 
T(p).  In  all  impedance  and  transfer  functions  the  number  of  poles  and 
zeros  must  be  equal  if  the  point  at  p  *  ®  is  included.  In  this  case  there 
are  no  poles  of  attenuation  on  the  finite  plane;  they  are  all  clustered 
at  infinity.  As  a  result  of  the  periodic  array  of  zeros,  |  T(jco)  |  has  an 
oscillatory  behavior  vs  fit  as  indicated  in  Fig.  2 . 04 -2(b).  As  the  value  of 
ft  *  ftL  is  made  to  approach  that  of  ZQ,  the  zeros  of  T(p)  will  move  to  the 
left,  the  poles  will  stay  fixed  at  infinity,  and  the  variations  ir. 
will  become  smaller  in  amplitude.  When  ftf  *  RL  ■  20<  the  zeros  will  have 
moved  toward  the  left  to  minus  infinity,  and  the  transfer  function 
becomes  simply 

^  *  7TD  /  2 

—  *  T(P)  •  2e  0  (2  04-2) 

kL 

which  has  j  7*  ( J  '»'>  j  equal  to  two  for  all  p  *  J(j'. 

From  the  preceding  example  it  is  seen  that  the  transcendental  function 
ep  has  an  infinite  number  of  poles  and  zeros  which  are  all  clustered  at 
infinity.  The  poles  are  clustered  closest  to  the  p  *  +cr  axis  so  that  if 
we  approach  infinity  in  that  direction  ep  becomes  infinite.  If  we  approach 
infinity  via  the  p  =  -o  axis  ep  goes  to  zero.  On  the  other  hand,  if  we 

approach  infinity  along  the  p  *  jo>  axis,  ep  will  always  have  unit  magnitude 

but  its  phase  will  vary.  This  unit  magnitude  results  from  the  fact  that 
the  amplitude  effects  of  the  poles  and  zeros  counter  balance  each  other 
along  the  p  «  jai  axis.  The  infinite  cluster  of  poles  and  zeros  at  infinity 
forms  what  is  called  an  essential  singularity. 

Figure  2.04-3  shows  a  Land-pass  filter  using  three  transmission- line 
resonators  which  are  a  quarter-wavelength  long  at  the  frequency  ,  and 
Fig.  2.04-4(a)  shows  a  typical  transfer  function  for  this  filter.  In  the 
example  in  Fig.  2.04-4,  the  response  is  periodic  and  has  an  infinite 
number  of  poles  and  zeros.  The  natural  modes  of  vibration  [i.e.,  zeros 

of  T(p)]  are  clustered  near  the  jto  axis  near  the  frequencies  j3a>Q, 

J 5ro0,  etc.,  for  which  the  lines  are  an  odd  number  of  quarter  wavelengths 
long.  At  p  *0,  and  the  frequencies  p  *  J  2o># ,  )4o)0,  j6«u0,  etc.  ,  for  which 
the  lines  are  an  even  number  of  quarter-wavelengths  long,  the  circuit 
functions  like  a  short-circuit,  followed  by  an  open-circuit,  and  then 
another  short-circuit.  In  accordance  with  Property  (3)  above,  this 
creates  third-order  poles  of  attenuation  as  indicated  in  Fig.  2.04-4(a). 
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The  approximate  ahape  of  |  T( jct>)  | 
ia  indicated  in  Fig.  2.04-4(b). 

If  the  termination  valuea  flf  and 
Rl  were  changed,  the  poaitiona  of 
the  natural  modea  [xeroa  of  T(p)] 
would  shift  and  the  shape  of  the 
pass  bands  would  be  altered. 
However,  the  positions  of  the 
poles  of  attenuation  would  be 
unaffected  [see  Property  (2)]. 

The  circuit  in  Fig.  2.04-3 
is  not  very  practical  because 
the  open-circuited  series  stub 
in  the  middle  is  difficult  to 
construct  in  a  shielded  structure 
The  filter  structure  shown  in 
Fig.  2.04-5  is  much  more  common 
and  easy  to  build.  It  uses  short 
circuited  shunt  stubs  with  con¬ 
necting  lines,  the  stubs  and  lines  all  being  one-quarter  wavelength  long 
at  frequency  .  This  circuit  has  the  same  number  of  natural  modes  as 

does  the  circuit  in  Fig.  2.04-3,  and  can  give  similar  pass-band  responses 
for  frequencies  in  the  vicinity  of  p  *  j<^0>  j3o>0,  etc.  However,  at 
p  *  0,  J2a>0,  j  4'.'0 ,  etc.,  the  circuit  operates  like  three  short  circuits 
in  parallel  (which  are  equivalent  to  one  short-circuit),  and  as  a  result 
the  poles  of  attenuation  at  these  frequencies  are  first-order  poles  only. 
It  can  thus  be  seen  that  this  filter  will  not  have  as  fast  a  rate  of  cut¬ 
off  as  will  the  filter  in  Fig.  2.04-3  whose  poles  on  the  jco  axis  are 
third-order  poles.  The  connecting  lines  between  shunt  stubs  introduce 
poles  of  attenuation  also,  but  as  for  the  case  in  Fig.  2.04-2,  the  poles 
they  introduce  are  all  at  infinity  where  they  do  little  good  as  far  as 
creating  a  fast  rate  of  cutoff  is  concerned  since  there  are  an  equal 
number  of  xeros  (i.e.,  natural  modes)  which  are  much  closer,  hence  more 
influential . 

These  examples  give  brief  illustrations  of  how  the  natural  modes  and 
frequencies  of  infinite  attenuation  occur  in  filters  which  involve  trans¬ 
mission-line  elements.  Reasoning  from  the  viewpoints  discussed  above  can 
often  be  very  helpful  in  deducing  whst  the  behavior  of  a  given  filter 
structure  will  be. 


FIG.  2.04-3  A  THREE-RESONATOR,  BAND-PASS 
FILTER  USING  RESONATORS  CON¬ 
SISTING  OF  AN  OPEN-CIRCUITED 
STUB  IN  SERIES  AND  TWO  SHORT- 
CIRCUITED  STUBS  IN  SHUNT 
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FIG.  2.04-4  VOLTAGE  ATTENUATION  FUNCTION  PROPERTIES  FOR  THE  FILTER 
IN  FIG.  2.04-3 

The  Stubs  or#  One-Quarter  Wavelength  Long  at  Frequency  a>0 


1-1MM 


FIG.  2.04-5  A  BAND-PASS  FILTER  CIRCUIT  USING  SHORT- 
CIRCUITED  STUBS  WITH  CONNECTING  LINES 
ALL  OF  WHICH  ARE  A  QUARTER-WAVELENGTH 
LONG  AT  THE  MIDBAND  FREQUENCY  «9 
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SEC.  2.05,  GENERAL  CIRCUIT  PARAMETERS 

In  terms  of  Fig.  2.05-1,  the  general  circuit  parameters  are  defined 
by  the  equations 


,  E j  -  AE2  + 

/j  =  ce2  +  d(-i2) 

or  in  matrix  notation 


V 

A  B 

V 

s 
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r. 

;J2. 

(2.05-1) 


(2.05-2) 


These  parameters  are  particularly  useful  in  relating  the  performance  of 
cascaded  networks  to  their  performance  when  operated  individually.  The 
general  circuit  parameters  for  the  two  cascaded  networks  in  Fig.  2.05-2 
are  given  by 
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(2.05-3) 


FIG.  2.05-1  DEFINITION  OF  CURRENTS 
AND  VOLTAGES  FOR 
TWO-PORT  NETWORKS 


A-IUMO 


FIG.  2.05-2  CASCADED  TWO-PORT  NETWORKS 
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Hy  repeated  application  of  this  operation  the  general  circuit  parameters 
can  be  computed  for  any  number  of  two-port  networks  in  cascade. 

Figure  2 . 05-3  gives  the  general  circuit  parameters  for  a  number  of  common 
structures . 

Under  certain  conditions  the  general  circuit  parameters  arc  inter¬ 
related  in  the  following  special  ways:  If  the  network  is  reciprocal 

AD  -  BC  --  1  (2.05-4) 


If  the  network  is  symmetrical 


A  *  D 


(2.05-5) 


If  the  network  is  lossless  (i.e.,  without  dissipative  elements),  then 
for  frequencies  />  *  A  and  D  will  be  purely  real  while  B  and  C  will 

be  purely  imaginary. 

If  the  network  in  Fig.  2.05-1  is  turned  around,  then  the  square 
matrix  in  Kq  (2.05-2)  is 
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(2.05-6) 


where  the  parameters  with  t  subscripts  are  for  the  network  when  turned 
around,  and  the  parameters  without  subscripts  are  for  the  network  with 
its  original  orientation.  In  both  cases,  fc'j 

at  the  left  and  E2  ami  1 2  are  at  the  terminals  at  the  right 


and  Ij  are  at  the  terminals 


iJy  use  of  Uqs.  (2.05-6),  (2.05-3),  and  (2.05-4),  if  the  parameters 
A',  B' ,  C ,  D'  are  for  the  left  half  of  a  reciprocal  symmetrical  network, 
the  general  circuit  parameters  for  the  entire  network  are 
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(2C'D'  )(1  +  2 B'C  ) 

(2.05-7) 
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r,  •  B,  +  )/9|  •  PROPAGATION  CONSTANT,  PER  UNIT  LENGTH 
ZQ>  CHARACTERISTIC  IMPEOANCE 


(•) 


FIG.  2.05-3  GENERAL  CIRCUIT  PARAMETERS  OF 
SOME  COMMON  STRUCTURES 
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SEC.  2.06,  OPEN-CIRCUIT  IMPEDANCES  AND 
SHORT.- CIRCUIT  ADMITTANCES 

In  terms  of  Fig.  2,05-1,  the  open-circuit  impedances  of  a  two-port 
network  may  be  defined  by  the  equations 


*11*1  +  *12*2  "  *1 
*21*1  +  *22*2  -  *2 


(2.06-1) 


Physically,  Zj  j  is  the  input  impedance  at  End  1  when  End  2  is  open- 
circuited.  The  quantity  z12  could  be  measured  as  the  ratio  of  the 
voltage  £(  I 2  when  End  1  is  open-circuited  and  current  I2  is  flowing  in 
End  2.  The  parameters  *21  and  zJ2  may  be  interpreted  analogously. 

In  a  similar  fashion,  the  short-circuit  admittances  may  be  defined 
in  terms  of  Fig.  2.05-1  and  the  equations 


*11*1  +  *12*2  “  *1 
*21*1  +  *22*2  *  *2 


(2.06-2) 


In  this  case  yl ,  is  the  admittance  at  End  1  when  End  2  is  short-circuited. 
The  parameter  ?12  could  be  computed  as  the  ratio  /j  Et  when  End  1  is 
short-circuited  and  a  voltage  £2  is  applied  at  End  2. 

Figure  2.06-1  shows  the  open-circuit  impedances  and  short-circuit 
admittances  for  a  number  of  common  structures.  For  reciprocal  networks 
*12  *  *21  an<*  *12  *  *21'  *or  8  lossless  network  (i.e.,  one  composed  of 
reactances),  the  open-circuit  impedances  and  the  short-circuit  admit¬ 
tances  are  all  purely  imaginary  for  all  p  *  jcc. 


SEC.  2.07,  RELATIONS  BETWEEN  GENERAL  CIRCUIT  PARAMETERS 
AND  OPEN-  AND  SHORT-CIRCUIT  PARAMETERS 

The  relationships  between  the  general  circuit  parameters,  the  open- 
circuit  impedances,  and  the  short-circuit  admittances  defined  in 
Secs.  2.05  and  2.06  are  as  follows: 
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FIG.  2.06-1  OPEN-CIRCUIT  IMPEDANCES  AND 
SHORT-CIRCUIT  ADMITTANCES 
OF  SOME  COMMON  STRUCTURES 
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(2.07-1) 


(2.07-2) 


(2.07-3) 
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where 


A  -  AD  -  DC  m 


*21*12 
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■  1  (for  reciprocal  networks) 
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(2.07-4) 
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*11*22  “  *12*21  " 
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(2.07-6) 


If  any  of  these  various  circuit  parameters  are  expresaed  as  a  function 
of  complex  frequency  p,  they  will  consist  of  the  rstio  of  two  polynomisls, 
each  of  which  may  be  put  in  the  form 


polynomial  »  c  (p  -  pl)  (p  -  p,)  (p  -  />,)  ...  (2.07-7) 

where  c  is  a  real  constant  and  the  pk  are  the  roots  of  the  polynomial. 

As  should  be  expected  from  the  discussions  in  Secs.  2-02  to  2.04,  the 
locations  of  the  roots  of  these  polynomials  have  physical  significance. 

The  quantities  on  the  right  in  Eqs.  (2.07-1)  to  (2.07-6)  have  been  intro¬ 
duced  to  clarify  this  physical  significance. 

The  symbols  n(|>  n>#,  n  .  and  n  in  the  expressions  above  represent 
polynomials  of  the  form  in  Eq .  (2.07-7)  whose  roots  are  natural  frequencies 
of  vibration  of  the  circuit  under  conditions  indicated  by  the  subscripts. 
Thus,  the  roots  of  n(j  are  the  natural  frequencies  of  the  circuit  in 
Fig  2.05-1  when  both  ports  are  short-circuited,  while  the  roots  of 
are  natural  frequencies  when  both  ports  are  open-circuited.  The  roots 
of  »#1  are  natural  frequencies  when  the  left  port  is  open-circuited 
while  the  right  port  is  short-circuited,  and  the  inverse  obtains  for  n((. 
The  symbols  m^  and  ■, ,  represent  polynomials  whose  roots  are  poles  of 
attenuation  (see  Sec.  2.04)  of  the  circuit,  except  for  those  poles  of 
attenuation  at  p  ■  ®.  The  polynomial  e1}  has  roots  corresponding  to  the 
poles  of  attenuation  for  transaiasion  to  End  1  from  End  2  in  Fig.  2.05-1, 
while  the  polynomial  n,t  has  roots  which  are  poles  of  attenuation  for 


sa 


transmission  to  End  2  from  End  1.  If  the  network  is  reciprocal  *12  *  * 2 
These  polynomials  for  a  given  circuit  are  interrelated  by  the  expression9 


n  n 
•  •  « « 


n  n  a  ■  &  s  ^  « 

#••0  1221 


(2.07-8) 


and,  as  is  discussed  in  Ref.  8,  they  can  yield  certain  labor-saving 
advantagea  when  they  themselves  are  used  as  basic  parameters  to  describe 
the  performance  of  a  circuit. 

As  is  indicated  in  Eqs.  (2.07-4)  to  (2.07-6),  when  the  determinants 
A,  Aj  and  A?  are  formed  as  a  function  of  p,  the  resulting  rational 
function  will  necessarily  contain  cancelling  polynomials.  This  fact  can 
be  verified  by  use  of  Eqs.  (2.07-1)  to  (2.07-3)  along  with  (2.07-8). 
Removal  of  the  cancelling  polynomials  will  usually  cut  the  degree  of  the 
polynomials  in  these  functions  roughly  in  half.  Analogous  properties 
exist  when  the  network  contains  distributed  elements,  although  the 
polynomials  then  become  of  infinite  degree  (see  Sec.  2.02)  and  are  most 
conveniently  represented  by  transcendental  functions  such  as  sinh  p  and 
cosh  p.  For  example,  for  a  lossless  transmission  line 
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where  Z#  is  the  characteristic  impedance  of  the  line,  and  u>0  is  the  radian 
frequency  for  which  the  line  is  one-quarter  wavelength  long.  In  this  case, 
*11  *  *11  *  co|»*tant  since  all  of  the  poles  of  attenuation  are  at  in¬ 

finity  (see  Sec.  2.04  and  Ref.  8).  The  choice  of  constant  multipliers  for 
these  “polynomials”  is  arbitrary  to  a  certain  extent  in  that  any  one  multi¬ 
plier  may  be  chosen  arbitrarily,  but  this  then  fixes  what  the  other  con¬ 
stant  multipliers  must  be.* 
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SEC,  2.08,  INCIDENT  AND  REFLECTED  WAVES,  REFLECTION  COEFFICIENTS, 
AND  ONE  KIND  OF  TRANSMISSION  COEFFICIENT 

Let  us  suppose  that  it  is  desired  to  analyze  the  transmission  across 
the  terminals  2-2'  in  Fig.  2.08-1  from  the  wave  point  of  view.  lly 
definition 

Et  ♦  Er  »  E  (2.08-1) 


where  E  is  the  amplitude  of  the 
the  network,  Ef  is  the  reflected 


1 


1 


incident  voltage  wave  emerging  from 
voltage  wave  amplitude,  and  E  is  the 
transmitted  voltage  wave  amplitude 
(which  is  also  the  voltage  that  would 
be  measured  across  the  terminals  2-2'). 
If  Z  *  Z L,  there  will  be  no  reflection* 
so  that  Er  *  0  and  E (  =  E.  Replacing 
the  network  and  generator  at  (a)  in 
Fig.  2.08-1  by  a  Thevenin  equivalent 
generator  as  shown  at  (b),  it  is 
readily  seen  that  since  for  Zt  •  ZL< 
t(  *  E,  then 

Eot 

E,  *  -y  (2.08-2) 


lb)  »-»*»•'» 


FIG.  2.08-1  CIRCUITS  DISCUSSED  IN 

SEC.  2.08  FROM  THE  WAVE- 
ANALYSIS  VIEWPOINT 


where  Eoc  is  the  voltage  which  would 
be  measured  at  terminals  2-2'  if  they 
were  open-circuited.  Using  Eqs.  (2.08-1) 
and  (2.08-2)  the  voltage  reflection 
coefficient  is  defined  as 


r 


(2.08-3) 


An  analogous  treatment  for  current  waves  proceeds  as  follows: 
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(2.08-4) 


Nat*  tlul  it  rofloctioa  of  tko  voito|t  vivo  doaa  aot  aaeoaaarily  ioply  ■oxiaoa  pootr  troaofor. 
For  at  roflaetioa  of  tko  voltage  oavo  I  •  t,,  okilo  for  aaaiaaa  power  traaafor  l  ■  Zt  arkoro 
Z£  ia  tko  coaploa  coajagato  of  Zj,  ‘  •  L 
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where  I.  it  the  incident  current  amplitude,  If  is  the  reflected  current 
amplitude,  and  I  ia  the  tranamitted  current  amplitude  which  is  also  the 
actual  current  passing  through  the  terminals  2-2'.  The  incident  current  is 


(2.08-S) 


where  /  is  the  current  which  would  pass  through  the  terminals  2-2'  if 
they  were  short-circuited  together.  The  current  reflection  coefficient 
is  then  defined  as 
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(2.08-6) 


where  Yf  =  l,Zi  and  Y ^  =  l/^t 

In  addition,  sometimes  the  voltage  transmission  coefficient 


£  2  Z 

r  *  —  *  - - l—  ■  1  +  r  (2.08-7) 

li 


is  used.  The  corresponding  current  transmission  coefficient  is 

/  2Yl 

-  —  *  -- ■■  -  1  +  .  (2.08-8) 
1  i  L  t 

It  will  he  noted  that  these  transmission  coefficients  r  and  are  not 
the  same  as  the  transmission  coefficient  t  discussed  in  Sec.  2.10. 


SEC.  2.09,  CALCULATION  OF  THE  INPUT  IMPEDANCE  OF 
A  TEHMINATED,  IWO-POMT  NETWOHK 

The  input  impedance  (2im)l  defined  in  Fig.  2.09-1  can  be  computed 
from  and  any  of  the  circuit  parameters  used  to  describe  the  perform¬ 
ance  of  a  two-port  network.  In  terms  of  the  general  circuit  parameters, 
the  open-circuit  impedances,  and  the  short-circuit  admittances, 
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FIG.  2.09-1  DEFINITION  OF  INPUT  IMPEDANCES 
COMPUTED  IN  SEC.  2.09 


where  Fj  ■  1/Zj . 
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SEC.  2.10.  CALCULATION  OF  VOLTAGE  TRANSFER  FUNCTIONS 

The  tranafer  function  for  the  circuit  in  Fig.  2.10-1  can  be 

computed  if  any  of  the  aeta  of  circuit  parametera  diacuasad  in  Seca.  2.05 
to  2.07  are  known  for  the  network  in  the  box.  The  appropriate  equationa  ere 


(2.10-1) 


and 


AHt  +  B  +  CRlHi  +  DRl 

t2  *  ' 

(*U  +  *lH*22  +  *2>  “  *12*21 


(2.10-2) 


(>11  +  Cl)(>22  +  C2)  "  >1 2 > 


2  1 


•>21G1 


(2.10-3) 


Transfer  functions  such  as  the  £(  £2  function  presented  above  are 
commonly  used  but  have  a  certain  disadvantage .  This  disadvantage  is 
that,  depending  on  what  the  relative  size  of  hl  and  H 2  are,  complete 
energy  transfer  may  correspond  to  any  of  a  wide  range  of  \E^/E2\  values. 
Such  confusion  is  eliminated  if  the  transfer  function 


is  used  instead.  The  quantity 


(2.10-4) 


(2.10-5) 


will  be  referred  to  herein  as  the  available  voltage,  which  is  the  voltage 
across  ll2  when  the  entire  available  power  of  the  generator  is  absorbed  by 
.  Thus,  for  complete  energy  transfer  |  (£j  I  *  1  regardless 


o,  •  i/a, 
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FIG.  2.10-1  A  CIRCUIT  DISCUSSED  IN  SEC.  2.10 
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haa  the  same 


of  the  relative  aiaes  of  Aj  and  A,.  Note  that  (£2),Till 
phaae  aa  E  . 

In  the  literature  a  transmission  coefficient  t  ia  commonly  used  where 
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I  /h I 


(2.10-6) 


Note  that  thia  ia  not  the  aame  aa  the  tranamiaaion  coefficienta  r  or  rc 
diacuaaed  in  Sec.  2.08.  The  tranamiaaion  coefficient  t  ia  the  aame, 
however,  as  the  scattering  coefficienta  '  5ii-  discussed  in  Sec.  2.12. 
Also  note  that  t  is  an  output/input  ratio  of  a  “voltage  gain”  ratio, 
while  the  function  in  Eq.  (2.10-4)  ia  an  input/output  ratio  or  a  “voltage 
attenuation”  ratio. 


SEC.  2.11,  CALCULATION  OF  POWER  TRANSFER  FUNCTIONS 
ANU  "ATTENUATION” 
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insertion 


(2.11-1) 


where  X, ,  A?,  E  ,  and  E2  are  defined  in  Fig.  2.10-1,  and  |j?4  £2 1  can  be 
computed  by  use  of  Eqs.  (2.10-1)  to  (2.10-3).  The  quantity  P2  ia  the 
power  absorbed  by  A?  when  the  network  in  Fig.  2.10-1  is  in  place,  while 
PJ0  is  the  power  in  Aj  when  the  network  is  removed  and  A3  ia  connected 
directly  to  Aj  and  Ef. 

Insertion  loss  functions  have  the  same  disadvantage  as  the  Ef/E2 
function  diacuaaed  in  Sec.  2.10,  i.e.,  complete  power  transfer  may  cor¬ 
respond  to  almost  any  value  of  P2 #/P2  depending  on  the  relative  sizes  of 
A}  and  A} .  For  this  reason  the  power  transfer  function 


SI 


will  he  u*ed  in  this  book  instead  of  insertion  loss.  The  function 
is  known  as  a  transducer  loss  ratio,  where  P2  is  again  the  power  delivered 
to  Aj  in  Fig.  2.10-1  while 


P 


•  i  1 


If/ 


(2.11-3) 


is  the  available  power  of  the  generator  composed  of  and  the  internal 
resistance  /f j  .  Thus,  for  complete  power  transfer  .j//^  «  1  regardless 
of  the  relative  size  of  hl  and  P2 .  Note  that  t  in  Eq .  (2.11-2)  is  the 

transmission  coefficient  defined  by  Eq.  (2.10-6). 

It  will  often  be  desirable  to  express  P *n  80 

‘■A  •  10  V  db  •  (2.H-4) 

Herein,  when  attenuation  is  referred  to,  the  transducer  loss  ( i.e 
transducer  attenuation)  in  db  as  defined  in  Eq .  (2.11-4)  will  be  under¬ 
stood,  unless  otherwise  specified. 

If  we  define  *  10  logj 0  P2f>  P2  as  insertion  loss  in  db ,  then  the 
attenuation  in  db  is 

(H  +  H  )  ^ 

La  .  i.  ♦  10  logl0  db  .  (2.11-5) 

Note  that  if  fi,  ■  H2  ■  then  insertion  loss  and  transducer  attenuation  are 
the  same. 

If  the  network  in 
Fig.  2.11-1  contains  dis¬ 
sipative  elements  which 
cannot  be  neglected,  then 
may  be  computed  by  use 
of  Eqs.  (2.11-4),  (2.11-2), 
and  any  of  Eqs.  (2.10-1) 
to  (2.10-3).  However,  if 
the  network  in  the  box  may 
be  regarded  as  lossless 
(i.e.,  without  any 
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FIG.  2.11-1  A  NETWORK  DISCUSSED  IN  SEC.  2.11 
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dissipative  elements),  then  some  simplifications  can  be  taken  advantage  of. 
For  example,  as  discussed  in  Sec.  2.05,  for  a  diasipationlesa  network  A 
and  D  will  be  purely  real  while  B  and  C  will  be  purely  imaginary  for  fre¬ 
quencies  jo).  Because  of  this,  the  form 


«r«  il 

P. 


4A.A, 


(B  +  CA,A2\*' 

(4A2  +  DAj)2  +  ^ - - - J 


(2.11-6) 


becomes  convenient  for  computation.  This  expression  applies  to  dissipa¬ 
tionless  reciprocal  networks  and  also  to  non-reciprocal  dissipationless 
networks  for  the  case  of  transmission  from  left  to  right.  If  we  further 
specify  that  Aj  *  A2  »  A,  that  the  network  is  reciprocal  (i.e.,  AD  -  BC  ■ 
1),  and  that  the  network  is  symmetrical  (i.e.,  A  *  D) ,  then  Eq.  (2.11-6) 
becomes 


Jlii1  .  !  +  2  ( L  _  EV 

i'i  A\jB  j) 


(2.11-7) 


Furthermore,  it  is  convenient  in  such  cases  to  compute  the  general  circuit 
parameters  A',  B' ,  C' ,  D'  for  the  left  half  of  the  network  only.  Then  by 
Eqs.  (2.05-7)  and  (2.11-7),  the  transducer  loss  ratio  for  the  over-all 
network  is 


•  i  1 


(2.11-8) 


In  the  case  of  dissipationless  networks  such  as  that  shown  in 
Fig.  2.11-1,  the  power  transmission  is  easily  computed  from  the  generator 
parameters  and  the  input  impedance  of  the  dissipationless  network  termi¬ 
nated  in  A2 .  This  is  because  any  power  absorbed  by  (^ia)i  must  surely 
end  up  in  A? .  The  computations  may  be  conveniently  made  in  terms  of  the 
voltage  reflection  coefficient  P  discussed  in  Sec.  2.08.  In  these  terms 


«!! 


i  - 


48 


1 


1 


2 


(2.11-9) 


where 


r, 


<*„>■  -«■ 

(z,.),  *  fl, 


(2.11-10) 


and  Rt  and  (Xia)l  are  aa  defined  in  Kig.  2.11-1.  The  reflection  coef¬ 
ficient  at  the  other  end  is 


r. 


«..)i  »  «, 


(2.11-11) 


and  for  a  dissipation  less  network 


(2.11-12) 


so  that  the  magnitude  of  either  reflection  coefficient  could  be  used  in 
Eq.  (2.11-9).  ilt  should  he  understood  in  passing  that  the  phase  of  Tj 
is  not  necessarily  the  same  as  that  of  I’2  even  though  Kq .  (2.11-12)  holds.] 

The  reflection  coefficient 

r-  '  TTT  <2  n'u) 

6  « 


between  Zf  and  Z b  in  Fig.  2.11-1  cannot  be  used  in  Eq .  (2.11-9)  if  both 
Z t  and  Zb  are  complex.  However,  it  can  be  shown  that 


if’, 


z.  +  z 

6  ■ 


(2.11-14) 


where  Z *  is  the  complex  conjugate  of  Z b.  Thus,  if  Zf  *  Rq  +  jXt  and 
Zb  *  Rb  +  JXb,  by  use  of  Eqs.  (2.11-14)  and  (2.11-9)  we  obtain 


'iv.il 

P2 


(*.  +  f»t)*  +  (Xm  +  Xb)2 


(2.11-15) 


For  caaes  where  Zt  ■  Z b  such  as  occurs  at  the  middle  of  a  symmetrical 
network,  Eq.  (2.11-15)  reduces  to 
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(2. 11-16) 


Another  situation  which  commonly  occurs  in  filter  circuits  is  for 
the  structure  to  be  ant imetricul *  about  its  middle.  In  such  cases,  if 
Zt  and  Z^  in  lift'  2.11-1  are  at  the  middle  of  a  antimetrical  network, 
then  for  all  frequencies 

-2 

Z.  ■  —  (2.11-17) 

6  Z 


where  Rk  is  a  real,  positive  constant.  Defining  Zt  again  as  R  + 
by  Eqs.  (2.11-17),  (2.11-14).  and  (2.11-9), 


(2.11-18) 

The  quantity  Rh  is  obtained  most  easily  by  evaluating 

Rh  =  ZZ  *Z  h  »  real,  positive  (2.11-19) 


at  a  frequency  where  Z%  and  Zh  are  both  known  to  be  real.  The  maximally 
flat  and  Tchebyscheff  low-pass  prototype  filter  structure  whose  element 
values  are  listed  in  Tables  4 . 05 -1(a).  (b)  and  4.05-2(a),  (b)  are 
symmetrical  for  an  odd  number  n  of  reactive  elements,  and  they  are 
antimetrical  for  an  even  number  n  of  reactive  elements.  The  step  trans¬ 
formers  discussed  in  Chapter  6  are  additional  examples  of  antimetrical 
ci rcui ts . 


SEC.  2.12,  SCATTEHING  COEFFICIENTS 

In  this  book  there  will  be  some  occasion  to  make  use  of  scattering 
coefficients.  Scattering  coefficients  are  usually  defined  entirely  from 
a  wave  point  of  view.  However,  for  the  purposes  of  this  book  it  will  be 
sufficient  to  simply  extrapolate  from  previously  developed  concepts. 


a 

This  lira  vaa  ciiaad  ky  Gaillaaia.  Saa  pp.  371  aad  467  of  Ref.  2. 
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The  performance  of  any  linear  two-port  network  with  terminationa 
can  be  described  in  terms  of  four  scattering  coefficients:  j ,  *S'j } , 

vijj,  and  S22.  With  reference  to  the  two-port  network  in  Fig.  2.11-1, 
*^11  ”  nn<^  ^22  *  ^2  are  simPiy  the  reflection  coefficients  at  Ends  1 
and  2,  respectively,  as  defined  in  Eqs .  (2.11-10)  and  (2.11-11).  The 
scattering  coefficient  *S21  i*  simply  the  transmission  coefficient,  t, 
for  transmission  to  End  2  from  End  1  as  defined  in  Eqs.  (2.10-5)  and 
(2.10-6).  The  scattering  coefficient,  •5'12,  is  likewise  the  same  as  the 
transmission  coefficient,  t,  for  transmission  to  End  1  from  End  2.  Of 
course,  if  the  network  is  reciprocal  2  .  The  relations  in 

Sec.  2.11  involving  t,  Fj  ,  and  P2 ,  of  course,  apply  equally  well  to 
t  *  Sj  2  =  S‘21,  Fj  *  !  ,  and  F2  =  S'J2,  respectively. 

Thus,  it  is  seen  that  as  far  as  two-port  networks  are  concerned, 
the  scattering  coefficients  are  simply  the  reflection  coefficients  or 
transmission  coefficients  discussed  in  Secs.  2.10  and  2.11.  However, 
scattering  coefficients  may  he  applied  to  networks  with  an  arbitrary 
number  of  ports.  For  example,  for  a  three-port  network  there  are  nine 
scattering  coefficients,  which  may  be  displayed  as  the  matrix 
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(2.12-1) 


For  an  n-port  network  there  are  n2  coefficients.  In  general,  for  any 
network  with  resistive  terminations. 
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is  the  reflection  coefficient  between  the  input  impedance  (Zi(|)^  at 
Port  j  and  the  termination  H  at  that  port.  For  the  other  coefficients, 
analogously  to  Eqs.  (2.10-5)  and  (2.10-6), 
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where 


<V»  •  <212-4) 

The  voltage  £.  is  the  response  across  termination  i 1.  at  Port  j  due  to  a 
generator  of  voltage  ( £' ^ ) t  and  internal  impedance  Hi  at  Port  k.  In  com¬ 
puting  the  coefficients  defined  by  tqs.  (2.12*2)  to  (2.12-4),  all  ports 
are  assumed  to  always  be  terminated  in  their  specified  terminations  Rj. 

If  an  n-port  network  is  reciprocal, 
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)  * 


(2.12-5) 


By  Eqs .  (2.11-9)and  (2.11-12)  for  a  dissipationless  reciprocal  two-port 
network 
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The  analogous  relation  for  the  general  n-port,  dissipationless,  reciprocal 
network  is 

[i]  -  [6]  tS]  (2.12-9) 


where  [£']  is  the  scattering  matrix  of  scattering  coefficients  [as  illus¬ 
trated  in  Eq.  (2.12-1)  for  the  case  of  n  =  3],  [5]  is  the  same  matrix 
with  all  of  its  complex  numbers  changed  to  their  conjugates,  and  [f]  is 
an  nth-order  unit  matrix.  Since  the  network  is  specified  to  be  reciprocal, 
Eq.  (2 . 12- 5)applies  and  [«S]  is  symmetrical  about  its  principal  diagonal. 

For  any  network  with  resistive  terminations, 
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where  P  is  the  power  delivered  to  the  termination  W;  at  Port  j,  and 

is  the  available  power  of  a  generator  at  Port  k,  In  accord  with 
Eq.  (2.11-4)  the  db  attenuation  for  transmission  from  Port  k  to  Port  j 
(with  all  specified  terminations  connected)  is 
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20 


lo«io 


db 


(2.12-11) 


Further  discussion  of  scattering  coefficients  will  be  found  in  Hef.  9. 


SEC.  2.13,  ANALYSIS  OF  LADDER  CIRCUITS 

Ladder  circuits  often  occur  in  filter  work,  some  examples  being  the 
low-pass  prototype  filters  discussed  in  Chapter  4.  The  routine  outlined 


below  is  pa rt i cu 1  a r ly  convenient 
for  computing  the  response  of 
such  networks. 

The  first  step  in  this  rou¬ 
tine  is  to  characterize  each 
series  branch  by  its  impedance 
and  the  current  flowing  through 
the  branch,  and  each  s/iunr 
branch  by  its  admittance  and  the 
ro/fage  across  the  branch.  This 
characterization  is  illustrated 
in  Fig.  2.13-1.  Then,  in  general 
terms  we  define 
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FIG.  2.13-1  A  LADDER  NETWORK  EXAMPLE 
DISCUSSED  IN  SEC.  2.13 
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series  impedance  or  shunt  admittance  of 

Branch  k 

(2.13-1) 

S 

se r i es - branch  current  or  shunt  -  branch 
voltage  of  Branch  k 

(2.13-2) 

V 

m 

s 

series-branch  current  or  shunt-branch 
voltage  for  the  last  branch  on  the  right 

(2.13-3) 

s 

current  or  voltage  associated  with  the 
driving  generator  on  the  left. 

(2.13-4) 

In  general, 

if 

Branch  1  is  in  shunt,  should  be  the  current 

of  an 

infinite- impedance  current  generator;  if  Branch  1  is  in  series,  L'0  should 
be  the  voltage  of  a  zero- impedance  voltage  generator.  Then,  forall  cases, 
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V2  + 


Thus  A (  is  the  transfer  function  from  the  generator  on  the  left  to 
Branch  ■  on  the  right.  I f  we  define 

(Fim)k  *  impedance  looking  right  through  Branch  k  if  (2.13-6) 
Branch  fc  is  in  series,  or  admittance  looking 
right  through  Branch  k  if  Branch  *  is  in  shunt , 

then 

Ah 

(Fin)„  «  —  •  (2.13-7) 

To  illustrate  this  procedure  consider  the  case  in  Fig.  2.13-1. 

There  ■  ■  4  and 
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CHAPTER  3 


PRINCIPLES  OF  THE  IMAGE  METHOD  FOR  FILTER  DESIGN 

SEC.  3.01,  INTRODUCTION 

Although  the  image  method  for  filter  design  will  not  be  discussed  in 

detail  in  this  book,  it  will  be  necessary  for  readers  to  understand  the 

image  method  in  order  to  understand  some  of  the  design  techniques  used 
in  later  chapters.  The  objective  of  this  chapter  is  to  supply  the  nec¬ 
essary  background  by  discussing  the  physical  concepts  associated  with 
the  image  method  and  by  summarizing  the  most  useful  equations  associated 
with  this  method.  Derivations  will  be  given  for  only  a  few  equations; 
more  complete  discussions  will  be  found  in  the  references  listed  at  the 
end  of  the  chapter. 

SEC.  3.02,  PHYSICAL  AND  MATHEMATICAL  DEFINITION  OF  IMAGE 

IMPEDANCE  AND  IMAGE  PROPAGATION  FUNCTION 

The  image  viewpoint  for  the  analysis  of  circuits  is  a  wave  viewpoint 
much  the  same  as  the  wave  viewpoint  commonly  used  for  analysis  of  trans¬ 
mission  lines.  In  fact,  for  the  case  of  a  uniform  transmission  line  the 
charac te r  is t  ic  impedance  of  the  line  is  also  its  image  impedance  ,  and  if 
yt  is  the  propagation  constant  per  unit  length  then  yt  l  is  the  image 
propagation  function  for  a  line  of  length  l.  However,  the  terms  image 
impedance  and  image  propagation  Junction  have  much  more  general  meaning 
than  their  definition  with  regard  to  a  uniform  transmission  line  alone 
would  suggest. 

Consider  the  case  of  a  two-port  network  which  can  be  symmetrical, 
but  which,  for  the  sake  of  generality,  will  be  assumed  to  be  unsymmetrical 
with  different  impedance  characteristics  at  End  1  than  at  End  2. 

Figure  3.02-1  shows  the  case  of  an  infinite  number  of  identical  networks 
of  this  sort  all  connected  so  that  at  each  junction  either  End  Is  are 
connected  together  or  End  2s  are  connected  together.  Since  ths  chain  of 
networks  extends  to  infinity  in  each  direction,  the  same  impedance  Z{1  is 
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FIG.  3.02-1  INFINITE  CHAIN  OF  IDENTICAL  NETWORKS  USED  FOR 
DEFINING  IMAGE  IMPEDANCES  AND  THE  IMAGE 
PROPAGATION  FUNCTION 

seen  looking  both  left  and  right  at  a  junction  of  the  two  End  Is,  while 
at  a  junction  of  two  End  2s  another  impedance  ZtJ  will  be  seen  when 
looking  either  left  or  right.  The  impedances  Zfl  and  ZI2,  defined  as  in¬ 
dicated  in  Fig.  3.02-1,  are  the  image  impedances  for  End  1  and  End  2, 
respectively,  of  the  network.  For  an  unsymmetrical  network  they  are 
generally  unequal. 

Note  that  because  of  the  way  the  infinite  chain  of  networks  in 
Fig.  3.02-1  are  connected,  the  impedances  seen  looking  left  and  right  at 
each  junction  are  always  equal,  hence  there  is  never  any  reflection  of  a 
wave  passing  through  a  junction.  Thus,  from  the  wave  point  of  view,  the 
networks  in  Fig.  3.02-1  are  ail  perfectly  matched.  If  a  wave  is  set  to 
propagating  towards  the  right,  through  the  chain  of  networks,  it  will  be 
attenuated  as  determined  by  the  propagation  function  of  each  network,  but 
will  pass  on  from  network  to  network  without  reflection.  Note  that  the 
image  impedances  Zf j  aid  Zj2  are  actually  impedance  of  infinite  networks, 
and  as  such  they  should  be  expected  to  have  a  mathematical  form  different 
from  that  of  the  rational  impedance  functions  that  are  obtained  for  finite, 
lumped-element  networks.  In  the  cases  of  lumped-element  filter  structures, 
the  image  impedances  are  usually  irrational  functions;  in  the  cases  of 
microwave  filter  structures  which  involve  transmission  line  elements,  the 
image  impedances  are  usually  both  irrational  and  transcendental. 

An  equation  for  the  image  impedance  is  easily  derived  in  terms  of  the 
circuit  in  Fig.  3.02-2.  If  ZL  is  made  to  be  equal  to  then  the  impedance 
£ia  seen  looking  in  from  the  left  of  the  circuit  will  also  be  equal  to  Zj  j. 
Now,  if  A,  B,  C,  and  D  are  the  general  circuit  parameters  for  the  box  on 
the  left  in  Fig.  3.02-2,  assuming  that  the  network  is  reciprocal,  the 
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general  circuit  parameter*  A ( ,  B %  ,  Cf, 
and  D t  for  the  two  boxea  connected  aa 
ahown  can  be  computed  by  uae  of 
Eq.  (2.05-7).  Then  by  Eq.  (2.09-1) 
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A-  III?.  >9 

(3.02-1) 

FIG.  3.02-2  CIRCUIT  DISCUSSED  IN  SEC.  3.02 

Setting  7.  i  #  ■  ZL  ■  Z^  and  solving  for 
Zf  in  terms  of  A,  H,  C,  and  D  gives 


Z 


+  B, 

c,zt  +  Z>, 


z 


/ 1 


(3.02-2) 


The  same  procedure  carried  out  with  respect  to  End  2  gives 


Z 


I  2 


(3.02-3) 


Figure  3.02-3  shows  a  network  with  a  generator  whose  internal  imped¬ 
ance  is  the  same  as  the  image  impedance  at  End  ]  and  with  a  load  impedance 
on  the  right  equal  to  the  image  impedance  at  End  7  With  the  terminations 
matched  to  the  image  impedances  in  this  manner  it  can  be  shown  that 


(3.02-4) 


I, 


I  i 


*11  *12 


W-1MMO 


FIG.  3.02-3  NETWORK  HAVING  TERMINATIONS  WHICH 
ARE  MATCHED  ON  THE  IMAGE  BASIS 
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or 


where 


(3.02-5) 


y  -  a  +  )/3  -  In  [vAD  +  ✓Sc]  (3.02-6) 


is  the  mage  propagation  f unction ,  a  is  the  image  attenuation  in  nepers,* 
and  (i  is  the  image  phase  in  radians.  Note  that  the  vZjT/Z^  factor  in 
Eq.  (3.02-5)  has  the  effect  of  making  y  independent  of  the  relative  imped¬ 
ance  levels  at  Ends  1  and  2,  much  as  does  the  factor  in  Eq.  (2.10-4). 

An  alternative  form  of  Eq.  (3.02-5)  is 


(3.02-7) 


where  /,  *  E, ,/Zf ,  and  / J  «  E2./Zf2  sre  as  defined  in  Fig.  3.02-3. 

It  should  be  emphasized  that  the  image  propagation  function  defines 
the  transmission  through  the  circuit  as  indicated  by  Eq.  (3.02-4), 

(3.02-5),  or  (3.02-7)  only  if  the  terminations  mat<:h  the  image  impedances 
as  in  Fig.  3.02-3.  The  effects  of  mismatch  will  be  discussed  in  Sec.  3.07. 
For  a  reciprocal  network  the  image  propagation  function  is  the  same  for 
propagation  in  either  direction  even  though  the  network  may  not  be 
symmetrical . 


SEC.  3.03,  RELATION  BETWEEN  THE  IMAGE  PARAMETERS  AND  GENERAL 
CIRCUIT  PARAMETERS,  OPEN-CIRCUIT  IMPEDANCES,  AND 
SHORT-CIRCUIT  ADMITTANCES 

The  transmission  properties  of  a  linear  two-port  network  can  be  de¬ 
fined  in  terms  of  its  image  parameters  as  well  as  in  terms  of  the  various 
parameters  discussed  in  Secs.  2.05  to  2.07.  Any  of  these  other  parameters 
can  be  computed  from  the  image  parameters  and  vice  versa.  These  various 
relationships  are  summarised  in  Tables  3.03-1  and  3.03-2.  For  simplicity, 
only  equations  for  reciprocal  networks  are  included. 

To  choago  aoporo  to  dociboU  aoltiply  sopors  by  1.616. 
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Table  3.03-1 


IMAGE  PARAMETERS  IN  TERMS  OF  GENERAL  CIRCUIT  PARAMETERS. 
OPEN-CIRCUIT  IMPEDANCES,  OR  SHORT-CIRCUIT  ADMITTANCES 


IMAGE 

PARAMETER 

IN  TERMS  OF 

*1 1* *12  “  *2r*a2 

IN  TERMS  OF 
Fn.»12  ■  yn'»22 

IN  CONVENIENT 
MIXED  FORM 

zn 

■i 

4 

y>n 

191 

zn 

/  >ii 

V  >22  ^ 

/*  22 

V  >22 

y-a  *  J0 

eoth'1 

eeth  Vijjyjj 
■  ”th  l/,22>22 

eo  •  h  K'A D 

....-(■Sfe) 

•i* 

_ 

where  A,  »  *„*22  -  *j2  . 

S  *  VI1-V22  '  >12  * 

Table  3.03-2 

GENERAL  CIRCUIT  PARAMETERS.  OPEN-CIRCUIT  IMPEDANCES, 

AND  SHORT-CIRCUIT  ADMITTANCES  IN  TERMS  OK  IMAGE  PARAMETERS 
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SEC.  3.04,  IMAGE  PARAMETERS  FOR  SOME  COMMON  STRUCTURES 


The  image  parameteri  of  the  L-ae ction  network  in  Fig.  3.04-1  are 
given  by 


zn  -  ✓*.<*.  ♦  Z~) 


(3.04-1) 


■  ^71  y 1  +  7 


(3.04-2) 


“12 


Z.Z' 


/Z.<Z.  + 


(3.04-3)  FIG.  3.04-1  AN  L-SECTION  NETWORK 


SzlT 

•  C 

nr. 

U'T. 


(3. 04-4) 


/ 

coth" 1 y  *  +  y 


(3.04-5) 


cosh” 1 J  1  + 


Z 

I 

z. 


(3.04-6) 


(3.04-7) 


Note  that  by  Eqs.  (3.04-2)  and  (3.04-4) 


/  1 


Z.Ze 


“12 


(3.04-8) 


For  the  symmetrical  T-section  in  Fig.  3.04-2 


Zn  '  zn  ■  /z.<z.  +  «») 


(3.04-9) 
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Note  that  the  circuit  in  Fig.  3.04-2  can  be  formed  by  two  /.-sections  as 
in  Fig.  3.04-1  put  back  to  back  so  that  Zh  in  Fig.  3.04-2  is  one-half  of 
Zf  in  Fig.  3.04-1.  Then  Zj  j  will  be  the  same  for  both  networks  and  y  for 
the  T-section  is  twice  that  for  the  /.-section. 

For  the  ri-section  in  Fig.  3.04-3  the  image  admittances  are 


and 


>n  -  y,2  *  ‘Fj(F,  +  2F3)  (3.04-13) 


(3.04-14) 

(3.04-15) 

(3.04-16) 


A  rr-section  can  also  be  constructed 
from  two  half  sections  back  to 
back,  so  that  Fj  ■  1/Zt  and 
F3  -  1/(2 ZJ.  For  Fig.  3.04-1, 

Yj  2  ■  1 /Z f 2  will  then  be  the  same 
as  Yjj  “  Yj j  in  Fig.  3.04-3,  while 
y  for  Fig.  3.04-3  will  again  be  p 
twice  that  for  Fig.  3.04-1. 


*  JJ?MJ 


3.04-3  A  SYMMETRICAL  tt-SECTION  NETWORK 
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For  •  uniform  transmission  line  of  length  l,  characteristic  impedance 
Z#,  and  propagation  conatant  yt  -  a,  +  j/3t  per  unit  length, 


Zl  1  "  Zn 


(3.04-17) 


7,1  -  a,(  +  J0,l 


(3.04-18) 


SEC.  3.05,  THE  SPECIAL  IMAGE  PROPERTIES  OF  DISSIPATIONLESS 
NETWORKS 


By  Table  3.03-1 


‘il 


(3.05-1) 


while 


y  •  «  +  jfi  ■  coth"*1  uy,  j  (3.05-2) 

For  a  dissipation  lea?  network,  we  may  write  for  frequencies  p  «  jco 


1  i  i  " 


(3.05-3) 


and 


1 


1 1 


(3.05-4) 


where  j(X  ,)  is  the  impedance  at  End  1  of  the  network  with  End  2  open- 
*  1 

circuited,  and  }(X,t)  ia  the  impedance  at  End  1  with  End  2  short- 
circuited.  Then  by  Eqs.  (3.05-1)  to  (3.05-4),  for  dissipationless  net¬ 
works 


■n  • 


(3.05-5) 


and 


coth 


u 


r  ■ 


a  +  jP 


(3.05-6) 


The  inverse,  hyperbolic  cotangent  function  in  Eq.  (3.05-6)  ia  a 
multivalued  function,  whose  various  possible  values  all  differ  by 
multiples  of  jit.  For  this  reason,  it  is  convenient  to  write  Eq.  (3.05-6) 
in  the  form 


y 


A*  . ) 


a  +  j  ■  coth”*> 


> 


(*  ) 

'  » *  , 


+  j  nv 


(3.05-7) 


where  the  inverse  hyperbolic  function  is  to  be  evaluated  to  give  an 
imaginary  part  having  minimum  magnitude,  and  where  the  appropriate  value 
for  the  integer  n  must  be  determined  by  examination  of  the  circuit  under 
consideration.  Equation  (3.05-7)  also  has  the  equivalent  form 


y  ■  a  +  jfc 


/  1  -n 

tanh  „  /  “7  +  j ( 2n  -  1 )  — 

)  2 

l 


(3.05-8) 


Two  distinct  cases  occur  in  the  evaluation  of  Eq.  (3.05-5)  and 
Eq.  (3.05-7)  or  (3.05-8)  depending  on  whether  (Xoe)  and  (.Yj()  have  the 
same  sign  or  opposite  signs.  These  two  cases  will  be  summarized 
separate  1 y . 

Case  A,  Condition  for  a  Pass  Band— In  this  case  (X  )  and  (X  ) 

1  *e  1 

have  opposite  signs  and 

7.  j  j  »  ^-(.Yo  t )  (A't  ( )  *  real  and  positive.  (3.05-9) 


It  can  be  shown  that,  at  the  same  time,  the  condition 


•It 


(A'#c)  *  real  and  positive. 


(3.05-10) 


must  also  exist,  where  (Xfe)  and 
impedances  measured  from  End  2. 
and  (3.05-8)  yield  for  a  and  /3 , 


(Xlc)  are  the  open-  and  short-circuit 
Under  these  conditions,  Eqs.  (3.05-7) 


a  ■  0 


(3.05-11) 


57 


radian* 


0 


ypr 

■ 

tan"1' 

niX-\ 

radian* 


(3.05-12) 


Note  that  for  this  pass-band  case,  the  attenuation  is  zero  while  the  phase 
is  generally  non-zero  and  varying  with  frequency.  In  Eqs.  (3.05-11)  and 
(3.05-12)  the  nv  term  has  been  omitted  since  the  multivalued  nature  of 
these  inverse  trigonometric  functions  will  be  familiar  to  the  reader 
(though  perhaps  the  multivalued  nature  of  inverae  hyperbolic  functions 
may  not). 

Cast  B,  Conditions  for  a  Stop  Band — In  this  case  (X  )  and  (Jf  ) 

#  C  1  *  C  1 

[and  also  (X.)  and  ( X .  )  ]  have  the  same  sign.  Then 
•*  2  *  *  2 


ZM  '  '  >*t  I 

z„  ■ 


(3.05-13) 


(3.05-14) 


are  both  purely  imaginary.  Both  Xj  f  and  X{J  must  have  positive  slopes 

vs.  frequency,  in  accord  with  Foster’s  reactance  theorem.  If 

( X  )  >  (X  )  Eq.  (3.05-7)  should  be  used  to  obtain  a  and  /3: 

•*  l  **  l 


and 


coth 


- 1. 


A*.,*, 


nepers 


(3.05-15) 


0 


nv 


radians 


(3.05-16) 
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If  (X  )  <  (X  )  ,  Eq.  (3.05-8)  should  be  used,  and  it  gives 


a  ■  tanh 


-1 


F..>, 


nepers 


(3.05-17) 


and 


fi  -  (  2m  -  1 )  - 

2 


radians 


(3.05-18) 


Note  that  for  this  stop-band  case  the  image  attenuation  is  non-zero  and 
will  vary  with  frequency.  Meanwhile,  the  image  phase  is  constant  vs. 
frequency  at  some  multiple  of  v ,  or  odd  multiple  of  v/2.  However,  it  will 
be  found  that  the  image  phase  can  make  discrete  jumps  at  points  in  the 
stop  band  where  there  are  poles  of  attenuation  for  frequencies  jqj. 

A  similar  analysis  for  dissipationless  networks  can  be  carried  out 
using  the  various  other  expressions  for  the  image  parameters  in  Secs. 3.03 
and  3.04.  The  various  equations  given  for  the  image  propagation  constant 
will  involve  inverse  hyperbolic  functions  of  a  purely  real  or  purely 
imaginary  argument.  Due  to  the  multivalued  nature  of  these  inverse 
hyperbolic  functions  care  must  be  taken  in  evaluating  them.  Table  3.05-1 
should  prove  helpful  for  this  purpose.  Note  that  in  some  cases  a  different 
equation  must  be  used  depending  on  whether  |u|  or|i>|  is  greater  or  less  than 
one.  This  is  because,  for  example,  cosh  ‘w  when  taken  to  be  a  function  of 
a  real  variable  cannot  be  evaluated  for  v  •  |u|  <  1;  if  however,  v  is  a 
function  of  a  complex  variable  the  above  example  has  a  value,  namely, 
j  (cos*^).  The  proper  value  of  the  integer  n  to  be  used  with  the  various 
equations  in  Table  3.05-1  must  be  determined  by  examination  of  the  circuit 
at  some  frequency  where  the  transmission  phase  is  easily  established.  As 
was  done  in  the  case  of  Eqs.  (3.05-11)  and  (3.05-12),  the  rnr  terms  have 
been  omitted  for  forms  involving  inverse  trigonometric  functions  since 
their  multivalued  nature  is  much  more  widely  familiar  than  is  that  of  in¬ 
verse  hyperbolic  functions. 
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Table  3. OS-1 

EVALUATION  OF  SOME  INVERSE  HYPERBOLIC  FUNCTIONS 
FOR  PURELY  REAL  OR  PURELY  IMAGINARY  ARGUMENTS 


U  (astral,  f  ■  U  ♦  jf,  »*■♦/»,  aa4  a  i*  iataftr  (paaitivt,  or  i«ra) 

Fate  tit*  I  Casa  ol  a  »  a  I  Caaa  af  ■  ■  jf» 


f  *  ainh-1*  V  ■  (-1)  ainli-1*  ♦  jmm  If  |»|  »  1 


n  •  odd 
if  v  >  1  , 

*  *  coth-lv  ♦  ;(2n  -  1)  J 

a  •  even 
if  *  <  -1 

If  |*|  *  1  , 

9  *  0  ♦  /  sin-1* 

V  *  cosh-**  If  |u|  '  1  , 


n  *  even 
if  u  >  1  , 

f  ■  eoah-1*  ♦  /**  i 

n  •  odd 
if  *  <  -1  . 

If  |« |  <•  1 

1*0*/  coa-1u 


a  *  odd 
if  v  >  0  . 

einh-1*  ♦  ;(2n  -  1)  f 

a  «  even 

if  *  <  0  . 


SEC.  3.06,  CONSTANT - k  AND  m -DERIVED  FILTER  SECTIONS 

Constant-fc  and  m-derived  filtera  are  claaaic  examples  of  filtera 
which  are  designed  from  the  image  point  of  view.  Their  properties  will 
be  briefly  aummariied  in  order  to  illustrate  some  of  the  image  properties 
of  dissipationless  networks  discussed  in  the  preceding  section,  and  to 
provide  reference  data.  The  filter  sections  shown  are  sll  normalised  so 
that  their  image  impedance  is  R't  •  1  ohm  at  w'  >0  and  their  cutoff  fre¬ 
quency  occurs  at  &>,'  -  1  radian/sec.  However,  these  normalised  circuits 
can  easily  be  changed  to  other  impedsnee  and  frequency  scales.  Each 
resistance,  inductance,  or  capacitance  is  scaled  using 


H 


(3.06-1) 


or 


(3.06-2) 


(3.06-3) 


where  R'  ,  L ' ,  and  C'  are  for  the  normalized  circuit  and  R,  L.and  C  are 
corresponding  elements  for  the  scaled  circuit.  The  ratio  R  0/R  J,  defines 
the  change  in  impedance  level  while  Wj/ceJ  defines  the  change  in  frequency 
scale. 


Figure  3.06-l(a)  shows  a  normalized  constant-fc  filter  half  section. 
Its  image  impedancea  are 

Zn  -  A  -  («')'*  (3.06-4) 

and 


Z 


fn 


1 

/l  -  (a/)2 


(3.06-5) 


Ita  propagation  function  is 

y  ■  a  +  j (5  *  0  +  ./  sin  *&>* 
for  the  0  J  co'  <  1  pass  band,  and 

- 1  77 

y  ■  a  +  j/3  ■  cosh”*a>'  +  j  ~ 


(3.06-6) 


(3.06-7) 


for  the  1  <  u>  <  ®  stop  band,  where  at  is  in  nepers  and  is  in  radians. 

Figures  3.06-l(b),  (c)  show  sketches  of  the  image  impedance  and 
attenuation  characteristics  of  this  structure.  Note  that,  as  discussed 
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L'-l 

nrm 


l-IUNH 


FIG.  3.06-1  THE  IMAGE  PROPERTIES  OF  NORMALIZED, 
CONSTANT-k  HALF  SECTIONS 


tt 


in  Sec.  3.05,  ZlT  end  Z/w  ere  purely  real  in  the  peaa  bend  and  purely 
imaginary  in  the  atop  band.  Also  note  that  a  ■  0  in  the  paaa  band  while 
fi  is  constant  in  the  atop  band. 

Figure  3.06-2(a)  ahowa  a  "aeries,  m-derived”  half  section.  Its 
image  impedances  are 


where 


ZjT  ■  lXl  -  (toj')^ 


z 


tir  a 


v\  -^'s 


(3.06-8) 


(3.06-9) 


(3.06-10) 


Note  that  Eq.  (3.06-8)  is  identical  to  Eq.  (3.06-4),  but  Eq.  (3.06-9) 
differs  from  Eq.  (3.06-5).  The  propagation  function  is 


y  ■  a  +  j0  ■  0+7  —  cos 


in  the  0  $  o>*  <1  pass  band, 


in  the  1  ■  cj'  <  stop  band,  and 


(3.06-11) 


(3.06-12) 


(3.06-13) 
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in  the  <  a>'  <  ®  atop  band. 


L',*n> 


•-Mtr-n 


FIG.  3.06-2  NORMALIZED,  SERIES,  m-DERIVED  HALF¬ 
SECTION  CHARACTERISTICS 


<4 


Figures  3 . 06 - 2(b)  and  (c)  show  sketches  of  the  image  impedance  and 
propagation  characteristics  of  this  structure.  Note  that  introducing  a 
series  resonance  in  the  shunt  branch  in  Fig.  3.06-2(a)  has  produced  a 
pole  of  attenuation  at  the  frequency  u'm  where  the  shunt  branch  short- 
circuit*  transmission.  (See  discussion  in  Sec. 2. 04.)  Note  that 
Z,  «  B,  in  the  pass  band  in  Fig.  3.06-2(b)  is  more  nearly  constant 

than  is  fl/jr  in  Fig.  3.06-l(b).  This  property  of  m-derived  image  impedances 
makes  them  helpful  for  improving  the  impedance  match  to  resistor 
terminations. 

The  "shunt  a-derived"  half  section  in  Fig.  3.06-3(a)  is  the  dual  of 
that  in  Fig.  3.06-2(s).  The  image  impedances  are 


where  again 


Z 


I  rr 


1 

V  1  -  (co')2 


(3.06-14) 


(3.06-15) 


(3.06-16) 


In  this  case  Z[Tm  in  Eq .  (3.06-14)  differs  from  ZJT  in  Eq.  (3.06-4),  but 
Eqs.  (3.06-15)  and  (3.06-5)  are  identical.  The  image  propagation  function 
for  this  section  is  the  same  as  that  in  Eqs.  (3.06-11)  to  (3.06-13). 

Figures  3 . 06 -3(b)  and  (c)  show  sketches  of  the  image  characteristics  of 
this  filter  section.  In  this  case,  a  pole  of  attenuation  is  produced  at 
the  frequency  where  the  series  branch  hasapole  of  impedance  which  blocks 
all  transmission.  The  image  impedance  ZJTa  is  seen  to  be  more  nearly  con¬ 
stant  in  the  pass  band  than  was  ZJT  in  Fig.  3.06-l(b).  Thus,  m-derived 
half  sections  of  this  type  are  also  useful  for  improving  the  impedance 
match  to  resistor  terminations. 

Figure  3.06-4(a)  and  (b)  show  how  constant-fc  and  w-derived  half  sec¬ 
tions  may  be  pieced  together  to  form  a  sizeable  filter.  In  this  case, 
three  constant-h  half  sections  are  used  along  with  two,  series,  n-derived, 
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FIG.  3.06-3  NORMALIZED,  SHUNT,  m-DERIVED 
HALF-SECTION  CHARACTERISTICS 


l'*I  L'*I5  l'»I.5 
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FIG.  3.06-4  A  FILTER  PIECED  TOGETHER  FROM  THREE  CONSTANT-k 
AND  TWO  m-DERIVED  HALF  SECTIONS 
The  resulting  image  propagation  (unction  it  sketched  at  (c) 


«7 


half  sections.  The  two  s-derived  sections  have  a  *  O.S,  which  introduces 
a  pole  of  attenuation  at  ci>*  ■  1.16  and  greatly  increases  the  rate  of  cutoff 
of  the  filter.  As  indicated  in  Fig.  3.06-4(a)  the  sections  are  all  choaen 
ao  that  the  image  impedances  match  at  each  junction.  Under  these  conditions 
when  the  sections  are  all  joined  together,  the  image  attenuation  and  the 
image  phase  for  the  entire  structure  are  simply  the  sum  of  the  image  atten- 
uation  and  phase  values  for  the  individual  sections.  Likewise,  with  all  of 
the  sections  matched  to  each  other,  the  image  impedances  seen  at  the  ends 
are  the  same  as  the  image  impedances  of  the  end  sections  before  they  were 
connected  to  the  interior  sections. 

The  circuit  in  Fig.  3 . 06 ~ 4 ( b )  would  have  the  transmission  character¬ 
istics  indicated  in  Fig.  3.06*4(c)  if  it  were  terminated  in  its  image  im¬ 
pedances  at  both  ends.  However,  since  in  practice  resistor  terminations 
are  generally  required,  this  transmission  characteristic  will  be  consider¬ 
ably  altered  (mainly  in  the  pass  band)  due  to  the  reflections  at  both  ends 
of  the  filter.  In  order  to  reduce  the  magnitude  of  these  reflections  ef¬ 
fects,  it  is  customary  with  filters  of  this  type  to  introduce  a-derived 
half-sections  at  each  end  of  the  filter  with  the  impedance  Z/r>  or  Zfrrm 
next  to  the  termination  resistor.  With  a  ■  0.6,  these  image  impedances 
are  relatively  constant  in  the  pass  band  and  it  becomes  possible  to  greatly 
reduce  the  reflection  effects  over  much  of  the  pass  band.  These  matters 
will  be  discussed  further  in  Secs.  3.07  and  3. 08- 

SEC.  3.07,  THE  EFFECTS  OF  TERMINATIONS  WHICH  MISMATCH  THE 
IMAGE  IMPEDANCES 

The  resistance  terminations  used  on  dissipationless  filter  structures 
cannot  match  the  image  impedance  of  the  structure  except  at  discrete  fre¬ 
quencies  in  the  pasa  band.  As  a  result  of  the  multiple  reflections  that 
occur,  the  performance  of  the  filter  may  be  considerably  altered  from  that 
predicted  by  the  image  propagation  function.  This  alteration  is  most  severe 
in  the  pasa  band  and  in  the  stop  hand  near  cutoff.  Formulas  which  account 
for  the  effects  of  auch  terminal  reflections  are  summarized  below. 

Consider  the  circuit  in  Fig.  3.07-1  whose  image  impedances,  Z, t  and 
Zf2,  may  differ  considerably  from  Rj  and  The  voltage  attenuation 

ratio,  Z'/fg,  may  be  calculated  from  the  image  parameters  and  the  termi¬ 
nations  using  the  equstion 
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FIG.  3.07-1  NETWORK  DISCUSSED  IN  SEC.  3.07 


/ 1 


,-2yr  r 
e  1  n‘  /2 

TMT/2 


«i  -Zn 


flj  +  Z 


/ 1 


(3.07-1) 


(3.07-2) 


72 


"2~zn 
*2  +  »,* 


(3.07-3) 


are  the  reflection  coefficients  at  Ends  1  and  2  while 
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are  the  transmission  coefficients  (see  Sec.  2.08).  Note  that  these  re¬ 
flection  and  transmission  coefficients  are  defined  with  respect  to  the 
image  impedances  rather  than  with  respect  to  the  actual  input  impedances 
<Z.)  and  (Z.  )  . 
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The  actual  input  impedance  aeen  looking  in  End  1  with  End  2  termi¬ 
nated  in  Rj  ia 


(Zt.) 
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(3.07-6) 


By  analogy,  (Z.  )  in  Fig.  3.07-1  is 
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(3.07-7) 


Equations  (3.07-1)  to  (3.07-7)  apply  whether  the  circuit  has  dissipation 
or  not. 

For  a  di ssipat ion  less  network  at  pass  band  frequencies  where 
y  *  0  t  7nT,l  ,« j ,  2,  3,  .  ..N-  (3.07-6)  shows  that. 
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(Zi.)  “  T~R2  (3.07-8) 
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while  at  frequencies  where  y  *  0  t  j  (2n  -  1 ) (w/2) | j ^ 2 , j 


<*».> 
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(3.07-9) 


where  Z{1  and  Z/2  will  be  purely  real.  Analogous  expressions  also  exist 

for  (Z.  )  . 

**  * 

Equation  (3.07-1)  is  quite  general,  and  it  can  be  used  with 
Eqs.  (2.11-2)  and  (2.11-4)  for  computing  the  attenuation  of  a  network. 
However,  simpler  expressions  ( about  to  be  presented)  can  be  used  if  the  network 
is  dissipationless.  Such  expressions  become  especially  siaiple  if  the  dis¬ 
sipationless  network  is  symmetrical  (i.e.,  •  Zfi)  and  has  symmetrical 

terminations  (i.e.,  H j  ■  A}).  Another  case  of  relative  si  mplic  ity  is  that 
of  a  di ssipat ionless  antimetrical  network  (see  Sec.  2.11)  with  antimetrical 
terminations.  Such  a  filter  will  satisfy  the  conditions 
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at  all  frequencies,  where  is  a  positive,  real  constant.  The  constant-k 
half  section  in  Fig.  3.06-1  is  an  example  of  an  antimetrical  network.  The 
filter  in  Fig.  3.06-4  also  satisfies  the  antimetry  condition  given  by 
Kq.  (3.07-10). 

For  d i 3s  ipa t  ion  1  ess  symmetrical  networks  with  symmetrical  terminations, 
■  /{j!  in  the  pass  band  and  the  attenuation  is 
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while  in  the  stop  band  Zri  «  and 
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Similarly  for  dissipationless  antimetrical  networks  with  antimetrical 
terminations,  in  the  pass  band 
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while  in  the  stop  band  Eq.  (3.07-13)  applies  just  as  for  the  symmetrical 
case.  For  the  symmetrical  case 

rn  -  rM  (3.07-15) 

while  for  the  antimetrical  case 

rn  .-r,2  .  (3.07-16) 
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For  the  diaeipationleee  symmetrical  caae  the  stop-band  image  phaae  is  a 
multiple  of  n  radians,  while  in  the  dissipatic,.less  antimetric  caae  it  is 
an  odd  multiple  of  tf/2  radians. 

The  actual  pass-band  attenuation  which  will  result  from  mismatched 
image  impedances  is  seen  by  Eqs.  (3.07-12)  and  (3.07-14)  to  depend  strongly 
on  the  image  phase,  /3.  For  given  Zfl  and  /?,  it  is  easily  shown  that  the 
maximum  possible  pass-band  attenuation  in  a  dissipationless  symmetrical 
or  antimetrical  network  with  symmetrical  or  antimetrical  terminations, 
respectively,  is 

(a 3  +  1 \ 

La  -  20  log10  [•  —  -  ■  )  db  (3.07-17) 

where 


with  either  definition  giving  the  same  answer.  For  symmetrical  networks, 
the  value  given  by  Eq.  (3.07-17)  applies  when  ft  -  (2n  -  l)n/2  radians 
while  LA  *  0  when  /3  «  nv  radians  (where  n  is  an  integer).  For  antimetrical 
networks  Eq.  ( 3 . 07 -  IT  )  applies  when  /3  *  nv  radians  while  LA  •  0  when 
/3  ■  (2n  “  1)^/2  radiana.  Figure  3.07-2  shows  a  plot  of  maximum  LA  vs.  a, 
and  also  shows  the  corresponding  input  VSWR. 

SEC.  3.08,  DESIGN  OF  MATCHING  END  SECTIONS  TO  IMPROVE  THE 
RESPONSE  OF  FILTERS  DESIGNED  ON  THE  IMAGE  BASIS 

As  mentioned  in  Sec.  3.06,  one  way  in  which  the  pass-band  response 
of  constant-k  filters  can  be  improved  is  to  use  m-derived  half  sections 
at  the  ends.  Experience  shows  that  a  half  section  with  «  about  0.6  will 
cause  £/ra  or  Z Irrm  to  give  the  best  approximation  of  a  constant  resistance 
in  the  pass  band,  and  hence  will  cause  the  ends  of  the  filter  to  give  the 
best  match  to  resistor  terminations.  As  an  example,  Fig.  3.08-1  shows  the 
normalized  filter  structure  in  Fig.  3 . 06 -4(b)  with  matching  sections  added 
to  improve  the  pass-band  match  to  the  one-ohm  terminations  shown.  The 
matching  sections  also  introduce  poles  of  attenuation  at  u'm  •  1.25,  which 
will  further  sharpen  the  cutoff  characteristics  of  the  filter. 
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FIG.  3.07-2  MAXIMUM  POSSIBLE  PASS-BAND  ATTENUATION  AND  VSWR  FOR 
DISSIPATIONLESS  SYMMETRICAL  NETWORKS  WITH  SYMMETRICAL 
TERMINATIONS,  OR  DISSIPATIONLESS  ANTIMETRICAL  NETWORKS 
WITH  ANTIMETRICAL  TERMINATIONS 
Those  values  will  apply  if  fi  *  (2n  “  1)(w/2)|B,|  2  3  for  ***• 
symmetrical  cat*  or  (i  *  2  3  for  tha  antlmetricol  casa 
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A  n/r  J« 


FIG.  3.08-1  THE  NORMALIZED  FILTER  CIRCUIT  IN  FIG.  3.06-4(b)  WITH 
m-DERIVED  HALF  SECTIONS  ADDED  TO  IMPROVE  THE 
PASS-BAND  IMPEDANCE  MATCH  TO  RESISTOR  TERMINATIONS 


In  the  design  of  microwave  filter  structures  on  the  image  basis,  it 
is  often  desirable  that  the  matching  end  sections  be  of  the  same  general 
form  as  the  main  part  of  the  filter.  Consider  Lhe  case  of  a  wide  band, 
band-pass  filter  to  be  constructed  using  filter  sections  as  shown  in 
Fig.  3.08-2(a).  The  filter  sections  have  image  characteristics  as  shown 
in  Fig.  3 . 08 -2(b) ,  (c).  Figure  3.08-3  shows  the  left  half  of  a  symmetrical 
filter  formed  from  such  sections.  In  this  filter  the  interior  sections  of 
the  filter  are  all  alike,  but  two  sections  at  each  end  are  different  in 
order  to  improve  the  pass-band  match  to  the  terminations.  The  design  of 
such  end  sections  will  now  be  considered. 

As  is  seen  from  Fig.  3.08-2(c),  each  section  of  the  filter  has  a  mid¬ 
band  image  phase  shift  of  ■  ^/2.  The  total  midband  image  phase  shift 
for  the  end  matching  network  in  Fig.  3.08-3  at  f0  is  thus  p  ■  v .  At  mid¬ 
band,  then,  the  end  matching  network  will  operate  similarly  to  a  half¬ 
wavelength  transmission  line,  and  in  Fig.  3.08-3 

Z.\  -  fi  (3.08-1) 

Thus,  if  Zj  is  the  image  impedance  of  the  interior  sections  of  the  filter, 
and  Zlt  is  the  image  impedance  of  the  sections  in  the  end  matching  network, 
then  if 

Z.l  -  B  (3.08-2) 

'!/■/,  * 
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FIG.  3.08-2  A  BAND-PASS  FILTER  SECTION  USING 
TRANSMISSION  LINES,  AND  ITS  IMAGE 
CHARACTERISTICS 
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a  perfect  match  is  assured  at  /  # ,  regardless  of  the  size  of  at  that 

frequency.  At  pass-band  frequencies  /w/2  and  f Jn , ,,  where  the  image  phase 
shift  of  the  end  matching  network  is  /?  ■  v/2  and  3v/2,  respectively, 

<2,.)2 

*i.  ‘  -J-  <30«-3> 

« 

similarly  to  Eq.  (3.07-9).  Thus,  setting  Z  .  m  *  Z{  and  solving  for  Z{f 
gives 

Zi,  “  (3.08-4) 

as  the  condition  for  a  perfect  impedance  match  when  /3  ■  v/2  or  Zv/2  for 
the  end  matching  network.  By  such  procedures  a  perfect  impedance  match 
can  be  assured  when  the  end  matching  network  has  v/2,  v ,  or  2>v/2  radians 
image  phase. 

Figure  3.08-4  shows  how  the  image  impedance  of  the  end  matching  net¬ 
work  might  compare  with  the  image  impedance  of  the  interior  sections  for 
a  practical  design.  In  this  case  Rf  is  made  a  little  less  than  Zf  for 
the  interior  sections  at  but  Zj  and  ZJf  are  both  made  to  be  equal  to 
R  at  /  and  f a  little  to  each  side  of  /0,  so  that  a  perfect  match  will 
be  achieved  at  those  two  frequencies.  This  procedure  will  result  in  a 
small  mismatch  in  the  vicinity  of  /„,  but  should  improve  the  over-all  re¬ 
sults.  The  end  matching  network  is  made  to  be  more  broadband  than  the 


FIG.  3.08-4  RELATIVE  IMAGE  IMPEDANCE  CHARACTERISTICS 
FOR  THE  END  MATCHING  NETWORK  AND  INTERIOR 
SECTIONS  OF  A  PROPOSED  FILTER  OF  THE  FORM 
IN  FIG.  3.08-3 


interior  sections  of  the  filter  so  thst  the  fi  *  v/2  and  377/2  phase  shift 
points  will  occur  near  the  cutoff  frequencies  of  the  interior  sections. 

The  end  matching  network  is  designed  so  that  F.q.  (3.08-4)  will  be  satis¬ 
fied,  at  least  approximately,  at  these  two  frequencies  in  order  to  give 
a  good  impedance  match  close  to  the  cutoff  frequencies  of  the  filter.  In 
this  particular  example  there  are  only  three  degrees  of  freedom  in  the 
design  of  the  end  matching  network,  namely  the  size  of  Cf.  the  size  of 
(7. 0)  ,  and  the  length  of  the  transmission  lines  in  the  sections  of  the  end 
matching  network.  One  degree  of  freedom  is  used  in  fixing  the  center  fre¬ 
quency  of  the  response,  another  may  l>e  used  for  setting  at  fre¬ 

quency  /  in  Fig.  3.08-4,  and  another  may  be  used  for  satisfying 
Eq.  (3.08-4)  at  fv/2-  Although  matching  conditions  are  not  specifically 
forced  at  frequencies  /4  and  /3w/2  in  Fig.  3.08-4,  they  will  be  approxi¬ 
mately  satisfied  because  of  the  nearly  symmetrical  nature  of  the  response 
about  /„. 

The  design  procedure  described  above  provides  a  perfect  impedance 
match  at  certain  frequencies  and  assures  that  the  maximum  mismatch  through¬ 
out  the  pass  band  will  not  be  large.  In  addition  it  should  be  recalled 
that  perfect  transmission  will  result  at  pass-band  frequencies  where  the 
image  phase  of  the  over-all  filter  structure  is  a  multiple  of  tr  radians, 
as  well  as  at  points  where  the  image  impedances  are  perfectly  matched. 

These  same  principles  also  apply  for  the  design  of  matching  sections  for 
other  types  of  filters. 
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SEC.  3.09.  MEASUREMENT  OF  IMAGE  PARAMETERS 


Occasionally  it  will  be  desirable  to  measure  the  image  parameters  of 
a  circuit.  A  general  method  is  to  measure  the  input  impedance  at  one  end 
for  open-  and  short-circuit  terminations  at  the  other  end.  Then 
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and  for  a  reciprocal  network 


coth 


-  i 


/(Z  ) 


(Z  ) 

it. 


(3.09-1) 
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In  these  equations  (Z  )  and  (Z  )  are  impedances  measured  at  End  1  with 

1  I 

End  2  open-circuited  and  slior t -c i rcui ted ,  respectively.  Impedances  (Z#e) 
and  (Zje)  are  corresponding  impedances  measured  from  End  2  with  End  1  2 

open-c i rcui ted  or  short-circuited. 


If  the  network  has  negligible  dissipation  and  is  symmetrical,  a  con¬ 
venient  method  due  to  Uawirs5  can  be  used.  Using  this  method  the  network 
is  terminated  at  one  port  in  a  known  resistive  load  BL  and  its  input  im¬ 
pedance  Z ia  ■  Rin  +  jZitl  is  measured  at  the  other  port.  Then  the  image 
impedance  Z{  can  be  computed  from  and  by  the  equation* 


which  applies  for  both  the  pass  and  stop  bands. 

Oawiras  haa  expressed  this  method  in  terms  of  a  very  useful  chart 
which  is  reproduced  in  Fig.  3.09-1.  This  chart  should  be  thought  of  as 
being  superimposed  on  top  of  a  Smith  chart**7  with  the  zero  “wavelengths 
toward  generator"  point  coinciding  with  that  of  the  Smith  chart.  Then 
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to  obtain  the  image  parameters,  Z.#  measured  as  discussed  above,  is  nor¬ 
malized  with  respect  to  .  Next,  the  point  Z^JRL  is  first  plotted  on 
a  Smith  chart,  and  then  scaled  to  the  same  point  on  this  chart  by  use  of 
a  scale  and  cursor.  In  the  pass  band  the  Zin/RL  points  will  fall  within 
either  of  the  two  heavy  circles  marked  “cutof f  c  i  rc  1  e ,  ’’  whi le  in  the  stop 
band  the  Z.n  R  ^  points  will  fall  outside  of  these  circles.  Further  details 
of  the  use  of  the  chart  are  perhaps  best  illustrated  by  examples. 

Suppose  that  Z.  #  •  0.20  +  j  0.25.  Plotting  this  point  on  a  Smith 

chart  and  then  rescaling  it  to  this  chart  gives  the  point  shown  at  A  in 
Fig.  5.00-1.  The  circles  intersecting  the  vertical  axis  at  right  angles 
give  the  image  impedance  while  the  nearly  vertical  lines  give  the  phase 
constant.  Following  the  circle  from  point  .1  around  to  the  vertical  axis 
gives  a  normalized  image  impedance  value  of  R,  RL  *  0.35,  while  the  phase 
constant  is  seen  to  he  approximately  0.37  This  chart  uses  the  term 
“characteristic  impedance'*  for  image  impedance  and  expresses  the  image 
phase  in  wavelengths  for  specific  reference  to  transmission  lines.  How¬ 
ever,  the  more  general  image  impedance  concept  also  applies  and  the  cor¬ 
responding  image  phase  in  radians  (within  some  unknown  multiple  of  77 )  is 
simply  2r  times  the  number  of  wavelengths.  Thus  in  this  case 
v  ■  0.37(2’’)  +  n"  radians. 

If  Zin  Rl  gave  the  point  /'  in  Fig.  3.0(M,  the  filter  would  be  cut 
off,  hence,  the  image  impedance  would  be  imaginary  and  d  would  be  non¬ 
zero.  I  ti  this  case  the  image  impedance  is  read  by  following  the  line  to 
the  outer  edge  of  the  chart  to  read  jX,  It L  *  j  1.4,  while  the  image  at¬ 
tenuation  in  db  is  read  from  the  horizontal  axis  of  the  chart  as  being 
about  8.5  db.  Since  the  network  is  specified  to  be  symmetrical,  the  stop- 
band  image  phase  will  be  zero  or  some  multiple  of  v  radians  (see  Sec.  3.07). 


80 


REFERENCES 


t.  T.  E.  She*,  Transmission  Networks  and  Have  Filters  (D.  V*n  Nostrand  Co.,  New  York  City, 

1929). 

2.  K.  A.  Guillemin,  Coaaunication  Networks,  Vol.  2,  Chapter*  4,  and  7  to  10  (John  Wiley  and 
Son*,  New  York  City,  1935). 

3.  Harvard  Radio  Research  Laboratory  Staff,  Very  High-Frequency  Teckniy'S,  Vol.  2,  Chapters  26 
and  27  by  S.  R.  Cohn  (McGraw-Hill  Book  Co.,  Inc.,  New  York  City,  1947). 

4.  M.  E.  Van  Valkenburg,  Network  Analysis,  Chapter  13  (Prentire-Hall,  Inc.,  Englewood  Cliffs, 
N.J.,  1955). 

5.  II.  N.  Dawirs,  “A  Chart  for  Analyting  Transmission-Line  Filters  from  Input  Impedance  Char¬ 
acteristics,  "  Proe.  INF.  43,  pp.  436-443  (April  1955). 

6.  P.  H.  Smith,  “A  Transmias ion  Line  Calculator, "  Electronics  12,  pp.  29-31  (January  1939). 

7.  E.  L.  Ginzton,  Microwave  Measurements,  pp.  228-234  (McGraw-Hill  Hook  Co.,  Inc.,  New  York 
City,  1957). 


tl 


CHAPTER  4 


LOW-PASS  PROTOTYPE  FILTERS  OBTAINED  BY 
NETWORK  SYNTHESIS  METHODS 

SEC.  4.01,  INTRODUCTION 

Many  or  the  filter  design  methods  to  be  discussed  in  later  chapters 
of  this  hook  will  make  use  of  the  lumped-element,  low-pass  prototype 
filters  discussed  in  this  chapter.  Most  of  the  low-pass,  high-pass,  hand- 
pass,  or  hand-stop  microwave  filters  to  le  discussed  will  derive  their 
important  transmission  characteristics  from  those  of  a  low-pass  prototype 
filter  used  in  their  design.  Element  values  for  such  low-pass  prototype 
filters  were  originally  obtained  by  network  synthesis  methods  of  Darlington 
and  others. 1-3  However,  more  recently  concise  equa  t  i  ons  wh  i  ch  are  con¬ 

venient  for  computer  programming  have  been  found  for  the  element  values 
of  the  types  of  prototype  filters  of  interest  in  ti  is  honk,  and  numerous 
filter  designs  have  been  tabulated.  Some  of  the  tntlos  in  this  hook  were 
obtained  from  the  work  of  \lei  n  berg , 8,9  wh  i  1  e  others  were  '-omputed  at 
Stanford  Research  Institute  for  the  purposes  of  this  book.  No  discussion 
of  formal  network  synthesis  methods  will  be  included  in  this  book  since 
these  matters  are  discussed  extensively  elsewhere  (see  Refs.  1  to  3,  for 
example),  and  since  the  availability  of  taiulated  designs  makes  such  dis¬ 
cussion  unnecessary.  The  main  objectives  of  this  chapter  are  to  make  clear 
the  properties  of  the  tabulated  prototype  filters,  delay  networks,  and 
impedance-matching  networks  so  that  they  may  L>e  used  intelligently  in  the 
solution  of  a  wide  variety  of  microwave  circuit  design  problems  of  the 
sorts  discussed  in  Chapter  1. 

It  should  he  noted  that  the  step  transformers  in  Chapter  6  can  also 
be  used  as  prototypes  for  the  design  of  certain  types  of  microwave  filters 
as  is  discussed  in  Chapter  9. 

.SEC.  4.02,  COMPARISON  Ob  I  MACE  AND  NETWORK  MMIIi.SIS 
METHODS  bOR  FILTER  DKSltiN 

As  was  discussed  in  Chapter  3,  the  image  impedance  and  attenuation 
function  of  a  filter  section  are  defined  in  terms  of  an  infinite  chain 
of  identical  filter  sections  connected  together.  Using  a  finite, 
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di is ipati onless  filter  network  with  resistor  terminations  will  permit 
the  image  impedances  to  be  matched  only  at  discrete  frequencies,  and  the 
reflection  effects  can  cause  sizeable  attenuation  in  the  pass  band,  as 
well  as  distortion  of  the  stop-hand  edges. 

In  Sec.  3.08  principles  were  discussed  for  the  design  of  end  sections 
which  reduce  these  reflection  effects.  Although  such  methods  will  defi¬ 
nitely  reduce  the  size  of  reflections  in  filters  designed  by  the  image 
method,  they  give  no  assurance  as  to  how  large  the  peak  reflection  loss 
values  may  be  in  the  pass  band.  Thus,  though  the  image  method  is  con¬ 
ceptually  simple,  it  requires  a  good  deal  of  "cut  and  try"  or  “know  how” 
if  a  precisian  design  witli  low  pass-band  reflection  loss  and  very 
accurately  defined  band  edges  is  required. 

Network  synthesis  methods1,2,5  for  filter  design  generally  start  out 
by  specifying  a  transfer  function  [such  as  the  transmission  coefficient  t, 
defined  by  Fq .  (2.10-6)]  as  a  function  of  complex  frequency  p.  From  the 
transfer  function  tiie  input  impedance  to  the  circuit  is  found  as  a  function 
of  p.  Then,  by  various  cont i nued - f rac l i on  or  partial  -  fraction  expansion 
procedures,  the  input  impedance  is  expanded  to  give  the  element  values  of 
the  circuit.  lhe  circuit  obtained  by  these  procedures  has  the  same  transfer 
function  that  was  specified  at  the  outset,  and  all  guess  work  and  "cut  and 
try"  is  eliminated.  Image  concepts  never  enter  such  procedures,  and  the 
effects  of  the  terminations  are  included  in  the  initial  specifications  of 
the  transfer  function. 

In  general,  a  low-pass  filter  designed  by  the  image  method  and  an 
analogous  filter  designed  for  the  same  application  by  network  synthesis 
methods  will  be  quite  similar.  However,  the  filter  designed  by  network 
synthesis  methods  will  have  somewhat  different  element  values,  to  give  it 
the  specified  response. 

The  Tchebyscheff  and  maximally  flat  transfer  functions  discussed  in 
the  next  section  are  often  specified  for  filter  applications.  The  filters 
whose  element  values  are  tabulated  in  Sec.  4.05  will  produce  responses 
discussed  in  Sec.  4.03  exactly.  However,  in  designing  microwave  filters 
from  low-pass,  lumped-element  prototypes  approximations  will  be  involved. 
Nevertheless,  the  approximations  will  generally  be  very  good  over  sizeable 
frequency  ranges,  and  the  use  of  such  prototypes  in  determining  the 
parameters  of  the  microwave  filter  will  eliminate  the  guess  work  inherent 
in  the  classical  image  method. 
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SEC.  4.03,  MAXIMALLY  FLAT  AND  TCIIEUYSCHKKF  FILTKH 
ATTENUATION  CIIAKACTKHISTICS 


Figure  4.03*1  shows  a  typical  maximally  flat ,  *  low-pass  filter  at¬ 
tenuation  charact  eristic.  The  frequency  {,  where  the  attenuation  is  L A r , 
is  defined  as  the  pass-hand  edge.  This  characteristic  is  expressed 
mathematical  ly  as 


where 


10  log10 


Hb 


(4.03-1  ) 


t 


ant  i  log , 


U.03-2) 


The  response  in  Fig.  4.03-1  can  he  acliievcd  hv  low-pass  filter  circuits 
such  as  those  discussed  in  Secs.  4.04  and  4.05,  and  the  parameter  n  in 
Kq.  (4.03-1)  corresponds  to  the  number 
of  reactive  elements  required  in  the 
circuit.  this  attenuation  character¬ 
istic  acquires  its  name  maximally  flat 
from  the  fact  that  the  quantity  within 
the  square  brackets  in  F.q .  (4.03-1) 
has  ( 2n  -  1)  zero  derivatives  at  c'  •  0. 

In  most  cases  vj  lor  maximally 
flat  filters  is  defined  as  the  3-db 
band-edge  point.  Figure  4.03-2  shows 
plots  of  the  stop-band  attenuation 
characteristics  of  maximally  flat  fil¬ 


ters  where  L 


A  r 


3  dh,  for  n  »  1  to  15.  FIG.  4.03-1 


A  MAXIMALLY  FLAT  LOW- 
PASS  ATTENUATION 
CHARACTERISTIC 


Note  that  for  convenience  in  plotting 
the  data  |v'/o>|  |  -  1  was  used  for  the 
abscissa.  The  magnitude  sign  is  used 
on  i ■•>'/'>’{  because  the  low-pass  to  band¬ 
pass  or  band-stop  mappings  to  be  discussed  in  later  chapters  can  yield 
negative  values  of  ' /&>j  for  which  the  attenuation  is  interpreted  to  be 
the  same  as  for  positive  values  of  o>' /><’[  • 


Another  commonly  used  attenuation  characteristic  is  the  Tchebyscheff 
or  "equal-ripple”  characteristic  shown  in  Fig.  4.03-3.  In  this  case  /-4r 

* 

That  characteristic  ia  also  known  aa  a  Auftervorrh  filter  characteristic. 
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FIG.  4.03-2  ATTENUATION  CHARACTERISTICS  OF  MAXIMALLY  FLAT  FILTERS 
The  Frequency  •  is  the  3-db  Band-Edge  Point 


is  again  the  maximum  db  attenuation  in  the  pass  band,  while  o’j  is  the 
equal-ripple  band  edge.  Attenuation  characteristics  of  the  form  in 
Fig.  4.03-3  may  be  specified  mathematically  as 


f.4(o/)  «  10  log,  0  <  1  +  e  c0!j2 


n  cos 


-1 


(4.03-3) 


and 


L  («' )  ■  10  log.0<l  +  e  cosh2 


n  cosh"1! — r 


(4.03-4) 


J J  v 
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whe  re 


t 


anti log, Q 


-  1 


(4.03-5) 


This  type  of  characteristic  can  also  be  achieved  by  the  filter  structures 
described  in  Secs.  4,04  and  4,05,  and  the  parameter  n  in  Kqs.  (4.03-3) 
and  (4.03-4)  is  again  the  number  of  reactive  elements  in  the  circuit.  If 
n  is  even  there  will  be  n/ 2  frequencies  where  -  0  for  a  low-pass 
Tchebyscheff  response,  while  if  n  is  odd  there  will  be  (n  +  l)/2  such 
frequencies.  Figures  4.03-4  to  4.03-10  show  the  stop-band  attenuation 
characteristics  of  Tchebyscheff  filters  having  L Ar  =  0.01,  0.10,  0.20, 
0.50,  1.00,  2.00,  and  3.00  dh  pass-band  ripple.  Again,  |.v' /njj  -  1  is 
used  as  the  abscissa. 


It  is  interesting  t o  compare  the  maximally  flat  attenuation  character¬ 
istics  in  Fig.  4.03-2  with  the  r<hehyscheff  eha rac te r i s t i c s  in  Figs.  4.03-4 
to  4.03-10.  It  will  be  seen  that  for  a  given  pass-band  attenuation  toler¬ 
ance,  LAr,  and  number  of  reactive  elements,  n,  that  a  Tchebyscheff  filter 
will  give  a  much  sharper  rate  o 1  cutoff.  For  example,  the  maximally  flat 
characteristics  in  lig.  1.03-2  and  the  Tchehyscheff  eha rac t e r i s t i cs  in 


Fig.  4.0.3-10  both  have  1. ,  f  =  1  <Jb.  For 
70  dh  attenuation  is  reached  at  ■'  = 

1.7  ;  for  the  n  =  1  ">  Tchc by sclie  f  1 

case,  70  dh  attenuation  is  reached  at 
*  1.18  'cj  .  Uecause  of  their  sharp 
cutolf,  Tchebyscheff  characteristics 
are  often  preferred  over  other  pos¬ 
sible  characteristics;  however,  if 
the  reactive  elements  of  a  filter 
have  appreciable  dissipation  loss  the 
shape  of  the  pass-hand  response  of 
any  type  of  filter  will  be  altered  as 
compared  with  the  lossless  case,  and 
the  effects  will  be  particularly 
large  in  a  fchebysche f f  filter. 

These  matters  will  be  discussed  in 
Sec.  4.13.  Maximally  flat  filters 
have  often  been  reputed  to  have  less 
delay  distortion  than  Tchebyscheff 


the  n  s  ]  J>  maximally  flat  case, 


FIG.  4.03-3  A  TCHEBYSCHEFF  LOW- 
PASS  CHARACTERISTIC 
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FIG.  4.03-4  0.01-db-RIPPLE  TCHEBYSCHEFF  FILTER  CHARACTERISTICS 


M 


i-utr- 7i 


FIG.  4.03-5  0.10-db-RIPPLE  TCHEBYSCHFFF  FILTER  CHARACTERISTICS 


89 


FIG.  4.03-6  0.20-db-RIPPLE  TCHEBYSCHEFF  FILTER  CHARACTERISTICS 


91 


FIG.  4.03-8  1.00-db-RIPPLE  TCHEBYSCHEFF  FILTER  CHARACTERISTICS 
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FIG.  4.03-9  2.00-db-RIPPLE  TCHEBYSCHEFF  FILTER  CHARACTERISTICS 
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A-WIT-TT 


FIG.  4.03-10  3.00-db-RIPPLE  TCHEBYSCHEFF  FILTER  CHARACTERISTICS 
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filters;  however,  as  discussed  in  Sec.  4.08,  this  may  not  be  true, 
depending  on  the  size  of  Lir. 

The  maximally  flat  and  Tcheby ache f f  characteristics  in  Figs.  4.03-1 
and  4.03*3  are  not  the  only  possible  characteristics  of  this  type.  For 
example,  the  Tchebyscheff  characteristics  of  the  iinpedance-matching- 
network  prototypes  to  be  discussed  in  Secs.  4.09  and  4.10  will  be  similar 
in  shape,  but  L A  will  not  touch  zero  at  the  bottom  of  the  ripples.  Some¬ 
times  Tchebyscheff  filters  are  designed  to  have  both  an  equal-ripple 
characteristic  in  the  pass  band,  and  an  “equal -ripple”  approximation  of 
a  specified  attenuation  level  in  the  stop  band.  Although  such  filters 
are  used  at  low  frequencies,  they  are  very  difficult  to  design  precisely 
for  use  at  microwave  frequencies.  One  possible  exception  is  the  type 
of  microwave  filter  discussed  in  Sec.  7.03. 

SEC.  4.04,  DEFINITION  OF  CJHCU1T  PAHAMhTEHS  FOR 
LOW -PASS  PHOTOTYPE  FILTERS 

The  element  values  g#,  g, ,  gj.  •  ■  • ,  gB .  g„ M  of  the  low- pass  prototype 
filters  discussed  in  this  chapter  are  defined  as  shown  in  Fig.  4.04-1. 


(b) 

ISITK 


FIG.  4.04-1  DEFINITION  OF  PROTOTYPE  FILTER  PARAMETERS 

®0'  >!'  ® 2'  *n'  ®n+l 

A  prototype  circuit  it  shown  ot  (a)  and  its  dual  it  thown 
at  (b).  Either  form  will  give  the  tame  retponte. 
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One  possible  form  of  a  prototype  filter  is  shown  at  (a)  while  its  dual 
is  shown  at  (b).  Either  form  may  be  used,  since  both  give  identical 
responses.  Since  the  networks  are  reciprocal,  either  the  resistor  on 
the  left  or  the  one  on  the  right  may  be  defined  as  the  generator  internal 
impedance.  It  should  be  noted  that  in  Fig.  4.04*1  the  following  conven¬ 
tions  are  observed: 


■»l» . ' 


the  inductance  of  a  series  coil, 


or  the  capacitance  of  a  shunt  capacitor 


*  n  *  1 


the  generator  resistance  if  «  C'  ,  but  is 


(4.04-1) 


defined  as  the  generator  conductance  G'  i f  »LJ 
the  load  resistance  /T+,  if  g,  *  C'n,  but  is 
defined  as  the  load  conductance  G'+,  i f  gn  ■  L' 


The  reason  for  using  these  conventions  is  that  they  lead  to  equations  of 
identical  form  whether  a  given  circuit  or  its  dual  is  used.  Besides  the 
circuit  element  values,  gk  ,  an  additional  prototype  parameter,  ojJ  ,  will  also 
be  used.  The  parameter  is  the  radian  frequency  of  the  pass-band  edge, 
which  is  defined  in  Figs.  4.03-1  and  4.03-3  for  maximally  flat  and 
Tchebyscheff  filters  of  the  sort  discussed  here.  Its  definition  in  the 
case  of  maximally  flat  time-delay  filters  is  discussed  in  Sec.  4.07. 


The  element  values  of  the  prototype  filters  discussed  in  this  chapter 
are  all  normalised  to  make  g0  =  1  and  oij'  »  1.  These  prototypes  are  easily 
changed  to  other  impedance  levels  and  frequency  scales  by  the  following 


transformations  applied 
conductances, 

H  • 

For  inductances, 

L  ■ 


to  the  circuit  elements. 


resistances  or 


(4.04-2) 


(4.04-3) 


W 


And,  for  capacitances, 


(4.04-4) 


In  these  equations  the  primed  quantities  are  for  the  normalized  prototype 
and  the  unprimed  quantities  are  for  the  corresponding  scaled  circuit.  As 
indicated  from  the  preceding  discussion,  for  the  prototypes  in  this 
chapter,  gfl  *  R'Q  *  1  or  g„  -  G^  •  1. 

As  an  example  of  how  this  scaling  is  accomplished,  suppose  that  we 
have  a  low-pass  prototype  with  R'0  *  1.000  ohm,  CJ  =  0.8430  farad, 

L 2  -  0.6220  henry,  and  G'  =  1.3534  mho.  These  element  values  are  for  a 
Tchebyscheff  filter  with  0.10-db  ripple  and  an  equal-ripple  band  edge 
of  o<‘.  »  1  radian.  [.See  the  case  of  0.10-db  ripple  and  n  *  2  in 

Table  4.05-2(a).j  Assuming  that  it  is  desired  to  scale  this  prototype 
so  that  Rq  «  50  ohms  and  so  that  the  equal-ripple  band  edge  occurs  at 
fl  *  1000  Me,  then  (/fQ  fl'  )  •  50,  and  ('^/c;,)  *  1  / C 2ir  1 0 9 )  -  0.159  *  10*9. 
Next,  by  Eqs.  (4.04-2)  to  (4. 04-4),  /?„  *  50  ohm,  C,  «  (1/50)  (0.159  * 

10“ 9 )  (0.8430)  -  2.68  *  10'12  farad,  L2  -  50  (0.159  *  1 0" 9 )  (0.6220)  » 
4.94  *  10'10  henry,  and  G,  »  (1/50)  (1.3554)  =  0.0271  mho. 

SEC.  4.05,  DOUBLY  TEHM1 NA1ED ,  MAXIMALLY  FLAT  AND 
TCHEHYSCMEFF  PHOTOTYPE  FILTEILS 

For  maximally  flat  filters  having  resistor  terminations  at  both  ends, 
a  response  of  the  form  of  that  in  Fig.  4.03-1  with  LAf  »  3  db,  g#  *  1, 
and  dJ  «■  1,  the  element  values  may  be  computed  as  follows:5 


*o  *  1 


gt  *  2  sin 

1 


(2*  -  1)77 
2n 


*  n  ♦  1 


*  =  1,  2 . n  (4.05-1) 


Table  4 . 05 - 1(a)  gives  element  values  for  such  filters  having  fl  •  1  to 
10  reactive  elements,  while  Table  4.05-l(b)  presents  corresponding 
filters  with  n  •  11  to  15  reactive  elements. 
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Table  4. 05-1 (•) 


ELEMENT  VALUES  FOH  FILTEHS  WITH  MAXIMALLY  FLAT  ATTENUATION  HAVING 
*0  *  li  "{  *  1.  and  »  *  1  to  10 
The  responaea  ire  of  the  form  in  Fig.  4.03*1  with  L^r  ■  3  db 


VALUE 
OF  a 

n 

*2 

*3 

H 

*5 

H 

*7 

H 

H 

m 

*11 

1 

2.000 

1.414 

1.414 

1.000 

1.000 

0.7654 

1.848 

1.848 

0.7654 

5 

0.6180 

1.618 

2.000 

1.618 

0.6180 

H 

0.5176 

1.414 

1.932 

1.932 

1.414 

0.5176 

Kfl 

0.4450 

1.247 

2.000 

1.802 

1.247 

Bra 

1.000 

8 

0.3902 

1.111 

1.663 

1.962 

1.962 

1 . 663 

mu 

0. 3902 

9 

0.3473 

1.000 

1 . 532 

BSl 

1.879 

1.532 

1.000 

0,3473 

0.3129 

0.9080 

1.414 

m 

1.975 

1.975 

1.782 

1.414 

0.3129 

1.000 

Table  4 . 05-1 ( b) 

ELEMENT  VALUES  FOH  FILTEHS  WITH  MAXIMALLY  FLAT  ATTENUATION  HAVING 
lt  »  1.  *  1,  ind  n  *  11  to  15 

The  reiponiei  ire  of  the  form  in  Fig.  4.03-1  with  L^r  «  3  db 


VALUE 
OF  n 

B 

B 

B 

B 

B 

B 

B 

B 

11 

0.2846 

0.8306 

1.6825 

1.9189 

2.0000 

1.9189 

1.6825 

mm 

0.2610 

m  si 

1.2175 

mm 

1.8477 

1 . 9828 

1.9828 

1.8477 

H 

0.2410 

1.1361 

nss 

1.7709 

1.9418 

2.0000 

1.9418 

14 

0.2239 

0.6605 

1.0640 

1.4142 

1.6934 

1 .8877 

1.9E74 

1  9874 

15 

0.2090 

0.6180 

1 . 0000 

1.3382 

1.6180 

1.8270 

1.9563 

B 

*10 

B 

•LM 

*13 

*14 

B 

*16 

11 

1 . 3097 

0.8308 

0.284b 

IB 

mm 

1 . 5867 

1.2175 

0.7653 

m 

■a 

1.7709 

1 . 4970 

1.1361 

1 . 0000 

14 

1.8877 

1.6934 

1.4142 

nra 

pp2 

0.2239 

15 

1.8270 

1.6180 

1.3382 

0.6180 

0.2090 

1,0000 

For  Tchebyacheff  filters  having  resistor  terminations  at  both  ends, 
with  responses  of  the  form  shown  in  Fig.  4.03-3  having  Lkf  db  pass-band 
ripple,  g#  ■  1,  and  &>[  ■  1,  the  element  values  may  be  computed  as  follows:4,5 
first  compute 


/3  ■  In  (  coth  -  ) 

\  17.37/ 


y  ■  sinh 


(*) 


(2*  “  1)» 

*  sin  - — -  ,  *  *  1,  2 . n 


>k  »  y*  +  sin2  ]  -  fe  ■  1,2 . n 


(4.05-2) 


then  compute 

*1  * 


2a, 


gi 


*  *  2,  3 . « 


g()tl  ■  1  for  n  odd 

*  coth2  ^  for  n 


even 


Table  4.05-2(a)  gives  element  values  for  such  filters  for  various  LAf  and 
n  ■  1  to  10  reactive  elements.  Table  4.05-2(b)  gives  corresponding  data 
for  filters  having  n  ■  11  to  15  reactive  elements. 

It  will  be  noted  that  all  of  the  filter  prototypes  discussed  in  this 
section  are  symmetrical  if  n  is  odd.  If  n  is  even,  they  have  the  property 
of  antimetry  mentioned  in  Secs.  2.11  and  3.07.  Under  this  condition  one 
half  of  the  network  is  the  reciprocal  of  the  other  half  of  the  network 
with  respect  to  a  positive  real  constant  fffc,  where  may  be  defined  as 


'Wei 


(4.05-3) 


Takl*  4.05-2(*) 

ELEMENT  VALUES  FOR  TCHEBYSCHEFF  FILTERS  HAVING  *0  ■  1,  ■  1,  AND  RESPONSES 

OF  THE  FORM  IN  FIG.  4.03-3  WITH  VARIOUS  db  RIPPLE 
Ci*a*  of  n  ■  1  to  10 


VALUE 

OF  » 

*1 

0.8144 

0.81% 


BBBBBBBBI 


0.01  db  rippl* 


.1007 

HU 

.6291 

1 . 0000 

.3212 

0.6476 

.5773 

1.3049 

.6896 

1.5350 

.7481 

1.6331 

.7824 

1.6833 

.8043 

1.7125 

.8192 

1.7311 

1.1007 

0.8144  1.0000 
1.5817  0.7446  1.1007 


0.1  db  rippl* 


.3554 

.1956 

1.0000 

.9628 

0.8853 

1.3554 

0.2  db  rippl* 


1.0000 

0.9034  1.5386 


0.S  db  rippl* 


1.9841 

1. 5%3 

1.0000 

2.3661 

0.8419 

2.5408 

1.2296 

2.6064 

1.3137 

2.6381 

1.3444 

2.6564 

1.3590 

2,6678 

1.3673 

2.6754 

1.3725 

1.9841 

1.7504 

1.0000 

2.5239 

0.8842 

1.9841 

T»bl«  4. 05-2(«)  Contludtd 


VALUE 

or  » 

n 

B 

B 

B 

B 

B 

B 

B 

B 

•io 

*11 

1.0  4b 

rippU 

n 

l.,?!V7 

1.0000 

n 

1.8SJ. 

0.6850 

2.6599 

2,0236 

0.9941 

2.0236 

■fl 

1177/1 

1.06  44 

2.8311 

0.7892 

2.6599 

n 

(1ml 

1.0911 

3.0009 

□rcni 

2.1349 

1 . 0000 

mm 

2.1546 

1.1041 

3.0634 

1.1518 

2.9367 

0.8101 

2.6599 

I 

2.1664 

1.1116 

3.0934 

1.1736 

linn 

1.1116 

2.1664 

1.0000 

mm 

2.1744 

1.1161 

3.1107 

1.1839 

3.1488 

1.1696 

2.  %B5 

0.8175 

2.6599 

2.1797 

1.1192 

3.1215 

1.1897 

3.1747 

1.1897 

3.1215 

1.1192 

2.1797 

1 . 0000 

Eh 

2.1836 

1.1213 

3.1286 

1.1933 

3.1890 

3.1738 

1.1763 

2.9824 

0.8210 

2.6599 

2.0  4b 

rippU 

1 

1.52% 

1.0000 

mm 

2.4881 

0.6075 

4.0957 

J£dk 

2.7107 

0.8327 

2.7107 

1.0000 

iM 

2.7925 

0.8806 

3.6063 

0.6819 

4.0957 

■■ 

2.8310 

0.8985 

3.7827 

0.8985 

2.8310 

1.0000 

2.8521 

0.9071 

3.8467 

0.9393 

3.7151 

0.6%4 

4.0957 

mm 

2.8655 

0.9119 

3.8780 

0.9535 

3.8780 

0.9119 

2.8655 

Ifl'l1  Vl 

8 

2.8733 

0.9151 

3.8948 

0.96  0  5 

3.9335 

0.9510 

3.7477 

Hr  if 

4.0957 

9 

2.8790 

0.9171 

3.9056 

0.  %43 

3.9598 

0.9643 

3.9056 

0.9171 

2.8790 

1 . 0000 

mm 

2.8831 

0.9186 

3.9128 

0.9667 

3.9743 

0.9704 

3.9589 

0.9554 

3.7619 

0.7040 

4.0957 

3.0  4b 

rippl* 

i 

1.9953 

1.0000 

3. 1013 

0.5339 

5.8095 

3.3487 

0.7117 

3  .  3487 

1.0000 

3.4389 

0.7483 

4.3471 

u. 5920 

5.8095 

3.4817 

0.7618 

4.5381 

0.7618 

3.4817 

1 . 0000 

IIKS 

3.5045 

0.7685 

4.6061 

0.7929 

4.4641 

0.6033 

5.8095 

n 

3.5182 

0.7723 

4. 6386 

0.8039 

4.6386 

0.7723 

3.5182 

1 . 0000 

8 

3.5277 

0.7745 

4.6575 

0.8089 

4.6990 

0.8018 

4.4990 

0.6073 

.5.8095 

3.5340 

0.7760 

4.6692 

0.8118 

4.7272 

0.8118 

4.6692 

0.7760 

3.5340 

1 . 0000 

m 

3.5384 

0.7771 

4.6768 

0. 813t> 

4.7425 

0.8164 

4.7260 

0.8051 

4.5142 

0.6091 

5.8095 
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Table  4.05-2(b) 

ELEMENT  VALUES  FOR  TCHEBYSCHEFF  FILTERS  HAVING  <0  -  1,  *>[  -  1,  AND  RESPONSES 
OF  THE  FORM  IN  FIG.  4.03-3  *ITH  VARIOUS  db  RIPPLE. 

Canes  of  n  *  11  to  15 


1.8234 

1.4442 

1.8298 

1.7437 

1.9554 

1.8264 

1.4497 

1.8377 

1,7527 

1.96  8  4 

1.8287 

1.4540 

1.4573 

1.8437 

1.7594 

1.97  77 

1.8305 

1.8483 

1.7644 

1.9845 

1.8320 

1.4600 

1.8520 

1.7684 

1.9897 

0.01  db  ripple 


.743?  1.8298 
.7883  1.9293 
.8134  1.9777 
.8290  2.0048 
.8394  2.0216 


0.10  db  ripple 


1.0000 

0.7508 

1.1007 

1.4540 

0.8287 

1.6792 

1.6041 

1.7684 

1.8520 

.4523  2. 
.4554  2. 
1.4578  2. 
1.208911.4596  2. 
1.2101  1.4612  2. 


2.2378  1.6559  2.2378 
2,2462  1.6646  2. 25h2 
2.2521  1.6704  2.2b75 
1.644112.2564  1.6745  2.2751 
1.0461  2.2598  1.6776  2.2804 


1.7610 

14  11.7624 

15  1.7635 


.4015  2.3243 
.4040  2.3289 
.4059  2.3323 
.4073  2.3350 
.4085  2.3371 


1.2743  2.6809  1.3759  2. 
.2760  2.6848  1.3784  2. 
.2772  2.6878  1.3802  2. 
.2783  2.6902  1.3816  2. 
.2791  2.6920  1.3826  2. 


1.5813  2.4388  1.5862  2.4388  1.5813 


.3879  2. 
.3925  2. 
.3955  2. 
1.3976  2. 
1.3991  2. 


1.00  db  ripple 


1.2041  3.1980 
1.2073  3.2112 
1.2094  3.2192 
1.2106  3.2245 
1.2119  3.2282 


865  1.0000 
898  0.8228 
403  1.1250 
908  1.1815 
1.2004 


IkMHM 


2.00  db  ripple 


2.8863  0.9195  3.9181 
2.8886  0.9203  3.9219 
2.8904  0.9209  3.9247 
2.8919  0.9214  3.9269 
2.8930  0.921B  3.9287 


3.5420  0. 
3.5445  0. 
3.5465  0. 
3.5480  0. 
3.5493 


3.00  db  ripple 
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and  where  H'0  and  are  the  reaiatancea  of  the  terminations  at  the  ends 
of  the  filter.  If  Z'k  is  the  impedance  of  one  branch  of  the  filter  ladder 
network,  then 


7 '  .  _ 

*♦1-*  71 

£ k 


(4.05-4) 


where  is  the  dual  branch  at  the  other  end  of  the  filter.  ily 

Eq.  (4.05-4)  it  will  be  seen  that  the  inductive  reactances  at  one  end  of 

the  filter  are  related  to  the  capacitive  ausceptances  at  the  other  end  by 


*1 

oj C'  ...  -  -  (4.05-5) 

i*2 

Also, 

<♦!-»  ■  (4.05-6) 


so  that  it  is  possible  to  obtain  the  element  values  of  the  second  half 
of  the  filter  from  those  of  the  first  half  if  the  filter  is  antimetri ca 1 , 
(as  well  as  when  the  filter  is  symmetrical). 

It  will  be  found  that  the  symmetry  and  antimetry  properties  discussed 
above  will  occur  in  maximally  flat  and  Tchebyscheff  filters  of  the  form  in 
Fig.  4.04-1  having  terminations  at  both  ends,  provided  that  the  filter  is 
designed  so  that  LA  «  0  at  one  or  more  frequencies  in  the  pass  band  as 
shown  in  Figs.  4.03-1  and  4.03-3.  The  maximally  flat  and  Tchebyscheff 
filters  discussed  in  Secs.  4.06,  4.09.  and  4.10  do  not  have  this  property. 
The  maximally  flat  time-delay  filters  in  Sec.  4.07  are  not  symmetrical  or 
antimetrical ,  even  though  ■  0  at  co'  *  0. 

In  some  rare  cases  designs  with  n  gre  ter  than  15  may  be  desired. 

In  such  cases  good  approximate  designs  can  be  obtained  by  augmenting  an 
n  ■  14  or  n  *  15  design  by  repeating  the  two  middle  elements  of  the  filter. 
Thus,  suppose  that  an  R  •  18  design  is  desired.  An  n  «  14  design  can  be 
augmented  to  n  «  18  by  breaking  the  circuit  immediately  following  the  g; 
element,  repeating  elements  and  gT  twice,  and  then  continuing  on  with 
element  g#  and  the  rest  of  the  elements.  Thus,  letting  primed  g’s  indicate 
element  values  for  the  n  *  18  filter,  and  unprimed  g’s  indicate  element 
values  from  the  n  ■  14  design,  the  n  ■  18  design  would  have  the  element 
values 
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iu  ‘ 

gl5 

This  is,  of  course,  an  approximate  procedure,  but  it  is  based  on  the 
fact  that  for  a  given  Tchebyscheff  ripple  the  element  values  in  a  design 
change  very  little  as  n  is  varied,  once  n  is  around  10  or  more.  This  is 
readily  seen  by  comparing  the  element  values  for  different  values  of  n, 
down  the  columns  at  the  left  in  Table  4.05-2(b). 


SEC.  4.06,  SINGLY  TERMINATED  MAXIMALLY  FLAT 
AND  TCHEHYSCHEFF  FILTERS 

All  of  the  prototype  filters  discussed  in  Sec.  4. OS  have  resistor 
terminations  at  both  ends.  However,  in  some  cases  it  is  desirable  to 

use  filters  with  a  resistor 
termination  at  one  end  only. 
Figure  4.06-1  shows  an  example 
of  such  a  filter  with  a  re¬ 
sistor  termination  on  the  left 
and  a  zero  internal  impedance 
voltage  generator  on  the  right 
to  drive  the  circuit.  In  this 
case  the  attenuation  LA  defined 
by  Eq.  (2.11-4)  does  not  apply, 
since  a  zero  internal  impedance 
voltage  generator  has  infinite 
available  power.  The  power 
absorbed  by  the  circuit  is 


FIG.  4.06-1 


AN  n  ■  5  REACTIVE  ELEMENT  SINGLY 
TERMINATED  FILTER  DRIVEN  BY  A 
ZERO-IMPEDANCE  VOLTAGE 
GENERATOR 


where  Y'.  and  E  are  defined  in  the  Fig.  4.06-1. 


must  be  absorbed  in  G^, 


If- 1*  ^  V. 


i*i !*«; 


If f I  2  He  F;b  (4.06-1) 
Since  all  of  the  power 

(4.06-2) 


and 


G'o 


He  Yj 


(4.06-3) 
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Thua  in  this  case  it  ia  convenient  to  uae  the  voltage  attenuation  function 


L 


l 


20  log1# 


10  log10 


db  .  (4.06-4) 


Figure  4.06-2  showa  the  dual  case  to  that  in  Fig.  4.06-1.  In  this 
latter  caae  the  circuit  ia  driven  by  an  inf inite-  impedance  current 
generator  and  it  ia  convenient  to  uae  the  current  attenuation  function 
defined  aa 


h 


20  log,0 


10  log,# 


Re  Z[t 


db  (4.06-5) 


where  I g,  I L.  R'^,  and  Z'im  are  as  defined  in  Fig.  4.06-2.  If  and  LAr 
in  Sec.  4.03  are  replaced  by  analogous  quantities  and  or  and 

LJr,  all  of  the  equations  and  charts  in  Sec.  4.03  apply  to  the  singly 
terminated  maximally  flat  or  Tchebyacheff  filters  of  this  section  as 
well  as  to  the  doubly  terminated  filtera  in  Sec.  4.05. 

Equation  (4.06-1)  ahows  that  for  a  given  generato -  voltage,  £(l  the 
power  transmission  through  the  filter  is  controlled  entirely  by  Re  Fja. 
Thus,  if  the  filter  in  Fig.  4.06-1  is  to  have  a  maximally  flat  or 
Tchebyscheff  transmisaion  characteristic,  Re  must  also  have  such  a 
characteristic.  Figure  4.06-3  shows  the  approximate  shape  of  He  Y'in  and 
Im  Ff  for  the  circuit  in  Fig.  4.06-1  if  designed  to  give  a  Tchebyscheff 
transmission  characteristic.  The  curves  in  Fig.  4.06-3  also  apply  to 
the  circuit  in  Fig.  4.06-2  if  F'a  is  replaced  by  Z'im  As  will  be  dis¬ 
cussed  in  Chapter  16,  this  property  of  Re  F|b  or  Re  Z'in  for  singly  loaded 
filters  makes  them  quite  useful  in  the  design  of  diplexers  and  multi¬ 
plexers.  Prototypes  of  this  sort  will  also  be  useful  for  the  design  of 
filters  to  be  driven  by  energy  sources  that  look  approximately  like  a 
zero- impedance  voltage  generator  or  an  infinite-impedance  current  gener¬ 
ator.  A  typical  example  is  a  pentode  tube  which,  from  its  plate  circuit 
may  resemble  a  current  generator  with  a  capacitor  in  parallel.  In  such 
cases  a  broadband  response  can  be  obtained  if  the  shunt  capacitance  is 
used  as  the  first  element  of  a  singly  terminated  filter. 

Orchard*  gives  formulas  for  singly  terminated  maximally  flat  filters 
normalised  so  that  g#  ■  1,  and  •  1  at  the  band-edge  point  where 
Lj  •  LJr  or  Lf  ■  Ltf  is  3  db.  They  may  be  written  as  follows: 


its 


FIG.  4.06-2  THE  DUAL  CIRCUIT  TO  THAT  IN 
FIG.  4.06-1 

In  this  cot*  the  generator  Is  an 
Infinite-impedance  current  generator. 


FIG.  4.06-3  THE  APPROXIMATE  FORM  OF 
THE  INPUT  ADMITTANCE  Y.' 

IN  FIG.  4.06-1  FOR  AN  n  -5" 
REACTIVE-ELEMENT,  SINGLY 
TERMINATED  TCHEBYSCHEFF 
FILTER 


1 H 


Note  Dot!  by  coortooy  of  L.  Voiabori  tori  tko  Jourool  of  tho  Froaklia  lastitoto 


For  singly  loaded  Tchebyscheff  filters  having  gy  ■  1,  a>( 
LJr  or  Lgf  db  pass-band  ripple,  Orchard's  equations5  give 


*  1,  and 


U/r  or  Ltr) 

'  '"[coth  iui 
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sin 


77(2*  ~  1) 
2  n 


1,  2, 


2  .  2  vkS 

i  ,  nk 

■ 

(  y2  +  sin'  — 

)  cos2  - 

\  2n  / 

1  2n 

1. 


2, 


1 


(4.06-7) 


with  element  values 


y 


,l  k-i&k-i 


k  »  1 2 ,  . .  .  ,  n 


«,♦!  *  ■c  • 

Tabl e  4. 06-2  presents  element  values  for  sinitlv  terminated  filters  for 
various  amounts  of  Tchebvscheff  ripple. 

SEC.  4.07,  MAXIMALLY  FLAT  TIME-DELAY  PHOTOTYPE  FILTEHS 

The  voltage  attenuation  ratio  (fj),, |  E 2  (see  Sec.  2.10)  for  a 
normalized,  maximally  flat,  time-delay  filter  may  be  defined  as*0,9 

^2*«**i  !  , 

- - -  -  cp'v  <1/P ')  (4.07-1) 

where  p'  »  a'  +  jo/  is  the  normalized  complex- frequency  variable,  c  is 
a  real,  positive  constant,  and 


yn( i/p' ) 


I 

M0 


(n  +  k)\ 

(n  -  fc)!fc!(2p')* 


(4.07-2) 


108 


Tibi*  4.06.2 


ELEMENT  VALUES  FOH  SINGLY  TERMINATED  TCfCBYSCHEFF  FILTERS  HAVING 
>0  *  ».  t„*i  ■  *.  AND  -  1 


0.10  db  rippl* 


.2453  ® 

.5924  1.3759  ® 

.6749  1.7236  1.4035 

.7107  1,7987  1.7395 

.7302  1.8302  1,8070 
.7423  1.8473  1.8343 
.7503  1.8579  1.8489 


0.2176 

0.5189 

0.6137 

0.6514 

0.6697 

0.6799 

0.6861 

0.6902 

0.6930 

0.6950 


0.3493 
0.7014 
0.7981 
0.8352 
0.8529 
0.862? 
0.8  Jn 

0.8725 

0.8752 

0.8771 


0.  5088 
0.9110 
1.0118 


1.1900 
1.5615 
1.3382  1.6541 
1.3615  1.6937 
1.3752  1.7149 
1.3840  1.7276 
1 . 3899  1 . 7360 
1.3941  1.7418 


OP 

.3465 

00 

.7279 

1.3138 

.8142 

1.6426 

.8494 

1.7101 

.8675 

1.7371 

.  8750 

1.7508 

.8856 

1.7591 

.8905 

1.7645 

0.50  db  rippl* 


1.4441  1.9938 
1.4601  2. 
1.4694  2. 
1.4751  2. 
1.4790  2.0601 
1.4817  2.0645 


1.7717 

2.2169 

2.3049 

2.3383 

2.3551 

2.3645 

2.3707 

2.3748 


no 

2.0302 

2.5272 

2.6227 

2.6576 

2.6750 

2.6852 

2.6916 

2.6956 


CD 

1.S182 

00 

1.8585 

1 . 4964 

5T> 

1.4356 

® 

1.7870 

1.4182 

1.8590 

1.7505 

1 . 8880 

1.8144 

1.9034 

I . 8393 

1.9127 

1.8523 

00 

1 . 4676 

DP 

1 . 7974 

1.5512 

00 

1.8560 

1.8962 

1.4914 

® 

00 

1.4539 


® 

1.7118 

rn 

2.0922 

1.3691 

OD 

2.1574 

1 . 6707 

1.7317 

OD 

2.1803 

1.7215 

2.1111 

1 . 3801 

2.00  db  rippl* 


1.4468  1.9004  ® 

1.4974  2.3304  1.2137  ® 

1.5159  2.4063  1.4836  1.937 

1.5251  2.4332  1.5298  2.364 
1.5304  2.4463  1.5495  2.438 
1.5337  2.4538  1.5536  2.460 


I. 00  db  rippl* 


® 

m 

® 

1.9553 
2. 3794 

® 

l,23r>3 

CO 

1.2744 


.0578 
.3015  2. 
.3455  2. 
.3614  2. 
.3690  2. 
.3733  2. 
.3761  2. 


.0876  « 

.3282  2.1827 
.3687  2.6618 
.3827  2.7414 
.3893  2.7683 


.0982  ® 

.3380  2.1970  ® 

.3774  2.6753  1.1032 


NOTE!  Meat  of  tba  data  i  a  thia  tabla  **rt  obtained  by  eourtcay  of  L.  Wainb*r§  an 
Journal  of  tk*  Franklia  Inatitute.*  _ . 


is  a  Bessel  polynomial  function  of  1 /p' •  Equations  (4.07-1)  and  (4.07-2) 
reduce  to  a  simple  polynomial  of  the  form 


(*,) 


•  *«il 


•  Pm(p')  -  (p' )  +  (p'  )"'l«.-l  +  +  Pal  + 


(4.07-3) 


Let 


<t>‘ 


)*»•»  i 


arg 


e. 


»  tan 


-J 


Im  P  (jo)) 


radians 


f  *ju 


Re  P%  {)(•>) 

(4.07-4) 

Then,  as  was  discussed  in  Sec.  1.05,  the  time  delay  (i.e.,  group  delay)  is 


d<f>' 

t'  *  —  secs  (4.07-5) 

du) 

where  oo'  is  in  radians  per  second.  The  transfer  function,  defined  by 
Eqs,  (4.07-1)  and  (4.07-2)  has  the  property  that  its  group  delay,  t'd, 
has  the  maximum  possible  number  of  tero  derivatives  with  respect  to  o>' 
at  cu'  ■  0,  which  is  why  it  is  said  to  have  maximally  flat  time  delay. 
The  time  delay,  t'd,  may  be  expressed  as10,9 


where  J_  («'  /ojJ )  and  J  n  +  w'/wj)  are  Bessel  functions  of  su'/^p  and 


’  d  0 


(4.07-7) 


is  the  group  delay  as  &Z  -  0.  The  magnitude  of  (P})  •  *8 


110 


and 


a»ai  > 

*2 

for  increasing  n  the  attenuation 


(4.07-8) 

approaches  the  Gaussian  form11,10,9 


l 


A 


(2 n  -  1)  In  10 


db 


For  n  ■  3  the  3  db  bandwidth  is  nearly 


V  (2n  -  1)  In  2 


(4.07-9) 


(4.07-10) 


Weinberg9  has  prepared  tables  of  element  values  for  normalized  maxi¬ 
mally  flat  time-delay  filters,  and  the  element  values  in  Table  4.07-1  are 
from  his  work.  These  element  values  are  normalized  so  that  t'J0  *  1  /«',  » 

1  second,  and  gc  *  1.  In  order  to  obtain  a  different  time  delay,  trf0, 
the  frequency  scale  must,  be  changed  by  the  factor 


jo 


JO 


(4.07-11) 


using  the  scaling  procedure  discussed  in  Sec.  4.04.  Weinberg  also  pre¬ 
sents  some  computed  data  showing  time  delay  and  attenuation  in  the 

Table  4.07-1 


ELEMENT  VALUES  FOB  MAXIMALLY  FI>T  TIME  DELAY  FILTERS 
HAVING  *0  ■  1  and  “  l..i'0  *  1 


VALUE 

or  a 

D 

B 

B 

B 

B 

B 

B 

B 

B 

*10 

*11 

*12 

1 

2.0000 

1.5774 

HI  m  l 

1.2550 

0.5528 

0.1922 

1,0000 

1.0598 

0  5116 

[juni 

0.1104 

1.UOOO 

0.9303 

0.4577 

0.3312 

0.2090 

® . .. 

1.0000 

0.8377 

0.4116 

0.3158 

0.2364 

1  ■  1 

1.0000 

Ifl 

0.7677 

0.3744 

0.2944 

L®  1  j  ; 

nr  ? 

0.0375 

■  Kill’ll 

iKS 

0.7125 

0.3446 

i  E  3 

S:  J 

9i:l 

nil  (  V 

0.0855 

’oxjrl 

fTii 

0.6678 

;£•  U 

S.I 

™  ”  ■ 

[ill  •  $ 

0.1111 

1.0000 

BSI 

0  6305 

Be  $3 

e  in 

L® 

I®.  ■  & 

0.1240 

jiii  ill 

®  •  •  1 

0.0187 

1.0000 

UL 

0.5989 

0.2834 

0.2243 

0.1954 

H&Q 

0. 1296 

Aliy 

0.0465 

0.0154 

1.0000 

'  ■  ""  1  - - - - —  — . 

Bata:  Data  ky  eoinaay  of  L.  *aiakarg  and  tka  Joeraal  of  tha  Fraaklia  Iaatitata. 
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NOTH:  Plotted  from  data  prepared  by  I,.  Weinberg  and  publiahed 
in  the  Journal  of  the  Franklin  Institute. 


FIG.  4.07-1  TIME-DELAY  CHARACTERISTICS  OF  MAXIMALLY 
FLAT  TIME-DELAY  FILTERS 


t-atr-M 

NOTE:  Plotted  front  Hit*  prepared  by  I,.  Weinberg  and  publiahed 
in  the  Journal  of  the  Franklin  Institute ,9 


FIG.  4.07-2  PASS-BAND  ATTENUATION  CHARACTERISTICS  OF 
MAXIMALLY  FLAT  TIME-DELAY  FILTERS 
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vicinity  of  the  paaa  band  for  filtera  with  n  ■  1  to  11.  Hia  data  hava 
been  plotted  in  Fige.  4.07*1  and  4.07*2,  and  curvea  have  been  drawn  in 
to  aid  in  interpolating  between  data  pointa.  Although  the  tine*delay 
character iatica  are  very  conatant  in  the  paaa-band  region,  theae  filtera 
will  be  aeen  to  have  low*paaa  filter  attenuation  character iatica  which 
are  generally  inferior  to  thoae  of  ordinary  maximally  flat  attenuation 
or  Tchebyacheff  filtera  having  the  aame  number  of  reactive  elementa. 

SEC.  4.08,  COMPARISON  OF  THF.  TIME- DELAY  CHARACTERISTICS 
OF  VARIOUS  PROTOTYPE  FILTERS 

If  the  terminationa  of  a  prototype  filter  are  equal  or  are  not  too 
greatly  different,  the  group  time  delay  aa  u'  —  0  can  be  computed  from 
the  relation* 


1  * 

*  —  £  g4  aeconda  (4.08-1) 

k*  l 

where  gj ,  ga,  ....  gB  are  the  prototype  element  values  as  defined  in 
Fig.  4.04il.  Also  in  Table  4.13-1  and  Fig.  4.13-2  a  coefficient  Cr  is 
tabulated  for  maximally  flat  and  Tchebyacheff  prototype  filters  where 

t'i9  ■  CH  aeconda  (4.08-2) 


which  is  exact. 

If  the  frequency  scale  of  a  low-pass  prototype  is  altered  so  that 
oij  becomes  w, ,  then  the  time  scale  is  altered  so  that  as  w  -*  0  the 
delay  is 


,  l 

t  j,  ■  t  ..  ——  seconds  .  (4.08-3) 

■  ■ 

If  a  band-pass  filter  is  designed  from  a  low-pass  prototype,  then  the 
Midband  time  delay  is  (at  least  for  narrow-band  cases)* 


This  oqvttioa  ii  dao  to  S.  B.  Co  bn  tad  caa  h*  dorivod  ky  •••  of  Eva.  (4.13-9)  aad  (4.13-11)  to  follow. 

*  Tkio  is  tko  approaiaato  daisy  for  •  laapod-oloooat  kaad-paao  filtor  ooasistiai  of  a  ladder  of  ssriss 
tad  ohaat  roseattors.  If  traaaaissisa  lias  eiroaits  art  toad  tkora  aay  ka  additioaal  lias  daisy  das  ta 
tka  pkyaiaal  laaftk  ef  tka  filtar. 


US 


(4.08-4) 


2*>: 


'40 


“l  "  "l 


*40 


where  Wj  end  &»2  are  the  paaa-band  edges  of  the  band-pass  response  corre¬ 
sponding  to  o>j  for  the  low- pass  response. 

In  order  to  determine  the  time  delay  at  other  frequencies  it  is 
necessary  to  work  from  the  transfer  functions.  For  all  of  the  prototype 
filters  discussed  in  this  chapter  the  voltage  attenuation  ratio 
defined  in  Sec.  2.10  can  be  represented  by  a  polynomial  PR(p')  so  that 


P„(P') 


where  p'  » <J '  +  jco‘  is  the  complex  frequency  variable.  In  the  case  of 
prototype  filters  with  maximally  flat  attenuation,  n  reactive  elements, 
U) j  «  1,  and  LAr  *  3  db  (see  Fig.  4.03-1),  Pn(p')  is  for  n  even 


PK(p')  - 

and  for  n  odd 

PJp')  - 


C  77  {  (p')2  +  [2  cos  -(2-"2n~-1)  ]  p‘  +  1}  (4.08-5) 


c 1 > / 2 

c(p  +  1)  77  ^  (p*  ) 2  +  ^2  cos— ^p’  +  lj 

•«  1 

(4.08-6) 


where  c  is  a  real  constant. 


For  Tchebyacheff  prototype  filters  having  n  reactive  elements,  &>'t  ■  1 , 
and  LAr  db  ripple  (see  Fig.  4.03-3),  P„(p'  )  is  for  n  even 


"/*  r  r 

P„ip'.*)  -  c  7 7  |(p')2  +  [2* 


+  x1  +  sinJ 


tt(2*  “  1) 

COS  - 

2  n 

rr(2«  -  1)  \ 

2n  J 


]'• 


(4.08-7) 
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and  for  n  odd  with  n 


3 


<*-l>/2 


P,(p'  ,*)  ■  c(p'  +  *)  77'  £(p')2  +  (2x  COB  — -^p'  +  *2  +  sin2~j 


where 


ainh 


—  ainh 
n 


- 1 


(..Ulo.,,  -|j)  -  1 


(4.08-8) 


(4.08-9) 


and  c  is  again  a  real  constant.  The  constants  c  in  Eqs.  (4.08-5)  to 
(4.08-9)  are  to  be  evaluated  so  as  to  fix  the  minimum  attenuation  of  the 
response.  For  example,  for  the  Tchebyscheff  response  in  Fig.  4.03-3,  c 
would  be  evaluated  so  as  to  make,  LA  *  20  log10  (^2),,,,i/^2  *  0  at  the 
bottom  of  the  pass-band  ripples.  However,  for  the  Tchebyscheff  response 
in  the  impedance-matching  filter  response  to  be  presented  in  Fig.  4.09-2 
a  different  value  of  c  would  be  required  since  LA  never  goes  to  aero  in 
this  latter  case.  Both  cases  would,  however,  have  identical  phase  shift 
and  time  delay  characteristics. 

The  phase  shift  and  group  time  delay  foi  filters  with  maximaily  flat 
or  Tchebyscheff  attenuation  characteristics  can  be  computed  by  use  of 
Eqs.  (4.08-5)  to  (4.08-9)  above  and  Eqs.  (4.07-4)  and  (4.07-5).  Cohn12 
has  computed  the  phase  and  time  delay  characteristics  for  various  proto¬ 
type  filters  with  n  *  5  reactive  elements  in  order  to  compare  their 
relative  merit  in  situations  where  time-delay  characteristics  are  im¬ 
portant.  Hia  results  are  shown  in  Fig,  4.08-1  to  4.08-3. 

Figure  4.08-1  shows  the  phase  characteristics  of  Tchebyscheff  filters 
having  0.01-db  and  0.5-db  ripple  with  *  1,  and  a  maximally  flat  at¬ 
tenuation  filter  with  its  3-db  point  at  cuj  «  1.  The  3-db  points  of  the 
Tchebyscheff  filters  are  also  indicated.  Note  that  the  0.5-db  ripple 
filter  has  considerably  more  curvature  in  its  phase  characteristic  than 
either  the  0.01-db  ripple  or  maximally  flat  attenuation  filters.  It  will 
be  found  that  in  general  the  larger  the  ripple  of  a  Tchebyscheff  filter 
the  larger  the  curvature  of  the  phase  characteristic  will  be  in  the 
vicinity  of  As  a  result,  the  larger  the  ripple,  the  more  the  delay 

distortion  will  be  near  cutoff. 


US 


SOURCE:  final  Report,  Contract  l)\  36-039  SC-74862,  Stanford 
Research  Institute,  reprinted  in  The  Microuave 
Journal  (see  Ref.  13  by  S.  B.  Cohn). 


FIG.  4.08-1  PHASE-SHIFT  CHARACTERISTICS  OF  FILTERS 
WITH  MAXIMALLY  FLAT  OR  TCHEBYSCHEFF 
ATTENUATION  RESPONSES  AND  n  -  5 
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SOURCE:  Fiaal  Raport,  Coatract  DA  36-0S9  SC-74862,  Staaford 
Reaaarch  laatitote,  rapriated  ia  Tht  Mierowav a 
Journal  (aca  Raf.  IS  hr  S.  B.  Cohn). 


FIG.  4.08-2  NORMALIZED  TIME  DELAY  v».  o//o>'  FOR 
VARIOUS  PROTOTYPE  FILTERS 


SOIJRCF:  Final  Report,  Contract  DA  36-039  SC-74862,  Stanford 
Research  Institute,  reprinted  in  The  \licrouave 
Journal  (see  Ref.  13  by  S.  If.  Cohn). 


FIG.  4.08-3  NORMALIZED  TIME  DELAY  vs.  FOR  VARIOUS 

PROTOTYPE  FILTERS 

Figure  4.08-2  shows  the  time  delay  characteristics  of  0.1-  and 
0.5-db  ripple  Tchebyscheff  filters,  of  a  maximally  flat  attenuation 
filter,  along  with  that  of  a  maximally  flat  time  delay  filter.  The 
scale  of  is  normalized  to  the  time  delay  obtained  as  u'  -*  0, 

and  the  frequency  scale  is  normalized  to  the  frequency  wj  where 
La  *  3  db  for  each  case.  Note  that  the  time-delay  characteristic  of 
the  0.5-db  ripple  filter  is  quite  erratic,  but  that  delay  characteris¬ 
tics  for  the  0.1-db  ripple  filter  are  superior  to  those  of  the  maximally 
flat  attenuation  filter.  The  0. 1 -db- rippl e  curve  is  constant  within 
±1  percent  for  co' /co J  ■  0.31  while  the  maximally  flat  filter  is  within 
this  tolerance  only  for  w' /co  j  db  *  0.16.  The  maximally  flat  time-delay 
filter  is  seen  to  have  by  far  the  most  constant  time  delay  of  all.  How¬ 
ever,  the  equal-rippie  band  for  the  0. 1-db-ripple  filter  extends  to 
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0.88  a>' /co'i  while  the  maximally  flat  time  delay  filter  has  about  2.2  db 
attenuation  at  that  frequency.  (See  Fig.  4.07-2.)  Thus,  it  is  seen  that 
maximally  flat  time-delay  filters  achieve  a  more  constant  time  delay  at 
the  cost  of  a  less  constant  attenuation  characteristic. 

In  some  cases  a  band  of  low  loss  and  low  distortion  is  desired  up 
to  a  certain  frequency  and  then  a  specified  high  attenuation  is  desired 
at  an  adjacent  higher  frequency.  Figure  4.08-3  shows  the  time-delay 
characteristics  of  various  prototype  filters  with  the  frequency  scale 
normalized  to  the  60-db  attenuation  frequency  <u'odb  for  each  filter.  For 
a  ±1  percent  tolerance  on  a  0. 1 -db- ripple  filter  is  found  to  he  usable 
to  0.106  oj' 0  d b  whi le  a  maximally  flat  attenuation  filter  is  within  this 
tolerance  only  to  0.040  a/ odb.  For  a  ilO  percent  tolerance  on  t u  a  0.5-db- 
ripple  filter  is  usable  to  0. 184  0  d  k  whi  le  the  maximally  flat  attenuation 

filter  is  usable  only  to  0.116  Jk.  The  maximally  flat  time-delay  filter 
again  has  by  far  the  broadest  usable  band  for  a  given  time-delay  tolerance; 
however,  its  reflection  loss  will  again  be  an  important  consideration.  For 
example,  for  w'  ■  0.1  ''J(0*blts  attenuation  is  1.25  db  and  its  attenuation 
is  3  db  for  ui'  ■  0.15  -  k.  In  contrast  the  0.  1  -db-ripple  prototype  filter 

has  0.1  db  attenuation  or  less  out  to  o>'  «  0.294  ^>'6  0  d  b . 

The  choice  between  these  various  types  of  filters  will  depend  on  the 
application  under  consideration.  In  most  cases  where  time  delay  is  of 
interest  in  microwave  filters,  the  filters  used  will  probably  be  band-pass 
filters  of  narrow  or  moderate  bandwidth.  Such  filters  can  be  designed 
from  prototype  filters  or  step  transformers  by  methods  discussed  in 
Chapters  8,  9,  and  10.*  For  cases  where  the  spectrum  of  a  signal  being 
transmitted  is  appreciable  as  compared  with  the  bandwidth  of  the  filter, 
variations  in  either  time  delay  or  pass-band  attenuation  within  the  signal 
spectrum  will  cause  signal  distortion.13  However,  for  example,  a  maximally 
flat  time-delay  filter  which  has  very  little  delay  distortion  and  a  mono- 
tonically  increasing  attenuation  will  tend  to  re-jod  e  pulse  out  without 
overshoot  or  ringing,  while  a  filter  with  a  sharp  cu;.oif  (such  as  a 
Tchebyscheff  filter)  will  tend  to  cause  ringing.13  The  transient  response 
requirements  for  the  given  applicction  will  be  dominant  considerations 
when  choosing  a  filter  type  for  such  cases  where  the  signal  spectrum  and 
filter  pass  band  are  of  similar  bandwidth. 


Aa  i*  diaaaaaad  ia  Sat.  1.4S,  watt  aitroaavt  filtara  till  kart  aatra  tiaa  delay  avar  tkat  al 
tkair  pratatypaa  katana  at  tka  alaatriaal  laagtk  at  tkair  pkyaictl  atraataraa. 
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In  other  situations  the  signal  spectrum  may  be  narrow  compared  with 
the  bandwidth  of  the  filter  so  that  the  spectral  components  of  a  given 
signal  see  essentially  constant  attenuation  and  delay  for  any  common 
filter  response,  and  distortion  of  the  signal  shape  may  thus  be  negligible. 
In  such  cases  a  choice  of  filter  response  types  may  depend  on  considera¬ 
tions  of  allowable  time  delay  tolerance  over  the  range  of  possible  fre¬ 
quencies,  allowable  variation  of  attenuation  in  the  carrier  operating 
band,  and  required  rate  of  cutoff.  For  example,  if  time-delay  constancy 
was  of  major  importance  and  it  didn’t  matter  whether  signals  with  dif¬ 
ferent  carrier  frequencies  suffered  different  amounts  of  attenuation,  a 
maximally  flat  time-delay  filter  would  be  the  best  choice. 


SKC.  4.09,  PHOTOTYPE ,  TCIIKUYSCIIKFF  1 MPKIMNCK- MATCHING 
NETWORKS  GIVING  MINIMUM  HE FLECTION 


LOAD 


MATCHING  NETWORK 


In  this  section  the  low-pass  impedance  matching  of  loads  repre¬ 
sentable  as  a  resistance  and  inductance  in  series,  and  of  loads  repre¬ 
sentable  as  a  resistor  and 
capacitance  in  parallel  will  be 
discussed.  A  load  of  the  former 
type  with  a  matching  network  of 
the  sort  to  be  treated  is  shown 
in  tig.  4.09-1.  In  general,  the 
elements  g0,  and  gj  in  the  cir¬ 
cuits  in  Fig.  4.04-l(a),  (b)  may 
be  regarded  as  loads,  and  the 
remainder  of  the  reactive  ele¬ 
ments  regarded  as  impedance- 
matching  networks.  For  convenience 
it  will  be  assumed  that  the  imped¬ 
ance  level  of  the  load  to  be  matched  has  been  normalized  so  that  the  re¬ 
sistor  or  conductance  is  equal  to  one,  and  that  the  frequency  scale  has 
been  normalized  so  that  the  edge  of  the  desired  band  of  good  impedance 
match  is  •  1. 


FIG.  4.09-1  A  LOAD  WITH  A  LOW-PASS 
IMPEDANCE-MATCHING 
NETWORK  (Cos*  of  n  -4) 


As  was  discussed  in  Sec.  1.03,  if  an  impedance  having  a  reactive  part 
is  to  be  matched  over  a  band  of  frequencies,  an  optimum  impedance-matching 
network  must  necessarily  have  a  filter-like  characteristic.  Any  degree  of 
impedance  match  in  frequency  regions  other  than  that  for  which  a  good  match 
is  required  will  detract  from  the  performance  possible  in  the  band  where 
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good  match  ia  required.  Thua,  the  aharper  the  cutoff  of  a  properly 
deaigned  matching  network,  the  better  its  performance  can  be. 

Another  important  property  of  impedance-matching  networks  ia  that 
if  the  load  has  a  reactive  part,  perfect  power  transmission  to  the  load 
is  possible  only  at  discrete  frequencies,  and  not  over  a  band  of  fre¬ 
quencies.  Furthermore,  it  will  usually  be  found  that  the  over-all 
transmission  can  be  improved  if  at  least  a  small  amount  of  power  is  re¬ 
flected  at  all  frequencies.  This  is  illustrated  in  Fig.  4.09-2,  where 
it  will  be  assumed  that  the  designer's  objective  is  to  keep  (LA)mtx  88 
small  as  possible  from  ci>'  »  0  to  o>'  *  « where  the  db  attenuation  LA 
refers  to  the  attenuation  of  the  power  received  by  the  load  with  respect 
to  the  available  power  of  the  generator  (see  Sec.  2.11).  If  is 

made  very  small  so  as  to  give  very  efficient  transmission  at  the  bottoms 
of  the  pass-band  ripples,  the  excessively  good  transmission  at  these 
points  must  be  compensated  for  by  excessively  poor  transmission  at  the 
crests  of  the  ripples,  and  as  a  result,  (L A)m will  increase.  On  the 


A-IIM-Ut* 


FIG.  4.09-2  DEFINITION  OF  (LA)nax  AND  (LA)m|n 
FOR  TCHEBYSCHEFF  IMPEDANCE 
MATCHING  NETWORKS  DISCUSSED 
HEREIN 
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other  hand  if  (^4)aia  i*  apecifiod  to  bo  nearly  equal  to  (£4)a(X>  the 
small  pass-band  ripple  will  result  in  a  reduced  rate  of  cutoff  for  the 
filter;  ea  indicated  above,  this  reduced  rate  of  cutoff  will  degrade  the 
performance  and  also  cause  (l>4)aax  to  increase.  Thus,  it  is  seen  that 
for  a  given  load,  a  given  number  of  impedance-matching  elements,  and  a 
given  impedance-matching  bandwidth,  there  ia  aome  definite  value  of 
Tchebyacheff  pass-band  ripple  (i**),,,,  “  (i«4)aia  that  goes  with  a  minimum 
value  of  (l>4)aag-  The  prototype  impedance-matching  networks  discussed  in 
this  section  are  optimum  in  this  sense,  i.e.,  they  do  minimize  (iJ)i|j 
for  a  load  and  impedance-matching  network  of  the  form  in  Fig.  4.09-1  or 
its  generalization  in  terms  of  Figs.  4. 04-1 (a) ,  (b). 

It  is  convenient  to  characterize  the  loads  under  consideration  by 
their  decrement ,  which  is  defined  as 

d  *  - l—  (4.09-1) 


(,o*. 


or 


where  the  various  quantities  in  this  equation  are  as  indicated  in 
F'igs.  4.09-1,  4.09-2,  and  4.04-l(a),  (b).  Note  that  b  is  the  reciprocal 
of  the  of  the  load  evaluated  at  the  edge  of  the  impedance-matching 
band  and  that  o  evaluated  for  the  un- norma l i zed  load  is  the  same  as  that 
for  the  normalized  load.  Figure  4.09-3  shows  the  minimum  value  of  (l-4)a,5 
vs  d  for  circuits  having  n  =  1  to  n  «  4  reactive  elements  (also  for  case 
of  n  >  ®) .  Since  one  of  the  reactive  elements  in  each  case  is  part  of 
the  load,  the  n  *  1  case  involves  no  I  or  C  impedance-matching  elements, 
the  optimum  result  being  determined  only  by  optimum  choice  of  driving- 
generator  internal  impedance.  Note  that  for  a  given  value  of  b,  (lj()itj 
is  decreased  by  using  more  complex  matching  networks  (i.e.,  larger  values 
of  n).  However,  a  point  of  diminishing  returns  is  rapidly  reached  so 
that  it  is  usually  not  worthwhile  to  go  beyond  n  »  3  or  4.  Note  that 
n  *  ®  ia  not  greatly  better  than  n  ■  4. 

Figure  4.09-4  shows  the  db  Tchebyscheff  ripple  vs  S  for  minimum 
(f.jt)B(|.  Once  again,  going  to  larger  values  of  n  will  give  better  results, 
since  when  n  is  increased,  the  size  of  the  ripple  is  reduced  for  a  given  S, 
For  n  ■  ®  the  ripple  goes  to  zero. 
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8*  i/(W|Q|Qq)  1  l/IGg  W|  L|)  or  l/(R{)W|C|) 


FIG.  4.09-3  (L »)  v§.  8  FOR  THE  IMPEDANCE-MATCHING 

NETWORKS  WHOSE  ELEMENT  VALUES  ARE 
GIVEN  IN  FIGS.  4.09-5  TO  -8 


TCHEBVSCHEFF  RIPPLE 


FIG.  4.09-4  TCHEBYSCHEFF  RIPPLE  IN  db  v*.  8  FOR  THE 
IMPEDANCE-MATCHING  NETWORKS  WHOSE 
ELEMENT  VALUES  ARE  GIVEN  IN  FIGS.  4.09-5 
TO  4.09-8 
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Figures  4.09*5  to  4.09-8  show  charts  of  element  values  vs  b  for 
optimum  Tchehyscheff  matching  networks.  Their  use  is  probably  beat 
illustrated  by  an  example.  Suppose  that  an  impedance  match  is  desired 
to  a  load  which  can  be  represented  approximately  by  a  50-ohm  resistor 
(Gfl  ■  0.020  mho)  in  series  with  an  inductance  L1  *  3.98  *  1 0~ 8  henry, 
and  that  good  impedance  match  is  to  extend  up  to  fl  >1  Gc  so  that 

'ijj  *  2^/j  *  6.28  x  10®.  Then  the  decrement  is  d  *  l/(G0a>lLl  )  * 

1/(0.020  *  6.28  *  10’  x  3.98  *  10‘8)  »  0.20.  After  consulting 
Figs.  4.09-3  and  4.09-4  for  b  -  0.20  let  us  suppose  that  n  ■  4  is  chosen 
which  calls  for  (f-4).t,  *  1.9  db  and  a  ripple  of  about  0.25  db.  Then  by 
Fig.  4.09-8  (which  is  for  n  =  4)  we  obtain  for  gQ  *  1,  't>j'  »  1,  and 

s  *  0.20:  gj/10  «  0.50,  g2  *  0.445,  g3/10  »  0.54,  g4  ■  0.205,  Bnd 

g5,10  *  0.39.  This  corresponds  to  the  circuit  in  Fig.  4.09-1  with 
gQ  =  G'0  =  1,  g(  «  5.00  *  L[ ,  g2  =  0. 445  *  C' ,  g,  *  5.40  =  L ' ,  g4  =  0. 205  « 
C\,  and  g,  =  3.90  *  /),.  Un - norma  1 i i i ng  this  by  use  of  Fqs.  (4.04-2)  to 
(4.04-4)  with  (G0  G'0)  =  0.020  l  and  '.(/•,),  =  1/(6. 28  *  109)  «  1.59  *  10‘10 
gives:  Gq  -  0.020  mho,  L,  =  3.98  x  10"8  henry,  C'2  -  1.415  *  10"12  farad, 

f-j  ■  4.29  x  10"8  henry,  C'4  *  6.52  x  10*13  farad,  and  f?5  *  195  ohms.  Note 

that  G0  and  l- {  are  the  original  elements  given  for  the  load.  The  physical 
realization  of  microwave  structures  for  such  an  application  can  be  accom¬ 
plished  using  techniques  discussed  in  Chapter  7. 

It  is  interesting  to  note  how  much  the  impedance-matching  network 
design  discussed  above  actually  improves  the  power  transfer  to  the  load. 

If  the  ii-L  load  treated  above  were  driven  directly  by  a  generator  with 
a  50-ohm  internal  impedance,  the  loss  would  approach  0  db  as  /  0,  but 

it  would  be  8.6  db  at  /j  =1  Uc .  Ilv  Figs.  4.09-3  to  4.09-5,  the  optimum 

o=l  design  for  this  case  would  call  for  the  generator  internal  imped¬ 
ance  to  be  about  256  ohms,  which  would  give  about  2.6  db  loss  as  /  —  0 
and  5.9  db  loss  at  1  (jc  (a  reduction  of  2.7  db  from  the  preceding  case). 
Thus,  the  n  ■  4  design  with  only  1.9  db  maximum  loss  and  about  0.25  db 
variation  across  the  operating  band  is  seen  to  represent  a  major  improve¬ 
ment  in  performance.  Going  to  larger  values  of  n  would  give  still  greater 
improvement,  but  even  with  n  *  c,  would  still  be  about  1.46  db. 

In  most  microwave  cases  hand-pass  rather  than  low-pass  impedance 
matching  networks  are  desired.  The  design  of  such  networks  is  discussed 
in  Chapter  11  working  from  the  prototypes  in  this  section.  One  special 
feature  of  band-pass  impedance-matching  networks  is  that  they  are  easily 
designed  to  permit  any  desired  value  of  generator  internal  resistance, 
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FIG.  4.09-5  ELEMENT  VALUES  v*.  b  FOR  TCHEBYSCHEFF  IMPEDANCE-MATCHING 
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FIG.  4.09-6  ELEMENT  VALUES  vi.  6  FOR  TCHEBYSCHEFF  IMPEDANCE-MATCHING 
NETWORKS  THAT  MINIMIZE  (LA)m8|( 
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FIG.  4.09-7  ELEMENT  VALUES  v*.  6  FOR  TCHEBYSCHEFF  IMPEDANCE-MATCHING 
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whereas  low-pasa  Batching  networks  must  have  a  specified  generator 
internal  resistance  for  optimum  design. 

The  attenuation  characteristics  of  the  impedance-matching  networks 
discussed  in  this  section  and  in  Sec.  4.10  may  be  computed  by 

L'a  ■  La  +  <V.i.  ib  (4.09-2) 

where  L'A  is  the  attenuation  of  the  impedance-matching  network  and  Lk  is 
obtained  by  Eqs.  (4.03-3)  to  (4.03-5),  or  by  Figs.  4.03-4  to  4.03-10  for 
the  appropriate  db  Tchebyscheff  ripple  LAr  -  (I4)1||(  -  i^A)mia- 

In  the  next  section  the  calculation  of  prototype  impedance-matching 
networks  so  as  to  give  a  specified  Tchebyscheff  ripple  [at  the  cost  of  a 
larger  (f.^  )  ]  will  be  discussed.  The  method  by  which  Figs.  4.09-3  to 

4.09-8  were  prepared  will  also  be  outlined. 

SEC.  4.10,  COMPUTATION  OF  PROTOTYPE  IMPEDANCE- MATCHING 
NETWORKS  FOR  SPECIFIED  RIPPLE  OR  MINIMUM 
REFLECTION 

The  networks  discussed  in  the  preceding  section  were  specified  so 
that  (LA)mtM  was  to  be  as  small  as  possible.  Under  that  condition,  it 
was  necessary  to  accept  whatever  pass-band  Tchebyscheff  ripple  the  charts 
might  call  for  in  the  case  of  any  given  design.  Alternatively,  we  may 
specify  the  pass-band  Tchebyscheff  ripple  and  accept  whatever  value  of 
(LA)mmx  may  result.  Since  in  some  cases  keeping  the  pass-band  attenua¬ 
tion  constant  may  be  the  major  consideration,  computation  of  prototype 
matching-network  element  values  for  a  specified  Tchebysche f f  ripple  will 
be  briefly  outlined. 

Prototype  circuits  for  specified  decrement  b  *  l/(£0gl^l' )  end  db 
ripple  may  be  obtained  as  follows.  First  compute14 


and 


(db  Tchebyscheff  ripple) 
//  -  anti  log,  „  - — - 


(4.10-1) 


nt 


d 


sinh 


n 


(4.10-2) 


where  n  ii  the  number  of  reactive  elements  in  the  prototype.  Next 
compute 


e  *  d  -  28  sin  (  — \ 
\2n) 


(4. 10-3) 


and  the  maximum,  pass-band  reflection  coefficient  value 


|r| 

'■ax 


cosh  (n  sinh-1  e) 
cosh  (n  sinh-1  d ) 


(4. 10-4) 


Then  the  (^A)mtx  value  which  must  be  accepted  is 

a4)..,  *  10  logl0  . _  p—  (4.  10-5) 

^  1  Ln 

figure  4.10-1  shows  a  plot  of  l^A)mtx  vs  6  for  various  values  of  n 
and  various  amounts  of  Tchebyscheff  ripple  amplitude  [(i^)  -  (L .)  4  ]. 

Suppose  that  >  «  0.10  and  0  10-db  ripple  is  desired  with  n  *  2.  This 
chart  shows  that  will  then  be  5.9  db.  By  Figs.  4.09-3  and  4.09-4 

it  is  seen  that  for  the  same  8,  when  is  minimized,  “ 

4.8  db  while  the  ripple  is  0.98  db.  Thus,  the  price  for  reducing  the 
ripple  from  0.98  dh  to  0.10  db  is  an  increase  in  (L )B  of  about  1.1  db. 

Green’s  work6,7  appears  to  provide  the  easiest  means  for  determining 
the  element  values.  Using  his  equations  altered  to  the  notation  of  this 
chapter,  we  obtain 


d 

D  =  -  -  1 

4  ‘in  (s) 


*n  +  1 *n 


(4. 10-6) 


where  the  g^.'s  are  as  defined  in  Fig.  4.04-1.  The  element  values  are 
then  computed  by  use  of  the  equations 


*1 


1 


(4.10-7) 
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1 


(4.10-8) 


1 

8**1  "  os*^; 

where  the  ;  are  coupling  coefficients  to  be  evaluated  aa 


Green’s  equations  for 

the  _ j 

are4-7 

n  m  2 

L  _ 

JlZ 

(1  +  D2)62 

*12  " 

V 

2 

n  «  3 

*12  * 

/IF 

*  (‘  •  tH 

*23  * 

/IF 

•(i-M 

n  *  4 

k  S 

J— 1 

[i  +  (i  ♦  2£lwi 

12 

»  2v  2 

l  v  «*)  J 

*23  * 

/-[ 

'  a2  1 

i  +  _i(i  +  n2)»2 J 

*34  * 

»  2/2 

where 

<12  M 

2(2  +  /2)  *  6.83 

(4.10-9) 

shown  below 

(4.  10-10) 

(4. 10-11) 

(4. 10-12) 

(4. 10-13) 

(4. 10-14) 

(4.10-15) 
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Also,  for  n  arbitrary, 


'  r  ,  r  ♦  1 


/ 


sin5  rb  cos5  r&  +  (cos5  rb  +  Di  sin5  rb) (sin5  6)b* 


where 


sin  (2 r  -  \ )b  sin  (2r  +  \)b 


2-n/n 


(4.10-16) 


It  is  usually  convenient  to  normalize  the  prototype  design  so  that 
gQ  =  1  and  «  1,  as  has  been  done  with  the  tabulated  designs  in  this 
chapter. 

The  element  values  for  the  prototype  matching  networks  discussed  in 
Sec.  4.09  and  plotted  in  Figs.  4.09-5  to  4.09-8  could  have  been  obtained 
using  Green’s  charts7  of  coupling  coefficients  and  D  values  along  with 
Eqs.  (4.10-7)  to  (4.10-9).*  However,  in  order  to  ensure  high  accuracy, 
to  add  the  n  *  1  case,  and  to  cover  a  somewhat  wider  range  of  decrements 
than  was  treated  by  Green,  the  computations  for  the  charts  in  Sec.  4.09 
were  carried  out  from  the  beginning.  The  procedure  used  was  that  de¬ 
scribed  below. 

Kano14 has  shown  that,  for  low-pass  networks  of  the  type  under  con¬ 
sideration,  will  be  as  small  as  possible  if 


tanh  na 
cosh  a 


tanh  nb 
cosh  b 


(4.10-17) 


where 


sinh’ 


(4. 10-18) 


sinh”1  e 


(4.10-19) 


and  d  and  e  are  as  indicated  in  Eqs.  (4.10-2)  and  (4.10-3).  By 
Eqs.  (4.10-18),  (4.10-19),  and  (4.10-3), 


sinh 


■'[** 


inh  a  -  2b  sin 


*■5] 


(4.10-20) 


Barton  (aaa  ftaf.  IS)  kaa  iadapaataatly  alto  coapntaf  akarta  aqaivalaat  to  tka  eoa. 
coaffiaiaat  akarta  of  Oraaa.  Barton,  kooavar,  iaelafaa  tka  aaxiaally  flat  cats  ia  addition. 
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A  computer  program  was  set  up  to  find  values  of  a  and  6  that  satisfy 
Eq.  (4.10*17)  under  the  constraint  given  by  Eq.  (4.10-20).  From  these  a 
and  b  values  for  various  b,  vslues  for  d  and  e  were  obtained  by  d  •ainha 
and  e  *  sinh  b.  When  values  of  d  and  e  had  been  obtained  for  various  8, 
the  element  values  for  the  networks  were  computed  using  Eqs.  (4.10-6)  to 
(4.10-15). 

The  data  for  the  charts  in  Fig.  4.09-3  were  obtained  by  using  the 
values  of  a  and  b  vs  b  obtained  above,  and  then  computing  by  use 

of  Eqs.  (4.10-18),  (4.10-19),  (4.10-4),  and  (4.10-5).  The  data  in 
Fig.  4.09-4  were  obtained  by  solving  Eqs.  (4.10-18),  (4.10-19),  (4.10-1) 
and  (4.10-2)  for  the  db  ripple  as  a  function  of  a  and  b. 

Lossless  impedance  matching  networks  for  some  more  general  forms  of 
loads  are  discussed  in  Refs.  14,  16,  17,  and  18.  However,  much  work  re¬ 
mains  to  be  done  on  the  practical,  microwave  realization  of  the  more  com¬ 
plicated  forms  of  matching  networks  called  for  in  such  cases.  At  the 
present  time  the  prototype  networks  in  Sec.  4.09  and  this  section  appear 
to  have  the  widest  range  of  usefulness  in  the  design  of  low-pass,  high- 
pass,  and  band-pass  microwave  impedance  matching  networks  in  the  forms 
discussed  in  Chapters  7,  and  11. 

•SEC.  4.11,  PHOTOTYPES  FOB  NEGAT1 VE- RESISTANCE 
AMPLIFIERS 

As  was  discussed  in  Sec.  1.04,  if  a  dissipationless  filter  with  re¬ 
sistor  terminations  has  one  termination  replaced  by  a  negative  resistance 
of  the  same  magnitude,  the  circuit  can  become  a  negat i ve- res i stance  ampli¬ 
fier.  It  was  noted  that,  if  F,(p)  is  the  reflection  coefficient  between 
a  positive  resistance  H0  and  the  filter,  when  is  replaced  by  H "  *  “fl#, 
the  reflection  coefficient  at  that  end  of  the  filter  becomes 

r;'(P)  .  — j—  (4.11-D 

r,(p) 


where  p  ■  a  +  jco  is  the  complex  frequency  variable.  Then,  referring  to 
Figs.  1.04-1  and  1.04-2,  the  gain  of  the  amplifier  as  measured  at  a 
circulator  will  be 


P 

r 

P 

•avail 


1  V 


iwi;.,. 


(4.11-2) 


1S5 


where  Pf  ia  the  power  reflected 
resiatance  amplifier.  If  LA  ia 
in  db  (aa  defined  in  Sec.  2.11) 
poaitive  termination*,  then  the 
A"  -  -H0  will  be 


into  the  circulator  by  the  negative- 
the  attenuation  (i.e.,  transducer  loaa) 
for  the  disaipationleaa  filter  with 
transducer  gain  when  A#  ia  replaced  by 


p 

•  nil 


(4.11-3) 


where 


1*1 


anti  log, 0 


10 


(4.11-4) 


and  t  is  the  transmission  coefficient  (for  positive  terminations)  dis¬ 
cussed  in  Secs.  2.10  and  2.11.  Figure  4.11-1  shows  a  graph  of  LA  in  db 
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FIG.  4.11-1  ATTENUATION  OF  A  PASSIVE  FILTER 
vs.  TRANSDUCER  GAIN  OF  THE 
CORRESPONDING  NEGATIVE-RESISTANCE 
AMPLIFIER  USING  A  CIRCULATOR 


for  a  filter  with  positive  reniatance  terminations  vj  the  db  transducer 
gain  of  the  corresponding  negative-resistance  amplifier  with  a  circulator, 
as  determined  using  the  above  relations. 

The  prototype  impedance-matching  filters  discussed  in  Secs.  4.09 
and  4.10  can  also  be  used  as  prototypes  for  negative-resistance  amplifiers. 
With  regard  to  their  use,  some  consideration  must  be  given  to  the  matter 
of  stability.  Let  ua  define  P^p)  as  the  reflection  coefficient  between 
any  of  the  filters  in  Fig.  4.04-1  and  the  termination  g0  ■  R(j  or  G#  at 
the  left  and  P.(P)  as  the  reflection  coefficient  at  the  other  end.  it 
can  be  shown  that  the  poles  of  a  reflection  coefficient  function  are  the 
frequencies  of  natural  vibration  of  the  circuit  (see  Secs.  2.02  to  2.04), 
hence,  they  must  lie  in  the  left  half  of  the  complex- frequency  plane  if 
the  circuit  is  passive  However,  the  zeros  of  ^(p),  or  of  PB(p),  can 
lie  in  either  the  left  or  right  half  of  the  p-plane.  Since  Pj'(p)  * 

1/Pj(p).  the  zeros  of  P( (p )  for  the  passive  filter  become  the  poles  of 
Pj'(p)  for  the  nega  t  i  ve-res  is  i  ance  amplifier.  Thus,  in  choosing  a  filter 
as  a  prototype  for  a  nega t i ve- resi s ta nee  amplifier,  it  is  important  that 
Pj(p)  have  its  zeros  in  the  left  half  plane  since  if  they  are  not,  when 
these  zeros  become  poles  of  r ]"(p)  for  the  negati ve- res i stance  amplifier 
they  will  cause  exponentially  increasing  oscillations  (i.e.,  until  some 
non-linearity  in  the  circuit  limits  the  amplitude). 

The  mathematical  data  given  in  Secs.  4.09  and  4.10  for  filter  proto¬ 
types  of  the  various  forms  in  Fig.  4.04-1  are  such  that  the  reflection 

coefficient  Pj  (p )  involving  the  termination  g0  on  the  left  will  have  all 
of  its  zeros  in  the  left  half  of  the  p-plane,  while  the  reflection  coef¬ 
ficient  P„(p)  involving  the  termination  gB+1  on  the  right  will  have  all 
of  its  zeros  in  the  right  half  plane.*  For  this  reason  it  is  seen  that 
the  termination  gg  at  the  left  must  he  the  one  which  is  replaced  by  its 
negative,  never  the  termination  at  the  right. 

Let  us  suppose  that  a  prototype  is  desired  to  give  15  db  peak  gain 

with  2  db  Tchebyscheff  ripple.  Then  by  Fig.  4.11-1,  (L4)i|.1|  «  0.138  db, 

*  0.22  db,  and  the  ripple  of  the  passive  filter  is  0.220  "0.138  * 
0.082  db.  The  parameter  d  in  Sec.  4.10  is  then  computed  by  use  of 
Eqs .  (4.10-1)  and  (4,10-2). 


An  axcap'ion  to  thia  occura  whan  a  ■  0  in  Eq.  (4.10-3)  which  laada  to  ■  0  in  Fi*.  4.09-2. 

Than  tha  taroa  of  Pj(p)  and  I  n(F)  arc  all  on  tha  p  *  ju  axia  of  tha  p-plaaa. 
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Next  the  parameter  8  is  obtained  as  follows: 


compute 


•i: 


anti logj 0 


10 


|r|  .  A  -  |t|2 

1  1  1  1  * 


e  ■  sinh 


cosh"1  [|r|M1  cosh  (n  ainh_1d)] 


and  then 


d  -  e 

8  M  - 

n 

2  sin  — 
2n 


(4.11-5) 


(4.11-6) 


(4.11-7) 


(4.11-8) 


[Equations  (4.11-5)  to  (4.11-8)  were  obtained  using  Eqs .  (4.10-3)  to 
(4.10-5).]  Having  values  for  d  and  8  (and  having  chosen  a  value  for  n) 
the  element  values  may  be  computed  as  indicated  by  Eqs.  (4.10-6)  to 
(4.10-16).  In  some  cases  the  designs  whose  element  values  are  plotted 
in  Figs.  4.09-5  to  4.09-8  will  be  satisfactory  and  computations  will  be 
unnecessary . 

In  some  cases  (such  aa  for  the  low-pass  prototype  for  the  band-pass 
negative-resistance  amplifier  example  discussed  in  Sec.  11. 1C)  the  decre¬ 
ment  8  of  the  prototype  may  be  fixed,  and  the  choice  of  low-pass  prototype 
may  hinge  around  the  question:  What  maximum  gain  value  can  be  achieved 
for  the  given  5  with  acceptable  value  of  pass-band  gain  ripple?  This 
question  can  readily  be  answered  by  use  of  Eqs.  (4.10-1)  to  (4.10-5). 
First,  an  estimate  is  made  of  the  db  pass-band  ripple  for  the  filter  with 
positive  terminations  which  will  result  in  an  acceptable  amount  of  pass- 
band  ripple  in  | Pj  ( jou" )  | 2  vs  co'  when  the  positive  termination  g(  is  re¬ 
placed  by  a  negative  termination  -gQ.  Then,  having  specified  8  and  the 
db  ripple  of  the  passive  filter  response  by  Eqs.  (4.10-1)  to  (4.10-5)  the 
parameters  H,  d,  e,  (L4)-aj|,  and  (i4 )„ 4 „  •  “  (db  ripple)  for  the 

filter  with  g0  positive  can  be  determined.  Knowing  (L4 B  tr>d  (£4)Bil| 
for  the  passive  filter  (i.f.,  for  g,  positive),  the  pass-band  maximum 
and  minimum  gain  with  g0  replaced  by  “g#  and  with  a  circulator  attached 


III 


at  the  other  end,  can  be  obtained  from  Fig.  4.11-1.  If  the  reaponae  ia 
not  aa  deaired,  more  deairable  characteriatica  may  be  achieved  by  atarting 
with  a  different  value  of  paaa-band  ripple  for  the  filter  with  poaitive 
terminationa .  Having  arrived  at  a  trade-off  between  peak  gain  and  aize 
of  paaa-band  gain  ripple,  which  is  acceptable  for  the  application  at  hand, 
the  element  valuea  for  the  prototype  are  computed  using  the  equations  in 
Sec.  4.10  from  n,  8,  d,  and  whatever  convenient  value  is  specified. 

Note  that  the  larger  the  number  of  elements  n,  the  flatter  the  reaponae 
can  be  for  a  given  gain.  But  as  n  g its  large  the  improvement  in  perform¬ 
ance  per  unit  increase  in  n  is  small.  Thus,  if  6  for  the  load,  and  the 
peak  gain  are  both  specified,  it  may  not  be  possible  to  make  the  gain 
ripples  as  small  as  may  be  desired  even  if  the  number  n  of  reactive  ele¬ 
ments  ia  infinite. 

SEC.  4.12,  CONVERSION  OF  FILTER  PROTOTYPES  TO  USE 
IMPEDANCE-  OH  ADMITTANCE- I NVERTERS  AND 
ONLY  ONE  KIND  OF  REACTIVE  ELEMENT 

In  deriving  design  equations  for  certain  types  of  band-pass  and  band- 
stop  filters  it  is  desirable  to  convert  the  prototypes  in  Fig.  4.04-1 
which  use  both  inductances  and  capacitances  to  equivalent  forms  which  use 
only  inductances  or  only  capacitances.  This  can  be  done  with  the  aid  of 
the  idealized  inverters  which  are  symbolized  in  Fig.  4.12-1. 

An  idealized  impedance  inverter  operates  like  a  quarter-wavelength 
line  of  characteristic  impedance  K  at  all  frequencies.  Therefore,  if  it 
is  terminated  in  an  impedance  on  one  end,  the  impedance  seen  looking 
in  at  the  other  end  is 

K2 

Z,  ■  —  (4.12-1) 

An  idealized  admittance  inverter  as  defined  herein  is  the  admittance 
representation  of  the  same  thing,  i.e.,  it  operates  like  a  quarter- 
wavelength  line  of  characteristic  admittance  J  at  all  frequencies.  Thus, 
if  an  admittance  Ft  is  attached  at  one  end,  the  admittance  F(  seen 
looking  in  the  other  end  is 


As  indicated  in  Fig.  4.12-1,  an 
inverter  may  have  an  image  phase 
shift  of  either  ±90  degrees  or  an 
odd  multiple  thereof. 

Because  of  the  inverting 
action  indicated  by  Eqs.  (4.12-1) 
and  (4.12-2)  a  series  inductance 
with  an  inverter  on  each  side  looks 
like  a  shunt  capacitance  from  its 
exterior  terminals.  Likewise,  a 
shunt  capacitance  with  an  inverter 
on  both  sides  looks  like  a  series 
inductance  from  its  external  ter¬ 
minals.  Making  use  of  this  prop¬ 
erty,  the  prototype  circuits  in 
Fig.  4.04-1  can  be  converted  to 
either  of  the  equivalent  forms  in 
Fig.  4.12-2  which  have  identical 
transmission  characteristics  to 
those  prototypes  in  Fig.  4.04-1. 

As  can  be  seen  from  Eqs.  (4.12-1) 
and  (4.12-2),  inverters  hsve  the 
ability  to  shift  impedsnce  or  admittance  levels  depending  on  the  choice 
of  the  K  or  J  parameters.  For  this  reason  in  Fig.  4.12-2(a)  the  sizes 
of  Aj,  Rb ,  and  the  inductances  may  be  chosen  arbitrarily  and  the 
response  will  be  identical  to  that  of  the  original  prototype  as  in 
Fig.  4.04-1  provided  that  the  inverter  parameters  Kk  are  specified 
as  indicated  by  the  equations  in  Fig.  4.12-2(a).  The  same  holds  for  the 
circuit  in  Fig.  4. 1 2 - 2 ( b )  only  on  the  dual  basis.  Note  that  the  g4  values 
referred  to  in  the  equations  in  Fig.  4.12-2  sre  the  prototype  element  values 
as  defined  in  Fig.  4.04-1. 

A  way  that  the  equations  for  the  A(  t+,  and  J  k  4+1  can  be  derived 
will  now  be  briefly  considered.  A  fundamental  way  of  looking  at  the 
relation  between  the  prototype  circuits  in  Figs.  4.04-l(s),  (b)  and  the 
corresponding  circuit  in,  say,  Fig.  4.12-2(a)  makes  use  of  the  concept 
of  duality.  A  given  circuit  as  seen  through  an  impedance  inverter  looka 
like  the  dual  of  that  given  circuit.  Thus,  the  impedances  seen  from 
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SOURCE;  Final  Report.  Contract  DA  36-030 
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Ref.  1  of  Chapter  10,  hr  G.  L.  Matthaei). 

FIG.  4.12-1  DEFINITION  OF  IMPEDANCE 
INVERTERS  AND 
ADMITTANCE  INVERTERS 
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inductor  Ltl  in  Fig.  4.12-2(a)  arc  the  aene  aa  thoae  aeen  from  inductance 
IJ  in  Fig.  4.04*l(b),  except  for  an  impedance  acale  factor.  The  imped* 
ancea  aeen  from  inductor  L(I  in  Fig.  4.12*2(a)  are  identical  to  thoae 
aeen  from  inductance  in  Fig.  4.04*l(a),  except  for  a  poaaible  impedance 
acale  change.  In  thia  manner  the  impedancea  in  any  point  of  the  circuit 
in  Fig.  4.12*2(a)  may  be  quantitatively  related  to  the  correaponding 
impedancea  in  the  circuita  in  Fig.  4.04-Ka),  (b). 

Figure  4.12*3(a)  ahows  a  portion  of  a  low-pass  prototype  circuit 
that  haa  been  open*circuited  juat  beyond  the  capacitor  C^j.  Hie  dual 
circuit  ia  shown  at  (b),  where  it  should  be  noted  that  the  open  circuit 


(a)  modified  prototype  us  ms  impedance  inverters 


IlM  10  0-1 


CokCo(im) 


«k  «a*. 


Jn.n 


(b)  MODIFIED  PHOTOTYPE  using  admittance  INVERTERS 


m-tm-tr-im 


SOURCE:  Final  Report,  Contract  DA  36-039  SC-74862,  Stanford  Rear  arch  Inatituta, 

raprintad  in  IRE  Tram.,  PGMTT  (aoe  Ref.  1  of  Chapter  10,  by  G.  L.  Matthaei). 


FIG.  4.12-2  LOW-PASS  PROTOTYPES  MODIFIED  TO  INCLUDE 

IMPEDANCE  INVERTERS  OR  ADMITTANCE  INVERTERS 
The  gQ,  9,,  ...,  gn+,  ore  obtained  from  the  original 
prototype  as  in  Fig.  4.04-1,  while  the  RA,  L  ...»  L0|), 
and  Rb  or  the  GA,  C#(,  ...,  Can  and  GB  may  be  chosen 
as  desired. 
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FIG.  4.12-3  SOME  CIRCUITS  DISCUSSED  IN  SEC.  4.12 

A  ladder  circuit  it  shown  at  (a),  and  its  dual  is  shown  at  (b).  The 
analogous  K-invsrtar  form  of  those  two  circuits  is  shown  at  (c). 


shown  at  (a)  becomes  a  short  circuit  in  the  dual  case.  The  corresponding 
circuit  using  all  series  inductors  and  K  inverters  is  shown  at  (c).  The 
circuits  in  Fig.  4.12-3  will  be  convenient  for  deriving  the  formula  for 
t+1  in  terms  of  Ltk.  end  the  prototype  element  values  g4  and 

gt  +  1>  The  open-  and  short-circuits  are  introduced  merely  to  simplify 
the  equations. 

Referring  to  Fig.  4.12-3,  in  the  circuit  at  (a), 


zk  9  }cvLk  +  “ 


Meanwhile  in  the  circuit  at  (c) 


Zl  9  +  7 


ui 


^.*♦1 


(4.12-3) 


(4.12-4) 
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Now  Z‘k  must  be  identical  to  Z4  except  for  an  impedance  acale  change  of 
Ltit/Lk.  Therefore 


i 

j^k*i 


(4.12-5) 


Equating  the  aecond  terms  in  Eqs.  (4.12-4)  and  (4.12-5)  gives,  after 
some  rearrangement, 


K 


h  .  h  ♦! 


[EZHL l 


(4.12-6) 


Next  consider  Fig.  4.12-4.  At 


Since  Lk  ■  g4  and  ^*♦1  ■  gk+1,  Eq.  (4.12-6)  is  equivalent  to  the  equation 
for  Kk  given  in  Fig.  4.12-2(a).  It  is  easily  seen  that  by  moving  the 
positions  of  the  open-  and  short- 
circuit  points  correspondingly,  the 
same  procedure  would  apply  for  calcu-  ” "" ' 

lation  of  the  K' a  for  all  the  in¬ 
verters  except  those  at  the  ends.  _ 

Hence ,  Eq.  (4.12-6)  applies  for  k  «  1, 

2 . "  -  1. 


*« 

(a) 


(a)  is  shown  the  last  two  elements  of 
a  prototype  circuit  and  at  (1>)  is 
shown  a  corresponding  form  with  a  K 
inverter.  In  the  circuit  at  (a) 


Z 


n 


n 


(4.12-7) 


K 


•-Mtr-tr 


while  at  ( b ) 


Z' 


jetjL  + 


.  (4.12-8) 


Since  Z '  must  equal  Zn  within  a  scale 
factor  L,h/Lh, 


FIG.  4.12-4  ADDITIONAL  CIRCUITS 
DISCUSSED  IN  SEC.  4.12 
The  end  portion  of  a 
prototype  circuit  is  shown 
at  (a)  while  at  (b)  is  shown 
the  corresponding  and 
portion  of  a  circuit  with 
K-inverters. 
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(4.12-9) 


L  L  , 

Z'  ■  — —  Z  «  juL  +  —  — 
"  L  *  ■'•"LG, 

■  a  a  +  i 


Equating  the  second  terms  of  Eqs.  (4.12-8)  and  (4.12-9)  leads  to  the 
result 


«  ,  n  ♦  1 


I  l**rb 

L*Gn.l 


(4.12-10) 


Substituting  and  gB+l  for  L  n  and  C  ,  respectively,  gives  the  equation 
for  Kk  +1  shown  in  fig.  4.12-2. 

The  derivation  of  the  equations  for  the  Jk  4+,  parameters  in 
Fig.  4.12-2(b)  may  be  carried  out  in  like  manner  on  the  admittance  ( i.e 
dual )  basis . 

SEC.  4.13,  EFFECTS  OF  DISSIPVriVE  ELEMENTS  IN  PHOTOTYPES 
FOH  LOW-PASS,  BAND-PASS,  OH  HIGH-PASS  FILTEHS 

Any  practical  microwave  filter  will  have  elements  with  finite  Q’ s, 
and  in  many  practical  situations  it  is  important  to  be  able  to  estimate 
the  effect  of  these  finite  element  (?’s  on  pass-band  attenuation.  When  a 
filter  has  been  designed  from  a  low-pass  prototype  filter  it  is  convenient 
to  relate  the  microwave  filter  element  y’s  to  dissipative  elements  in  the 
prototype  filter  and  then  determine  the  effects  of  the  dissipative  elements 
on  the  prototype  filter  response.  Then  the  increase  in  pass-band  attenu¬ 
ation  of  the  prototype  filter  due  to  the  dissipative  elements  will  be  the 
same  as  the  increase  in  pass-hand  attenuation  (at  the  corresponding  fre¬ 
quency)  of  the  microwave  filter  due  to  the  finite  element  Q’ a. 

The  element  y's  referred  to  below  are  those  of  the  elements  of  a 
low-pass  filter  at  its  cutoff  frequency  and  are  defined  as 

L  k  G  it 

Q„  ■  — 7  or  —  (4.13-1) 

Rk  Gk 

where  Bk  is  the  parasitic  resistance  of  the  inductance  Lk,  and  Gk  is  the 
parasitic  conductance  of  the  capacitance  Ck . *  In  the  case  of  a  band-pass 

» 

Hsrs,  tko  iifrimi  Lk,  Kk,  Ck,  Ck,  aad  cjj  valaaa  arc  aaaat  to  apply  to  aay  Im-paaa  (iltar, 

■kotkar  it  ia  a  aoroaliiad  prototypa  or  aot.  Lator  ia  tkia  aaetioa  priaoa  will  ka  iatradaaod 
to  aid  ia  diatiagaiakiaf  katoaoa  tko  loar-paaa  prototypa  paraaotoro  aad  tkoao  o l  tko  aarra* 
apoadias  kaad-paaa  or  ki(k-paaa  filtor. 
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filter  which  ia  designed  from  a  low-pass  prototype,  if  ( )k  is  the  mid 
band  unloaded  Q  of  the  *tl>  resonator  of  the  band-pasa  filter,  then  the 
corresponding  Q  of  the  hth  reactive  element  of  the  prototype  is 

Qk  -  »(<?„)*  (4.13-2) 


In  this  equation  v  is  the  fractional  bandwidth  of  the  band-pass  filter 
as  measured  to  its  pass-band  edges  which  correspond  to  the  pass-band 
edge  of  the  low-pass  prototype  (see  Chapter  8).  The  unloaded  Q  of  the 
resonators  can  be  estimated  by  use  of  the  data  in  Chapter  5,  or  it  can 
be  determined  by  measurements  as 
in  Sec.  11.02. 


In  the  case  of  a  high-pass 
filter  designed  from  a  low-pass 
prototype,  the  element  Q’ s  of 
the  prototype  should  be  made  to 
be  the  same  as  the  Q's  of  the 
corresponding  elements  of  the 
high-pass  filter  at  its  cutoff 
frequency. 


<*«0  L»*«1 
S  c»**i 


I 


«i*<**» 


A-tttT-M 


FIG.  4.13-1  LOW-PASS  PROTOTYPE  FILTER 
WITH  DISSIPATIVE  ELEMENTS 
ADDED 


Figure  4.13-1  shows  a  por¬ 
tion  of  a  low-pass  prototype 

filter  with  parasitic  loss  elements  introduced.  Note  that  the  parasitic 
loss  element  to  go  with  reactive  element  gk  is  designated  as  where 

d k  will  be  referred  to  herein  as  a  dissipation  factor.  Using  this  nota¬ 
tion  Eq.  (4.13-1)  becomes  Qk  *  co  ;*»/(<*»*»)  *  a>'/dk  where  a*|  is  the  cutoff 
frequency  of  the  low-pass  prototype.  Thus, 


Then  for  a  series  branch  of  a  prototype  filter 


(4.13-3) 


Zk  •  jcj)'Lk  +  R'k  -  (;«/  +  dt)gt  (4.13-4) 

and  for  a  ahunt  branch 

Tt  .  ju'C'k  +  Gk  -  (;«'  +  dk)gk  (4.13-5) 
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A  special  case  of  considerable  practical  interest  is  that  where  the 
Q‘  a  of  all  the  elements  are  the  same  so  that  d,  *  d  for  A  ■  1  to  n.  Then, 
as  can  be  seen  from  Eqs.  (4.13-4)  and  (4.13-5),  the  effects  of  dissipation 
can  be  accounted  for  by  simply  replacing  the  frequency  variable  jco'  for 
the  lossless  circuit  by  (jo >'  +  d)  to  include  the  losses.  For  example, 
this  substitution  can  be  made  directly  in  the  transfer  functions  in 
bqs.  (4.07-1),  (4.08-5)  to  (4.08-8)  in  order  to  compute  the  transfer 
characteristics  with  parasitic  dissipation  included.  At  DC  the  function 
(jco‘  +  d)  becomes  simply  d,  so  that  if 


(e2 


•  vail 


Pip1)  I  » 

*  n  'r  /  I  p  x. )  c 


an(jo j' )*  +  ...  +  a,  }<t>'  +  a#  (4.13-6) 


for  a  dissipationless  prototype,  the  DC  loss  for  a  prototype  with  uniform 
dissipation  d  is  for  a)'  *  0 


Taiwan 

»'-o 


P„(d) 


aKdn  +  .  . .  +  a,d  +  a0 


(4.13-7) 


where  (*2l*.il/£2  is  as  defined  in  Sec-  2.10.  Usually  d  is  small  so  that 
only  the  last  two  terms  of  Eq.  (4.13-7)  are  significant.  Then  it  is 
easily  shown  that 


(AL4)#  *  20  log, „  [C„d  +  1]  db  (4.13-8) 

=  8.686  Cnd 

where  (A/.4)0  is  the  db  increase  in  attenuation  at  oi'  *  0  when  d  is  finite, 
over  the  attenuation  when  d  =  0  (i.e.,  when  there  is  no  dissipation  loss).* 
The  coefficient  C\  ■  a\/a0  where  a,  and  aQ  are  from  polynomial  P n(ju' ) 
in  Eq .  (4.13-6). 

In  the  case  of  low-pass  prototypes  for  band-pass  filters,  (At4)#  is 
also  the  increase  in  the  midband  loss  of  the  corresponding  band-pass 
filter  as  a  result  of  finite  resonator  (?’s.  For  high-pass  filters  designed 

For  oxaaplo,  o  diiiipitioalm,  0.S-O  rippla  Tckakyackoff  filter  witk  »  *  4  would  karo  l,  ■ 

0.5  db  for  u  *  0.  If  ooifora  diooipotioa  ia  iatrodocod  tko  attoaaatioa  for  u  ■  0  will  bocoam 
La  ■  0.S  *  (Ot4)0  d*. 
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from  low-pats  prototypes,  ( AZ- 4 ) 0  relates  to  the  attenustion  as  <w  -  ®. 
Equation  (4. 13-8)  applies  both  for  prototypes  such  as  those  in  Sec.  4. OS 
which  for  the  case  of  no  dissipation  loss  have  points  where  L A  is  zero, 
and  also  for  the  impedance-matching  network  prototypes  in  Secs.  4.09  and 
4.10  which  even  for  the  esse  of  no  dissipation  have  non-zero  LA  at  all 
frequencies . 

Table  4.13-1  is  a  tabulation  of  the  coefficients  G'n  for  prototype 
filters  having  maximally  flat  attenuation  with  their  3-db  point  at 
&>j  *  1.  Figure  4.13-2  shows  the  coeffi¬ 
cients  for  Tchebyscheff  filters  plotted  vs  db 
pass-band  ripple.  In  this  case  the  equal- 
ripple  band  edge  is  *  1.  Note  that  above 
about  0.3  db-ripple,  the  curves  fall  for  n 
even  and  rise  for  n  odd.  This  phenomenon  is 
related  to  the  fact  that  a  Tchebyscheff  pro¬ 
totype  filler  with  n  even  has  a  ripple  maxi¬ 
mum  at  co*  «  0,  while  a  corresponding  filter 
with  n  odd  has  a  ripple  minimum  at  that  fre¬ 
quency.  There  is  apparently  a  tendency  for 
the  effects  of  dissipation  to  be  most  pro¬ 
nounced  at  ripple  minima. 

Bode”  gives  an  equation  for  the 

increase  in  attenuation  due  to  uniform  dis¬ 
sipation,  as  a  function  of  the  attenuation  phase  slope  and  the  dissipa¬ 
tion  factor,  d.  Bode’s  equation  may  be  expressed  in  the  form 


Table  4.13-1 

MAXIMALLY  FLAT  ATTKNUATION 
Fll.TKR  COKKFICIKNTS  CB  FOR 
I’SKINKy.  (4.13-8) 
These  coefficient*  are  for 
filters  with  their  3-db  point 
at  s-j  *  1  and  are  equal  to  the 
group  time  delay  in  seconds  as 
p  approaches  zero 
[see  F.q.  (4.08-2)] 


n 

C. 

n 

c- 

i 

1.00 

9 

5.76 

2 

1.41 

10 

6.39 

3 

2.00 

11 

7.03 

4 

2.61 

12 

7.66 

5 

3.24 

13 

8.30 

6 

3.86 

14 

8.93 

< 

4.49 

15 

9.57 

8 

5.13 

M.  .  8.686  d  db  (4.13*9) 

dro 

where 

^2^a»a»l 

<P  *  arg  — - -  ’  (4.13-10) 

and  in  this  case  *J-A  is  the  increase  in  attenuation  at,  o>* ,  the  frequency, 
at  which  d<p/du >'  is  evaluated.*  Thus,  this  equation  provides  a  convenient 


It  caa  ha  aaaa  froa  Eqs.  (4.13-8)  and  (4.13-9)  that  the  Cn  eeefficiaat*  in  Table  4.13-1  and 
Fig.  4.13-2  are  equal  te  the  froep  time  delay  in  aeeeads  ae  o>  approaches  sere. 
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FIG.  4.13-2  PROTOTYPE  TCHEBYSCHEFF  FILTER 

COEFFICIENTS  C  vs.  db  TCHEBYSCHEFF 
RIPPLE,  FOR  PROTOTYPES  WITH  n 
REACTIVE  ELEMENTS  AND  -1 
That*  coefficients  are  for  use  in  Eq.  (4.13-8). 
They  are  also  the  group  time  delay  in  seconds 
as  03 1  approaches  zero  (see  Eq.  4.08-2). 
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mean*  for  estimating  the  effects  of  uniform  dissipation  at  any  frequency. 
Bode's  discussion19  indicates  that  for  cases  where  all  the  inductances 
have  a  given  Q,  QL,  and  all  of  the  capacitances  have  another  Q,  Qc,  good 
results  can  he  obtained  by  computing  d  as  2 cuj / ( +  Qe)- 

Cohn20 has  presented  another  formula  which  is  convenient  for  esti- 
mating  the  effects  of  dissipation  loss  of  low-pass  prototypes  for  o>'  «  0. 
His  formula  may  be  expressed  in  the  form 

CM.4)0  -  4.343  Z  dkgk  db  (4.13-11) 

where  the  d  k  are  given  by  Eq.  (4.13-3),  and  the  prototype  element  values 
gk  are  specifically  assumed  to  have  been  normalized  so  that  g#  ■  1  (as 
has  been  done  for  all  of  the  prototypes  discussed  in  this  chapter).  Note 
that  this  formula  does  not  require  that  the  dissipation  be  uniform. 
Equation  (4.13-11)  was  derived  by  assuming  that  the  load  and  source  re¬ 
sistances  are  both  one  ohm,  and  that  the  effect  of  each  h'  or  G'k  in 
Fig-  4.13-1  at  u>'  *  0  is  to  act  as  voltage  or  current  divider  with 
respect  to  one  ohm.20  As  a  result,  Eq .  (4.13-11)  can  lead  to  appreciable 
erro:  if  the  load  and  source  resistances  are  sizeably  different,  though 
it  generally  gives  very  good  results  if  the  terminations  are  equal  or  at 
least  not  very  greatly  different.* 

Table  4.13-2  compares  the  accuracy  of  Eqs.  (4.13-8),  (4.13-9),  and 
(4.13-11)  for  various  Tchebyscheff  filters  having  uniform  dissipation. 
Cases  1  to  3,  which  are  for  filters  with  n  »  4  reactive  elements,  have 


Table  4.13-2 

COMPARISON  OF  ACCURACY  OF  KQS.  (4.13-8),  (4.13-9),  AND  (4.13-11)  FOR 
COMPUTING  (ot4)0  FOR  VARIOUS  TCHKIJYSUIKFF  FILTERS 
HAVING  UNIFORM  DISSIPATION 


CASE 

n 

db 

RIPPLE 

Q 

ACTUAL 

VALUE 

<*Vo 

BY 

E0.  (4.13-8) 

<*Vo 

BY 

EQ.  (4.13-9) 

<*A>0 

BY 

EQ.  (4.13-11) 

1 

4 

0.5 

100 

0.236 

0.232 

-- 

0.264 

2 

4 

2.0 

100 

0.223 

0.214 

-- 

0.346 

3 

4 

2.0 

10 

2.39 

1.95 

*  - 

3.46 

4 

5 

0.5 

100 

0.364 

0.357 

0.35 

0.365 

S 

5 

0.5 

10 

3.55 

3.05 

3.5 

3.65 

Equation  (4.13-11)  <aa  ba  aada  ta  ba  aora  accurata  for  tba  caaa  af  uiquil  taraiaatioaa  by 
aaltiplyiaf  ita  ri|bt-haa4  aidt  by  **o*n^j/<*Q  *  )  abort  tad  A(l+1  art  tba  raaiataaea* 

af  tba  taraiaatiaaa.  Tbia  eaa  ba  aaaa  fraa  tba  altaraatt  poiat  af  rita  ia  Sac.  (.14. 
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unequal  terminations;  hence,  Eq.  (4.13*11)  has  relatively  low  accuracy 
if  the  pass-band  ripples  are  large.  Equation  (4.13-8)  gives  reduced 
accuracy  if  the  value  of  Q  is  very  low.  This  happens  as  a  result  of 
using  only  the  last  two  terms  in  Eq.  (4.13-7).  The  actual  value  of 
(A LA)n  was  computed  by  using  as  many  terms  in  Eq.  (4.13-7)  as  was  re¬ 
quired  in  order  to  obtain  high  accuracy.  The  values  computed  using 
Eq.  (4.13-9)  were  obtained  by  computing  phase  slope  from  Fig.  4.08-1- 
Note  that  the  results  are  quite  good.  The  Q  =  10  values  included  in 
Table  4.13-2  are  of  practical  interest  since  in  the  case  of  low-pass 
prototypes  of  band-pass  filters  the  element  (j‘ a  for  the  low-pass  proto¬ 
type  can  become  quite  low  if  the  fractional  bandwidth  w  of  the  band-pass 
filter  is  sma  1 1  [see  Eq .  (4.13-2)]. 

The  above  discussion  treats  the  effects  of  parasitic  dissipation  at 
«  0,  and  the  important  question  arises  as  to  what  the  loss  will  be 
elsewhere  in  the  pass  band.  Equation  (4.13-9)  provides  convenient  means 
for  obtaining  an  approximate  answer  to  this  question.  Since  it  says  that 
'\L A  at  any  frequency  is  proportional  to  the  attenuation  phase  slope  (i.e. 
the  group  time  delay)  at  that  frequency,  we  can  estimate  across  the 

pass  band  by  examining  the  phase  slope  across  that  band.  As  seen  from 
the  examples  in  Fig.  4.08-1,  the  phase  slope  in  typical  cases  is  greatest 
near  the  cutoff  frequency.  In  Fig.  4.08-1  the  slope  near  cutoff  is  2.66, 
1.73,  and  1.49  times  the  slope  at.  v'  =  0  for  the  cases  of  0.5-db  ripple, 
0.01-db  ripple,  and  maximally  flat  responses,  respectively.  Thus 
near  cutoff  will  be  greater  than  ( .AZ.  ^ )  0  at  (o'  ■  0  by  about  these  factors. 
These  results  are  typical  and  are  useful  in  obtaining  an  estimate  of 
what  to  expect  in  practical  situations. 

SEC.  4.14,  APPHOXIMATE  CALCULATION  OF  PHOTOTYPE 
STOP- BAND  ATTENUATION 

Cohn20 has  derived  a  convenient  formula  for  computing  the  attenuation 
of  low-pass  filters  at  frequencies  well  into  their  stop  bands.  This 
formula  is  derived  using  the  assumption  that  the  reactances  of  the  series 
inductances  are  very  large  compared  to  the  reactances  of  the  shunt  capaci 
tors.  When  this  condition  holds,  the  voltage  at  one  node  of  the  filter 
may  be  computed  with  good  accuracy  from  that  at  the  preceding  node  using 
a  simple  voltage  divider  computation .' ®  Cohn  further  simplifies  his 
formula  by  use  of  the  assumption  that  (a>2Z,tC4  +  l  -  1)  »  coiL)iCi^l, 


Cohn's  formula,  when  put  in  the  notation  of  the  low-pass  prototype 
filters  in  this  chapter,  is 

La  -  20  log,0  [(a)' )"  (gjgjgj  ...  gj] 

-  10  lo‘io  (rr~)  db  (4. 14-1) 

v  *0®*  +  1 / 

where  gfl,  g  ,  ....  gn  +  1  are  the  prototype  element  values  defined  in 
Fig.  4.04-l(a),  (b)  and  w'  is  the  prototype  radian  frequency  variable. 

For  this  formula  to  have  high  accuracy,  c,>'  should  be  a  number  of  times 
as  large  as  &>.'  ,  the  filter  cutoff  frequency. 

As  an  example,  consider  a  Tcheby sche f f  filter  with  n  *  4  reactive 
elements  and  0.2  db  ripple.  By  Table  4.05-2(a),  «  1,  g,  *  1.3028, 

g2  *  1.2844,  g3  ■  1.9761,  gt  *  0.8468,  g5  •  1.5386.  and  the  cutoff  fre¬ 
quency  is  a).'  ■  1.  By  Eq.  (4.14-1),  to  slide-rule  accuracy 

La  »  20  log,0  [('d'  ) 4  ( 4 .  29 )  j  -  10  log,  #  6.15  .  (4.14-2) 

Evaluating  Eq .  (4.14-2)  for  v‘  *  3  gives  LA  =  43.1  db.  By  Fig.  4.03-6 
we  find  that  the  actual  attenuation  is  42  db.  Hepeating  the  calculation 
for  co'  *  2  gives  LA  »  28.8  db  as  compared  to  26.5  db  by  Fig.  4.03-6- 
Thus  it  appears  that  even  for  values  of  cu'/v ,  as  small  as  2,  Eq.  (4.14-1) 
gives  fairly  good  results.  The  error  was  +  2.3  db  for  r«>'  *  2  and  +1.1  db 
for  at'  »  3 . 

Equation  (4.14-1)  neglects  the  effects  of  dissipation  in  the  circuit. 
This  is  valid  as  long  as  the  dissipative  elements  in  the  prototype  can 
be  assumed  to  be  arranged  as  are  those  in  Fig.  4.13-1.  This  arrangement 
of  dissipative  elements  is  usually  appropriate  for  prototypes  for  low- 
pass,  band-pass,  and  high-pass  filters.  However,  in  the  case  of  proto¬ 
types  for  band-stop  filters,  the  different  arrangement  of  dissipative  ele¬ 
ments  discussed  in  Sec.  4.15  should  be  assumed.  For  that  case  Eq.  (4.14-1) 
will  be  quite  inaccurate  in  some  parts  of  the  stop  band. 

SEC.  4.15,  PROTOTYPE  REPRESENTATION  OF  DISSIPATION  LOSS 
IN  BAND- STOP  FILTERS 

In  the  case  of  band-stop  filters,  the  effects  of  psrasitic  dissipa¬ 
tion  in  the  filter  elements  are  usually  more  serious  in  the  stop  band 
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than  in  the  pass  band.  The  stop  band  usually  has  one  or  more  fre¬ 
quencies  where,  if  the  filter  had  no  diaaipation  loss,  the  attenuation 
would  be  infinite.  However,  dissipation  loss  in  the  resonators  will 
prevent  the  attenuation  from  going  to  infinity  and  in  some  cases  may- re¬ 
duce  the  maximum  stop-band  attenuation  to  an  unacceptably  low  value.  If 
a  band-stop  filter  is  designed  from  a  low-pass  prototype,  it  is  quite 
easy  to  compute  the  effects  of  finite  resonator  Q‘  a  on  the  maximum  stop- 
band  attenuation. 

The  solid  lines  in  Fig.  4.15-1  shows  a  Tchebyscheff  low-pass  proto¬ 
type  response  along  with  the  response  of  a  band-stop  filter  designed  from 


(o) 


ai- 

lbl 


FIG.  4.15-1  A  LOW-PASS  PROTOTYPE  RESPONSE 
IS  SHOWN  AT  (o),  AND  THE  CORRE- 
SPONDING  BAND-STOP  FILTER 
RESPONSE  IS  SHOWN  AT  (b) 

The  dashed  lines  shew  the  effects  of 
dissipation  loss. 
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this  prototype,  both  for  the 
case  of  no  incidental  dissipa¬ 
tion.  For  a  typical  band-stop 
filter  the  resonators  are  reso¬ 
nant  at  the  center  of  the  stop 
band  (instead  of  at  the  center 
of  the  pasa  band  as  is  the  case 
for  a  typical  band-pass  filter), 
and  as  a  result  the  loss  effects 
are  most  severe  at  the  center  of 
the  stop  band.  The  dashed  line 
in  Fig.  4. 1 5 - 1 ( b )  shows  how  dis¬ 
sipation  loss  in  the  resonators 
will  round  off  the  attenuation 
characteristic  of  a  band-stop 
filter.  The  dashed  line  in  Fig. 
in  a  low-pass  prototype  filter. 
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FIG.  4.15-2  LOW-PASS  PROTOTYPE  FILTER 
WITH  DISSIPATIVE  ELEMENTS 
ADDED  AS  REQUIRED  FOR 
COMPUTING  PEAK  STOP-BAND 
ATTENUATION  OF  CORRE¬ 
SPONDING  BAND-STOP  FILTERS 


4.15-l(a)  shows  the  corresponding  effect 


It  is  easily  seen  that  in  order  for  resistor  elements  to  affect  the 
attenuation  of  a  prototype  filter  as  shown  by  the  dashed  line  in 
Fig.  4.15-1,  they  should  be  introduced  into  the  prototype  circuit  os 
shown  in  Fig.  4.15-2.  Note  that  in  this  case  as  u>'  ~  the  reactive 
elements  have  negligible  influence  and  the  circuit  operates  in  the  same 
way  as  a  ladder  network  of  resistors.  In  Fig.  4.15-2  the  Q  of  the  Fth 
reactive  element  is  given  by* 


'4 


*1 

u,lL'k 


or 


(4.15-1) 


(4.15-2) 


where  is  the  cutoff  frequency  in  Fig.  4.15-l(a).  The  unloaded  Q, 

(Ug5f)*>  of  the  Fth  resonator  of  the  band-stop  filter  is  related  to  Q t 
of  the  prototype  (at  frequency  wj  )  by 

Q„  ■  *«?„,)»  (4.15-3) 

* 

Nat*  that  that*  aaataal  dtfiaitiot*  ef  Q  raialt  fra*  th*  mm  it  which  th*  di**ip*ti** 

•  i«a*it(  tr*  ittrodtttd  ia  «*ch  hutch  of  th*  filter. 
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where 


(4.15-4) 


and  ,  and  o>#  are  aa  defined  in  Fig.  4.15-l(b).  By  Eq.  (4.15-2), 

Dk  -  eo'lQi  (4.15-5) 

and  as  shown  in  Fig.  4.15-2, 

G'k  -  2  #  (4.15-6) 

where  the  gt  are  the  prototype  filter  elements  as  defined  in  Fig.  4.04-1. 

As  previously  mentioned,  when  eo'  00  the  reactive  elements  in 
Fig.  4.15-2  may  be  neglected,  and  the  attenuation  can  be  computed  from 
the  remaining  network  of  resistors.  In  typical  cases,  resistances  of 
the  series  branches  will  be  very  large  compared  to  the  resistances  of 
the  shunt  branches,  and  Cohn’s  method  for  computing  the  stop-band  attenu¬ 
ation  of  low-pass  filters20 can  be  adapted  to  cover  this  case  also.  The 
resulting  equation  is 

(/-4)»  j  20  loRlO  •••  ••• 

-  10  log1(J  (  — —  )  db  (4.15-7) 


which  is  analogous  to  Eq.  (4.14-1)  for  the  reactive  attenuation  of  a 
low-pass  filter. 

As  an  example,  let  us  suppose  that  a  band-stop  filter  is  desired 
with  a  fractional  stop-band  width  of  *  *  0.02  (referred  to  the  3  db 
points),  and  that  maximally  flat  pass  bands  are  desired.  Let  ua  assume 
further  that  the  resonator  Q' s  at  the  mid-stop-band  frequency  are  700 
and  that  the  maximum  stop-band  attenuation  is  to  be  computed.  By 
Eq.  (4.15-3)  Qj  ■  ■  0.02  (700)  •  14.  By  Table  4.05-l(a)  the  elements 

values  of  the  desired  n  ■  2  low-pass  prototype  are  g9  ■  1,  gl  ■  1.414, 
g2  ■  1.414,  and  g,  ■  1.  Also  -  "i  which  in  this  case  is  the  3-db  band-edge 
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frequency,  is  equal  to  unity.  By  Eq .  (4.15-5),  Dj  *  D,  ■  14,  and,  to 
slide-rule  accuracy,  Eq .  (4.15-7)  gives  (f-4)B  *  45.8  db.  In  comparison, 
using  the  method  of  Sec.  2.13  to  compute  the  attenuation  from  the  ladder 
of  resistors  gives  (f.4)a  ■  46.7  db. 


As  is  suggested  by  the  dashed  lines  in  Kig.  4.15-1,  the  effects  of 
dissipation  in  the  pass  band  are  for  this  case  most  severe  at  the  pass- 
band  edge,  and  they  decrease  to  zero  as  the  frequency  moves  away  from 
the  pass-band  edge  (within  the  pass  band).  The  increase  in  loss  due  to 
dissipation  at  the  band-edge  frequency  can  be  estimated  by  use  of  the 
formula 


8.686  7  - 

*»i 


(4.15-8) 


This  formula  represents  only  an  estimate,  hut  should  he  reasonably  accurate 
for  cases  such  as  when  an  i  ■  5,  0. 1 -db  ripple  prototype  is  used.  For 
cases  where  very  large  Tchebyscheff  ripples  are  used  this  equation  will 
underestimate  the  loss;  when  very  small  ripples  are  used  it  will  over¬ 
estimate  the  loss.  For  0.1-db  ripple,  if  n  were  reduced  to  2  or  1, 

Eq.  (4.15-8)  would  tend  to  overestimate  the  band-edge  loss.  For  typical 
practical  cases,  Eq .  (4.15-8)  should  never  have  an  error  as  great  os  a 
factor  of  2. 

Equation  (4.15-8)  was  obtained  from  Eq .  (4.13-11)  by  the  use  of  two 
approximations.  The  first  is  that  for  the  arrangement  of  dissipative 
elements  shown  in  Fig.  4.13-1,  the  added  loss  .\L  due  to  dissipation  at 
the  band  edge  '<>|  is  roughly  twice  the  value  (,M.^)0  of  the  loss  due  to 
dissipation  when  o>'  =  0.  This  was  shown  by  examples  in  Sec.  4.13  to  l>e 
a  reasonably  good  approximation  for  typical  low-pass  prototype  filters, 
though  it  could  be  markedly  larger  if  very  large  pass-band  ripples  are 
used.  The  second  approximation  assumes  that  a  filter  with  dissipative 
elements  as  shown  in  Fig.  4.15-2  can  be  approximated  at  the  frequency  o> J 
by  the  corresponding  circuit  in  Fig.  4.13-1.  The  reactive  element  values 
gt  are  assumed  to  have  been  unchanged,  and  also  the  Q’ a  of  the  individual 
reactive  element  are  assumed  to  be  unchanged;  however,  the  manner  in  which 
the  dissipation  is  introduced  has  been  changed.  This  approximation  is 
valid  to  the  extent  that 

• 

This  foraela  is  bsssd  os  Eq*  (4,13-11)  which  assuaea  that  the  prototype  eleaent  values  have 

beea  noraalited  so  that  3  1, 
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(4.15-9) 


represents  a  good  approximation.  It  is  readily  seen  that  this  is  a  good 
approximation  even  for  Q' a  as  low  as  10.  Thus  to  summarize  the  basis 
for  Eq.  (4.15-8) — the  equation  as  it  stands  gives  a  rough  estimate  of 
the  attenuation  due  to  dissipation  at  band  edge  for  the  situation  where 
the  dissipative  elements  are  introduced  as  shown  in  Fig.  4.13-1.  We 
justify  the  use  of  this  same  equation  for  the  case  of  dissipative  elements 
arranged  as  in  Fig.  4. 15-2  on  the  basis  of  the  approximation  in 
Eq.  (4.15-9).  It  shows  that  as  long  as  the  reactive  elements  are  the 
same,  and  the  element  Q‘ s  are  the  same,  and  around  10  or  higher,  it 
doesn’t  make  much  difference  which  way  the  dissipative  elements  are  con* 
nected  as  far  as  their  effect  on  transmission  loss  is  concerned. 


IK 
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CHAPTER  5 


PROPERTIES  OF  SOME  COMMON  MICROWAVE  FILTER  ELEMENTS 


SEC.  5.01,  INTRODUCTION 

Previous  chapters  have  summarized  a  number  of  important  concepts 
necessary  for  the  design  of  microwave  filters  and  have  outlined  various 
procedures  for  later  use  in  designing  filters  from  the  image  viewpoint 
and  from  the  insertion-loss  viewpoint.  In  order  to  construct  filters 
that  will  have  measured  characteristics  as  predicted  by  these  theories, 
it  is  necessary  to  relate  the  design  parameters  to  the  dimensions  and 
properties  of  the  structures  used  in  such  filters.  Much  information  of 
this  type  is  available  in  the  literature.  The  present  chapter  will  attempt 
to  summarize  information  for  coaxial  lines,  strip  lines,  and  waveguides 
that  is  most  often  needed  in  filter  design.  No  pretense  of  completeness 
is  made,  since  a  complete  compilation  of  such  data  would  fill  several 
volumes.  It  is  hoped  that  the  references  included  will  direct  the  inter¬ 
ested  reader  to  sources  of  more  detailed  information  on  particular  subjects. 


SEC.  5.02,  GENERAL  PROPERTIES  OF  TRANSMISSION  LINES 

Transmission  lines  composed  of  two  conductors  operating  in  the  trans¬ 
verse  electromagnetic  (TEM)  mode  are  very  useful  as  elements  of  microwave 
filters.  Lossless  lines  of  this  type  have  a  characteristic  or  image  im¬ 
pedance  Zq,  which  is  independent  of  frequency  /,  and  waves  on  these  lines 
are  propagated  at  a  velocity,  v,  equal  to  the  velocity  of  light  in  the 
dielectric  filling  the  line.  Defining  R,  L,  G,  and  C  as  the  resistance, 
inductance,  conductance  and  capacitance  per  unit  length  for  such  a  line, 
it  is  found  that  Z(  and  tha  propagation  constant  yt  are  given  by 


(5.02-1) 


15V 


where  &>  ■  2irf.  When  the  line  ie  loesleea,  a,  ie  aero  and 


fit 


In  practice  a  line 


a>  yic 

iiL  l 

t, "  fw 


will  have  some 


radiana/unit  length  (5.02-3) 

diatance/aecond  (5.02-4) 

vL  ohma  (5.02-5) 

finite  amount  of  attenuation 

a,  +  ad  (5.02-6) 


where  at(  ia  the  attenuation  due  to  conductor  loaa  and  the  attenuation 
due  to  loaa  in  the  dielectric.  For  amall  attenuations  * 
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nepers 


(5.02-7) 
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nepers 


(5.02-8) 


where  Qf  *  uL/R,  Qd  ■  uC/G,  and  tan  5  is  the  loss  tangent  of  the 
dielectric  material  filling  the  line.  The  total  Q  of  the  transmission 
line  used  as  a  resonator  is  given  by 


1 


Q 


(5.02-9) 


These  definitions  are  in  agreement  with  those  given  in  terms  of  the 
resonator  reactance  and  susceptance  slope  parameters  in  Sec.  5.08.  For 
a  slightly  lossy  line  the  characteristic  impedance  and  propagation 
constant  become 
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(5.02-10) 
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The  TEM  inodes  can  also  propagate  on  structurea  containing  more  than  two 
conductors.  Examples  of  such  structures  with  two  conductors  contained  with¬ 
in  an  outer  shield  are  described  in  Sec.  5.05.  Two  principal  modes  can 
exist  on  such  two-conductor  structures:  an  even  mode  in  which  the  currents 
in  the  two  conductors  flow  in  the  same  direction,  and  an  odd  mode  in  which 
the  currents  on  the  conductors  flow  in  opposite  directions.  The  velocity  of 
propagation  of  each  of  these  modes  in  the  lossless  case  is  equal  to  the 
velocity  of  light  in  the  dielectric  medium  surrounding  the  conductors.  How* 
ever,  the  characteristic  impedance  of  the  even  mode  is  different  from  that 
of  the  odd  mode. 

SEC.  5.03,  SPECIAL  PROPERTIES  OF  COAXIAL  LINES 

The  characteristic  impedance  ZQ  of  a  coaxial  line  of  outer  diameter 
6  and  inner  diameter  d,  filled  with  a  dielectric  material  of  relative 
dielectric  constant  ef,  is 


ZQ  »  ^===1"  J  °hni*  '  (5.03-1) 

This  expression  ia  plotted  in  Fig.  5.03-1.  The  attenuation  of  a  copper 

coaxial  line  due  to  ohmic  losses  in  the  copper  is 

<*e  «  1.898  *  10"4  '/T~r  v f Ce  jn  db/unit  length  (5.03-2) 

where  /Cc  is  measured  in  gigacycles.  (Here  the  copper  is  assumed  to  be 
very  smooth  and  corrosion- free. )  The  attenuation  is  a  minimum  for  b/d 
of  3.6  corresponding  to  v'T^"  Z#  of  77  ohms. 

The  attenuation  of  the  coaxial  line  ( or  any  other  TEM  line)  due 
to  loasea  in  the  dielectric  is 

27. 3  t,D  ® 

ad  ■  db/unit  length  (5.03-3) 
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FIG.  5.03-1  COAXIAL-LINE  CHARACTERISTIC  IMPEDANCE 


where  tan  b  is  the  loss  tangent  of  the  dielectric,  and  A.  is  the  free-space 
wavelength.  The  total  attenuation  a  (  is  the  sum  of  de  and  a^.  The  at¬ 
tenuation  of  a  coaxial  line  due  to  ohmic  losses  in  the  copper  is  shown  in 
Fig.  5.03-2. 

The  Q  of  a  dielectric- filled  coaxial  line  may  be  expressed  as 
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Q 


(5.03-4) 


where  Qe  »  depends  only  on  the  conductor  loss  and  depends  only 

on  the  dielectric  loss.  The  Qt  of  a  dielectric-filled  coaxial  line  is 
independent  of  «r  and  is  given  by  the  expression 
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FIG.  5.03-2  COAXIAL-LINE  ATTENUATION  AND  Q 
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(5.03-5) 
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1.215  *  104 


b  In  b/d 
[l  +  b/d] 


where  b  end  d  are  measured  in  inches.  The  value  of  Qd  for  the  coaxial 
line  or  any  TEM  line  is 


<?- 


__1 _ 

tan  5 


(5.03-6) 


The  values  of  Q(  for  a  copper  coaxial  line  are  plotted  in  Fig.  5.03-2. 

Breakdown  will  occur  in  an  air>filled  coaxial  line  at  atmoapheric 
pressure  when  the  maximum  electric  field  E  reaches  a  value  of  approxi¬ 
mately  2.9  *  104  volts  per  cm.  The  average  power  P  that  can  be  trans¬ 
mitted  on  a  matched  coaxial  line  under  these  conditions  is 


P 


E»  b ,  b/d 

48°  (b/d)2 


watts 


(5.03-7) 


When  the  outer  diameter  b  is  fixed,  the  maximum  power  can  be  transmitted 
when  b/d  is  1.65,  corresponding  to  £g  of  30  ohms. 

The  first  higher>order  TE  mode  in  a  coaxial  line  will  propagate  when 
the  average  circumference  of  the  line  is  approximately  equal  to  the  wave¬ 
length  in  the  medium  filling  the  line.  The  approximate  cutoff  frequency, 
/(  (in  gigacycles),  of  this  mode  is 

(f)Cl  ■  7^-  (b  +  d)  (5.03-8) 

w  V  €  _ 


where  b  and  d  are  measured  in  inches. 

SEC.  5.04,  SPECIAL  PROPERTIES  OF  STRIP  LINES 

The  characteristic  impedance  of  strip  line  can  be  calculated  by 
conformal  mapping  techniques;  however,  the  resulting  formulas  are  rather 
complex.  Figure  5.04*1  ahows  the  characteristic  impedance,  £#,  of  a 
common  type  of  atrip  line  with  a  rectangular  center  conductor , 1,3  for 
various  values  of  t/b  <  0.25,  and  0.1  <  */b  <  4.0.  The  values  shown  are 
exact  for  t/b  »  o  and  are  accurate  to  within  about  1  percent  for  other 


1«4 


SOURCE:  Final  Haport,  Contract  DA  36-019  SC-61292,  SRI;  raprintad 
ia  IKE  TVnna.,  PCUTT  (aaa  Raf.  2,  bp  S.  B.  Cohn). 


FIG.  5.04-1  GRAPH  OF  Z0  vs.  w/b  FOR  VARIOUS  VALUES  OF  t/b 


values  of  t/b.  Figure  5.04*2  shows  exact  values  of  for  all  values  of 
t/b,  and  w/b  <  1.6.* 

The  theoretical  attenuation  cte  due  to  ohmic  losses  in  a  copper  stri 
line  filled  with  a  dielectric  of  relative  dielectric  constant  cr,  is 
shown  in  Fig.  5.04-3.  The  attenuation  due  to  the  dielectric  loss  is 
given  by  Eq.  (5.03-3).  As  in  the  case  of  the  coaxial  line,  the  total 
attenuation  a(  is  the  sum  of  ae  and  a<t 

The  Q  of  a  dielectric-filled  strip  line  is  given  by  Eq.  (5.03-4). 
The  Q(  of  a  dielectric-filled  line  ia  shown  plotted  in  Fig.  5.04-4.  ** 

As  in  the  case  of  the  coaxial  line,  Qd  is  the  reciprocal  of  tan  5. 
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SOURCE.  IRE  Tmu.  PCHTT  (■••  R«(.  S.  br  R  H.  T. 


FIG.  5.04-2  GRAPH  OF  Z0  vt.  w/b  FOR  VARIOUS  VALUES  OF  »/b 
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SOURCE:  Final  Raport,  Contract  DA  36-039  SC-63232,  SRI;  rapriatad 
is  IRE  Trun*.,  PGMTT  Ref.  2,  by  S.  B.  Cohn). 


FIG.  5.04-3  THEORETICAL  ATTENUATION  OF  COPPER-SHIELDED  STRIP 
LINE  IN  A  DIELECTRIC  MEDIUM  e, 
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FIG.  5.04*4  THEORETICAL  Q  OF  COPPER-SHIELDED  STRIP  LINE 
IN  A  DIELECTRIC  MEDIUM  er 


The  average  power,  /'  (measured  in  kw) ,  that  can  he  transmitted  along 
a  matched  strip  line  having  an  inner  conductor  with  rounded  corners  is 
plotted  in  Fig.  5.04-5.  In  this  figure  the  ground  plane  spacing  b  is 
measured  in  inches,  and  the  breakdown  strength  of  air  is  taken  as 
2.9  *  104  volts/cm.  An  approximate  value  of  can  be  obtained  from 
Figa.  5.04-1  and  5.04-2. 

The  first  higher-order  mode  that  can  exist  in  a  strip  line,  in  which 
the  two  ground  planes  have  the  same  potential,  has  zero  electric- field 
strength  on  the  longitudinal  plane  containing  the  center  line  of  the  strip 
and  the  electric  field  ia  oriented  perpendicular  to  the  strip  and  ground 
plane.  The  free-space  cutoff  wavelength,  \c  of  this  mode  is 
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FIG.  5.04-5  THEORETICAL  BREAKDOWN  POWER  OF 
AIR-DIELECTRIC  ROUNDED-STRIP 
TRANSMISSION  LINE 
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Table  5.04-1 


where  d  is  a  function  of  the  croas  aection 
of  the  strip  line.  If  t/b  «  0  and 
w/b  >  0.35,  then  \d/b  is  a  function  of 
b/k(  alone  and  is  given  in  Table  5.04-1. 

SEC.  5.05,  PARALLEL-COUPLED  LINES  AND 
ARHAYS  OF  LINES  BETWEEN 
GROUND  PLANES 


THE  QUANTITY  4 d/b  *«.  b/k( 
TOH  w/b  >  0.35  AND  t/b  m  0 


‘A. 

id/  b 

0.00 

0.882 

0.20 

0.917 

0.30 

0.968 

0.35 

1.016 

0.40 

1.070 

0.45 

1.180 

0.50 

1.586 

A  number  of  strip-line  components 
utilize  the  natural  coupling  existing  between  parallel  conductors. 
Examples  of  such  components  are  directional  couplers,  filters,  baluns, 
and  delay  lines  such  as  interdigital  lines.  A  number  of  examples  of 
parallel-coupled  lines  are  shown  in  Fig.  5.05-1.  The  (a),  (b),  and  (c) 
configurations  shown  are  primarily  useful  in  applications  where  weak 
coupling  between  the  lines  is  desired.  The  (d),  (e),  (f),  and  (g)  con¬ 
figurations  are  useful  where  strong  coupling  between  the  lines  is 


desi red . 


The  characteristics  of  these  coupled  lines  can  be  specified  in 
terms  of  Z  and  Z  ,  their  even  and  odd  impedances,  respectively.  Z 

0  9  0  0  •  ■ 

is  defined  as  the  characteristic  impedance  of  one  line  to  ground  when 
equal  currents  are  flowing  in  the  t.;o  lines.  is  defined  as  the 

characteristic  impedance  of  one  line  to  ground  when  equal  and  opposite 
currents  are  flowing  in  the  two  lines.  Figure  5.05-2  illustrates  the 
electric  field  configuration  over  the  cross  section  of  the  lines  shown 
in  Fig.  5 . 05 - 1 ( a )  when  they  are  excited  in  the  even  and  odd  modes. 

Tbin  Strip  Lines  —  The  exact  even-mode  characteristic  impedance  of 
the  infinitesimally  thin  strip  configuration  of  Fig.  5.05-l(a)  is4 


3»,  «<*:> 

.-«7'  *(»,) 


ohms 


(5.05-1) 


where 


h  *  tanh 


(v  »\  tv  v  +  s\ 

7  •  r)  •  (r  — ) 


(5.05-2) 
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FIG.  5.05-1  CROSS  SECTIONS  OF  VARIOUS  COUPLED- 
TRANSMISSION-LINE  CONFIGURATIONS 
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EVEN -MODE  ELECTRIC  FIELD  DISTRIBUTION 
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000 -MODE  ELECTRIC  FiELO  DISTRIBUTION 


A-J32T-I*» 

SOURCE:  Final  Report,  Contrect  DA  36-039  SC-63232.  SRI;  rtpriattd 
in  IKE  Trout..  PCHTT  (too  Rof.  4.  by  S.  B.  Coho). 


FIG.  5.05*2  FIELD  DISTRIBUTIONS  OF 
THE  EVEN  AND  ODD  MODES 
IN  COUPLED  STRIP  LINE 


and  €f  is  the  relative  dielectric  constant  of  the  medium  of  propagation. 
The  exact  odd-mode  impedance  in  the  same  case  is1 


where 
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(5.05-4) 


(5.05-5) 


k'  -  A  -  ** 

•  # 


(5.05-6) 
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and  K  ia  the  complete  elliptic  integral  of  the  firat  kind.  Convenient 
tablea  of  K{k‘ )/K(k)  have  bean  compiled  by  Oberhettinger  and  Magnus.* 
Nomograph*  giving  the  even*  and  odd*mode  characteriatic  impedances  are 
presented  in  Figs.  5.05-3(a)  and  (b). 


Thin  Lines  Coupled  Through  a  Slot—  The  thin*strip  configuration 
shown  in  Fig.  S.OS-l(b)  with  a  thin  wall  separating  the  two  lines  has  a 
value  of  Z(#  «  Z# ,  which  is  the  characteristic  impedance  of  an  uncoupled 
line  as  given  in  Sec.  5.04.  The  even*mode  characteristic  impedance  Z## 
is  given  approximately  by 


where 

3Qrr  K(k') 

"  K  (k) 


(5.05*7) 


(5.05-8) 


(5.05-9) 


and 


k'  .  /l  -  kl 


(5.05-10) 


Round  Hires — The  even-  and  odd-mode  characteristic  impedances  of 
round  lines  placed  midway  between  ground  planes  as  shown  in  Fig.  5.05-l(c) 
are  given  approximately  by 


Z  -  Z 

• »  •  • 


120  ,  ,  ns 

-7=  In  coth  —r 
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(5.05-11) 


,  ,  120  .  46 

Z  ♦  Z  ■  —pss.  In  — - 

••  ••  vrr  itd 


(5.05.12) 


These  should  give  good  results,  at  least  when  d/6  <  0.25  and 
#/6  >  3  d/6. 
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SOURCE!  Fiaal  Strut,  Contract  DA  56-059  SC-63252,  SHI;  rapt  intad 
ta  IRC  Train.,  PGHTT  (■••  Raf.  4,  by  S.  B.  Cobs). 

FIG.  105.3(a)  NOMOGRAM  GIVING  s/b  AS  A  FUNCTION  OF  Z„  AND  Z 
IN  COUPLED  STRIP  LINE  " 
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SOURGEi  Flail  Rtyott,  Coitricl  DA  36-039  SC-63212,  SRIi  rapriatrd 
la  IM  Tmu.,  PCHTT  (an  Rtf.  4,  kr  S.  B.  Coha). 

PIG.  5.05-3(b)  NOMOGRAM  GIVING  w/b  AS  A  FUNCTION  OF  Z00  AND  Z00 
IN  COUPLED  STRIP  LINE 


Thin  Lines  Vertical  to  the  Ground  Planet—  The  even-  and  odd-mode 
charecteriatic  impedance*  of  the  thin  coupled  linea  ahown  in  Fig.  5 .05- 1(d) 
are  given  approximately  by  the  formulae6 


188.3  K(k ) 

••  "  *77"  *(*') 


(5.05-13) 


296.1 


b- 


cos"1  k  +  In  *• 
*  k 


(5.05-14) 


In  theae  formulas  k1  i*  a  parameter  equal  to  /l  -  k* ,  and  K  is  the  com¬ 
plete  elliptic  integral  of  the  first  kind.  The  ratio  w/6  is  given  by 


(5.05-15) 


The  inverse  cosine  and  tangent  functions  are  evaluated  in  radians  between 
0  and  v/2.  To  find  the  dimensions  of  the  lines  for  particular  values  of 
Z#f  and  Z##l  one  first  determines  the  value  of  the  k  from  Eq.  (5.05-13) 
and  the  tables  of  K(k) /K(k' )  vs.  k  in  Hef.  5.  Then  6/s  is  determined 
from  Eq.  (5.05-14)  and  finally  w/6  is  determined  from  Eq.  (5.05-15). 
Equations  (5.05-13)  through  (5.05-15)  are  accurate  for  all  values  of  w/b 
and  s/6,  as  long  as  e/s  is  greater  than  about  1.0. 

Thin  Lines  Superimposed — The  formulas  for  the  even-  and  odd-mode 
characteristic  impedances  of  the  coupled  lines  shown  in  Fig.  5.05-l(e) 
reduce  to  fairly  simple  expressions  when  (v/b)/(l  -  s/6)  >  0.35.6  It  is 
found  that 
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(5.05-16) 
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The  capacitance  C' t  ia  the  capacitance  per  unit  length  that  nuat  be  added 
at  each  edge  of  each  atrip  to  the  parallel  plate  capacitance,  ao  that  the 
total  capacitance  to  ground  for  the  even  node  will  be  correct.  ia 

the  correaponding  quantity  for  the  odd  node  and  ef  ia  the  relative 
dielectric  conatant.  The  even*  and  odd-node  fringing  capacitancea  are 
plotted  in  Fig.  5.05-4. 
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SOURCE:  Final  Report,  Contract  DA-36-039  SC-71862*  SRI;  reprinted 
in  IRK  Trans.,  PGMTT  Uee  Ref.  5,  by  S.  B.  Cohn). 

FIG.  5.05-4  EVEN-  AND  ODD-MODE  FRINGING  CAPACITANCES  FOR  BROADSIDE-COUPLED 
VERY  THIN  STRIPS  PARALLEL  TO  THE  GROUND  PLANES 


The  ev-en-  and  odd-node  characteriatic  impedance*  of  the  coupled  linea 
ahown  in  Figa.  5.05-Ka),  (d),  and  (e)  are  modified  alightly  when  the 
atripa  have  a  finite  thicknesa.  Correction  terma  that  account  for  the 
effecta  of  finite  thickneaa  have  been  derived  by  Cohn.7 
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Interleaved  Thin  Li  net  — The  configuration  of  coupled  atrip  linea 
illustrated  in  Fig.  5.0S*l(f)>  in  which  the  two  linea  of  width  c  are 
always  operated  at  the  sane  potential,  is  particularly  useful  when  it  is 
desired  to  obtain  tight  coupling  with  thin  strips  that  are  supported  by 
a  homogeneous  dielectric,  of  relative  dielectric  constant  e f ,  that  com* 
pletely  fills  the  region  between  the  ground  planes.9  The  dimensions  of 
the  strips  for  particular  values  of  and  Zfo  can  be  determined  with 
the  aid  of  Figs.  5.05*5  through  5.05-8.  For  this  purpose  one  needs  the 
definitions  that 
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(5.05-18) 
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where  C(>  and  Cao  are  the  total  capacities  to  ground  per  unit  length  of 
the  strips  of  width  c  or  the  strip  of  width  a,  when  the  lines  are  excited 
in  the  even  and  odd  modes,  respectively.  The  absolute  dielectric  constant 
c  is  equal  to  0.225  cr  pf  per  inch.  Using  the  values  of  Z#f  and  Z##  which 
are  assumed  to  be  known,  one  then  computes  A C/e  from 
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Values  of  6  and  g  are  then  selected  and  d/g  is  determined  from  Fig.  5.05-5. 
Next,  values  of  Cafl)/c  and  C'e/e  are  read  from  Figs.  5.05-6  and  5.05-7. 

These  quantities,  together  with  the  value  of  C#f/£  from  Eq.  (5.05-18), 
are  then  substituted  in  Eq.  (5.05-21)  to  give  c/b: 


c/6 


1  ~  i/h 
2 


c;./c 


(5.05-21) 


Finally,  C^/e 
to  give  a/6: 


is  found  from  Fig.  5.05-8  and  substituted  in  Eq.  (5.05*22) 


-  c:./<  -  0.441 


(5.05-22a) 


Thus  all  the  physical  dimensions  are  determined. 
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FIG.  5.05-5  INTFR-STRIP  CAPACITANCE  FOR  CONFIGURATION  IN  FIG.  5.05-1(0 


SOURCE:  Final  Report,  Contract  DA  36-039  SC-74862,  SRI;  reprinted 
in  IRE  Trans.,  PCMTT  (nee  Ref.  32,  by  W.  J.  Getainger). 


FIG.  5.05-6  FRINGING  CAPACITANCE  OF  OFFSET  THIN 
STRIP  IN  FIG.  5.05- 1(f) 
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FIG.  5.05-7  EVEN  MODE,  RIGHT-EDGE,  FRINGING  CAPACITANCE  TO  GROUND  FOR  EACH  OF  THE  DOUBLE 
STRIPS  OF  WIDTH  c  IN  FIG.  5.05-l(f) 
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Theae  formula*  are  exact  in  the  limit  of  a  and  e  »  b  ao  that  fringing 
field*  at  oppoaite  edgea  of  the  atripa  do  not  interact.  They  are  accurate  to 
within  1. 24  percent  when  a/b  >  0. 35  and  C ( c/6 ) / ( 1  ~  g/b)]  >0.35.  If  theae 
eonditiona  are  not  aatiafied,  it ia  poaaible  to  make  approximate  correctiona 
baaed  on  increaaing  the  parallel  plate  capacitance  to  compenaate  for  the  loaa 
of  fringing  capacitance  due  to  interaction  of  the  fringing  fielda.  If  an 
initial  value  al/b  ia  found  to  be  leaa  than  0.35,  a  new  value,  at/b,  can  be  uaed 
where 


0.07  +  Oj/6 

T  *  1T20 


(5.05- 22b ) 


provided  0.1  <  at/b  <  0.35.  A  aimilar  formula  for  correcting  an  initial 
value  Cj/fe  givea  a  new  value  ci/b,  a* 

e,  [0.07(1  -  g/b)  +  c  /b] 

—  •  -  ,  (5.05- 22c ) 


provided  g/b  ia  fairly  amall  and  0.1  <  (c2/6)/(l  -  g/b). 

When  the  atrip  of  width  a  i*  inserted  so  far  between  the  strips  of  width  c 
that  d/g  >  1 . 0  the  even-mode  values  C',/e  and  C' €/e  ,  do  not  change  from  their 
values  at  d/g  •  1 . 0.  However  the  value  of  AC/e  does  change  and  it  can  be  found 
simply  by  adding  4(d/g  “  1 )  to  the  value  of  AC/e  at  d/g  *  1 . 0.  For  spacing  be¬ 
tween  the  strips  of  width  c  greater  than  g/b  *  0. 5,  or  for  a  separation  d/g  < 
"2.0,  some  of  the  configurations  shown  in  Fig.  5. 05 -1(a),  (b),  or  (c )  are 
probably  more  suitable. 

Thick  Rectangular  Bars  —  The  thick  rectangular  bar  configuration  of 
coupled  transmission  lines,  illustrated  in  Fig.  5.05-l(g)  can  also  be 
conveniently  used  where  tight  coupling  between  lines  is  desired.  The 
dimensions  of  the  strips  for  particular  values  of  Zot  and  Z,,  can  be  de¬ 
termined  with  the  aid  of  Figs.  5.05-9  and  5.05-10(a), (b).  A  convenient 
procedure  for  using  the  curves  is  as  follows.  First  one  determines  AC/e 
from  Eq.  (5.05-20),  using  the  specified  values  of  Z#(  and  Z„.  Next  a 
convenient  value  of  t/b  is  selected  and  the  value  of  s/b  is  determined 
from  Fig.  5.05-9.  The  value  of  w/b  is  then  determined  from  the  equation 


v 

b 


(5.05-23) 


113 


FIG.  5.05-9  NORMALIZED  EVEN-MODE  FRINGING  CAPACITANCE  C/./e  AND  INTERBAR  CAPACITANCE 
AC/e  FOR  COUPLED  RECTANGULAR  BARS 


o 


FIG.  5.05- 10(a)  NORMALIZED  ODD-MODE  FRINGING  CAPACITANCE  FOR  RECTANGULAR  BARS 


SOURCE:  Quarterly  Report  2,  Contract  DA  36-039  SC-87398*  SRI;  reprinted 
in  IRE  Trent.,  PGMTT  (eee  Ref.  33,  by  W.  J.  Geteinger). 


FIG.  5.05-10{b)  NORMALIZED  FRINGING  CAPACITANCE  FOR  AN  ISOLATED  RECTANGULAR  BAR 


The  value  of  C  to  use  is  determined  from  the  specified  value  of  Z 
using  Eq.  (5.05-18).  The  fringing  capacitance  C'ft  for  the  even  mode  can 
he  read  from  Fig.  5.05-9,  and  can  be  determined  from  Fig.  5.05-10(b). 
The  curves  in  Fig.  5.05-10(a)  allow  one  to  determine  directly. 

The  various  fringing  and  parallel-plate  capacitances  used  in  the 
above  discussion  are  illustrated  in  Fig.  5.05-11.  Note  that  the  odd-mode 
fringing  capacitances  C'#  correspond  to  the  fringing  capacitances  between 
the  inner  edges  of  the  bars  and  a  metallic  wall  halfway  between  the  bars. 
It  is  seen  that  the  total  odd  mode  capacitance  of  a  bar  is 
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(5.05-24) 


and  the  total  even  mode  capacitance  of  a  bar  is 


(5. 05-25) 


The  normalized  per-unit- length  parallel  plate  capacitance 
C^/e  *  2 w/(i  -  t ) ,  and  e  ■  0.225c,.  pf  per  inch. 


SOURCE:  Quarterly  Report  2,  Contract  DA  36*039  SC-87398*  SRI; 
reprinted  in  IRE  Trans.,  PGMTT  (aee  Ref.  33,  by 
W.  J.  Getainger). 


FIG.  5.05-11  COUPLED  RECTANGULAR  BARS  CENTERED  BETWEEN 
PARALLEL  PLATES  ILLUSTRATING  THE  VARIOUS 
FRINGING  AND  PARALLEL  PLATE  CAPACITIES 


The  even-  and  odd-mode  fringing  capacitances  C^/e  and  C^#/e  were 
derived  by  conformal  (napping  techniques  and  are  exact  in  limits  of 
[w/6/(l  -  /b) ]  -  ®.  It  is  believed  thst  when  [w/fc/( 1  -  t/6)]  >  0.35 

the  interaction  between  the  fringing  fields  is  small  enough  no  that  the 
values  of  C##/c  and  C##/c  determined  from  Eqa.  (5.05-24)  and  (5.05-251 
are  reduced  by  a  maximum  of  1.24  percent  of  their  true  values. 

In  situations  where  an  initial  value,  w/6  is  found  from  Eq.  (5.05-23) 
to  be  less  than  0.35  [l  “  (t/6)]  so  that  the  fringing  fields  interact,  a 
new  value  of  »' /b  can  be  used  where 
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(5.05-26) 


..  {»  07  [•  -;]  *r} 

b  1.20 

provided  0.1  <  (w '  /b) /  [  1  -  (t/b)]  <  0.35. 

Unsymmetrical  Parallel-Coupled  Lines—  Figure  5.05*12  shows  an  un* 
symmetrical  pair  of  parallel -coupled  lines  and  various  line  capacitances. 
Note  that  C,  is  the  capacitance  per  unit  length  between  Line  a  and  ground, 
C,k  is  the  capacitance  per  unit  length  between  Line  a  and  Line  6,  while  C& 
is  the  capacitance  per  unit  length  between  Line  b  and  ground.  When  Ca  is 
not  equal  to  Ck ,  the  two  lines  will  have  different  odd*  and  even-mode  ad¬ 
mittances  as  is  indicated  by  Eqs.  (1)  in  Table  5.05-1.  In  terms  of  odd-  and 
even-mode  capacitances,  for  Line  a 

c:.  -  C.  +  2Cat  ,  Cl,  -  C.  (5.05-27) 

while  for  Line  6 

C!o  ■  C*  +  2C.»  •  Ct.  •  Cs  •  (5.05-28) 


FIG.  5.05-12  AN  UNSYMMETRICAL  PAIR  OF 
PARALLEL-COUPLED  LINES 
CB,  Cab,  and  Cb  are  line  capaci¬ 
tances  per  unit  length. 


For  symmetrical  parallel-coupled  lines  the  odd-mode  impedances  are 
simply  the  reciprocals  of  the  odd-mode  admittances,  and  analogously  for 
the  even-mode  impedances  and  admittances.  However,  as  can  be  demonstrated 
from  Eqs.  (2)  in  Table  5.05-1,  this  is  not  the  case  for  unsymmetrical 
psral lel-coupled  lines.  For  unsymmetrical  lines,  the  odd-  and  even-mode 
impedances  are  not  simply  the  reciprocals  of  the  odd-  and  even-mode 
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T«bl*  5.05-1 


RELATIONS  BETWEEN  LINE  ADMITTANCES,  IMPEDANCES,  AND 
CAPACITANCES  PER  UNIT  LENGTH  OF  ASYMMETRICAL 
PARALLEL- COUPLED  LINES 


v  ■  velocity  of  light  in  aedia  of  propagation 
*  1.18  *  10*°/t^7  inche»/»ec. 

77 0  “  intrinaic  iapedance  of  free  apace  *  376.7  ohaa 


C  ■  dielectric  conatant  ■  0.225  /|xf/inch 
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admi ttances .  The  reason  for  this  lies  in  the  fact  that  when  the  odd*  and 
even-mode  admittances  are  computed  the  basic  definition  of  these  ad¬ 
mittances  assumes  that  the  lines  are  being  driven  with  voltages  of 
identical  magnitude  with  equal  or  opposite  phase,  while  the  currents  in 
the  lines  may  be  of  different  magnitudes.  When  the  odd-  and  even-mode 
impedances  are  computed,  the  basic  definition  of  these  impedances  assumes 
that  the  lines  are  being  driven  by  currents  of  identical  magnitude  with 
equal  or  opposite  phases,  while  magnitudes  of  the  voltages  on  the  two 
lines  may  be  different.  These  two  different  sets  of  boundary  conditions 
can  be  seen  to  lead  to  different  voltage-current  ratios  if  the  lines  are 
unaymmetrical . 

Some  unaymmetrical  parallel-coupled  lines  which  are  quite  easy  to 
design  are  shown  in  Fig.  5. OS-13.  Both  bars  have  the  same  height,  and 
both  are'  assumed  to  be  wide  enough  so  that  the  interactions  between  the 


FIG.  5.05-13  CROSS  SECTION  OF  UNSYMMETRICAL, 
RECTANGULAR-BAR  PARALLEL- 
COUPLED  LINES 


fringing  fields  at  the  right  and  left  sides  of  each  bar  are  negligible, 
or  at  least  small  enough  to  be  corrected  for  by  use  of  Eq.  (5.05-26).  On 
this  basis  the  fringing  fields  are  the  sane  for  both  bars,  and  their 
different  capacitances  C(  and  Ct  to  ground  are  due  entirely  to  different 
parallel-plate  capacitancea  C*  and  C*.  For  the  structure  shown 

c.  -  2(c;  +  c*  +  c'ft) 

-  «v.  -  c;,) 
ck  .  2(c;  ♦  c;  +  c;,) 

19# 


(5.05-99) 


To  design  a  pair  of  lines  such  as  those  in  Kig.  5.05-13  so  as  to 
hsve  specified  odd-  and  even-mode  admittances  or  impedances,  first  use 
Eqa.  (3)  or  (4)  in  Table  5.05-1  to  compute  C#/e,  C#t/e,  and  C^/e.  Select 
a  convenient  value  for  t/b,  and  noting  that 


(5.05-30) 


use  Kig.  5.05-9  to  determine  s/h,  and  also  C'^/e.  Using  t/b  and 
Fig.  5.05-10(b)  determine  C'^/e,  and  then  compute 


(5.05-32) 


Knowing  the  ground-plane  spacing  fc,  the  required  bar  widths  and  u>b 
are  then  determined.  This  procedure  also  works  for  the  thin-strip  case 
where  t/b  =  0.  If  either  or  “t/h  is  Jess  than  0 . 3 5 [ 1  “  t/b] , 

Eq .  (5.05-26)  should  be  applied  to  obtain  corrected  values. 

Arrays  of  1‘aral  le  l-Coupled  L  ines  — -Figure  5.05-14  shows  an  array  of 
parallel -coupled  lines  such  as  is  used  in  the  interdigital-line  filters 
discussed  in  Chapt.  10.  In  the  structure  sliown,  all  of  the  bars  have  the 
same  t/b  ratio  and  the  other  dimensions  of  the  bars  are  easily  obtained 


!■« —  "o  — » *-  ®oi  -4*  w,  -4*-  »n  -4*-  **  -+-  •*»  -4*-  *j  ■4*-  •>«  ~4 


SOURCE*  Quarterly  Progress  Report  4*  Contract  DA  36-039  SC-87398,  SRI; 

reprinted  in  the  /RE  Trans.  PCMTT  (see  Ref*  3  of  Chapter  10, 
by  G.  L.  Matthaei) 


FIG.  5.05-14  CROSS  SECTION  OF  AN  ARRAY  OF  PARALLEL-COUPLED 
LINES  BETWEEN  GROUND  PLANES 
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by  generalizing  the  procedure  described  for  designing  the  unsymmetrica  1 
parallel-coupled  lines  in  Fig.  5.05-13.  In  the  structure  in  Fig.  5.05-14 
the  electrical  properties  of  the  structure  are  characterized  in  terms  of 
the  se  1  f -capac  i  tances  per  unit  length  of  each  bar  with  respect  to 
ground,  and  the  mutual  capacitances  C k ( t  +  j  per  unit  length  between  ad¬ 
jacent  bars  A'  and  k  +  1 .  This  representation  is  not  necessarily  always 
highly  accurate  because  there  can  conceivably  be  a  significant  amount  of 
fringing  capacitance  in  some  cases  between  a  given  line  element,  and,  for 
example,  the  line  element  beyond  the  nearest  neighbor.  However,  at  least 
for  geometries  such  as  that  shown,  experience  has  shown  this  represen¬ 
tation  to  have  satisfactory  accuracy  for  applications  such  as  interdigital 
filter  des i gn . 

For  design  of  the  p a ra 1 le 1 -coup  1 ed  array  structures  discussed  in 
this  look,  ejuations  will  be  given  for  the  normalized  self  and  mutual 
capacitances  ('k/t  and  l  +  1/e  per  unit  length  for  all  the  lines  in  the 
structure.  Then  the  cross-sectional  dimensions  of  the  bars  and  spacings 
between  them  are  determined  as  follows.  First,  choose  values  for  t  and 
b.  Then,  since 

*  ,  *  ♦  1  ,  k  +i 

-  -  -  (5.05-33) 

*■:  e 


Fig-  5.05-9  can  be  used  to  determine  s  k  b.  In  this  manner,  the 

spacings  s k  4  letween  all  the  bars  are  obtained.  Also,  using 
F'ig.  5.05-9,  the  normalized  fringing  capacitances  (C^  f)  k  ktl/€  associated 
with  the  gaps  s k  between  bars  are  obtained.  Then  the  normalized 

width  of  the  Fth  bar  is 


b 


(<*•;,)  •  (c;,) 

'  *  »-l ,  *  1  *  * , 


*♦1 


(5.05-34) 


In  the  case  of  the  bar  at  the  end  of  the  array  (the  bar  at  the  far  left 
in  Fig  5.05-14),  C^cA  for  the  edge  of  the  bar  which  has  no  neighbor 
must  be  replaced  by  C'j/e  which  is  determined  from  Fig.  5.05-10(b).  Thus, 
for  example,  for  Bar  0  in  Fig.  5.05-14, 


(5.05-35) 
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If  w^,  b  <  0 . 3 5 [  1  -  t  '6]  for  any  ol'  the  bars,  the  width  correction  given 
in  Kq.  (5.05-26)  should  be  applied  to  those  bars  where  this  condition 
exists. 

SIX.  5.06,  SPECIAL  PllOPKKTIKS  OK  NAVI-GUIDES 

A  waveguide  consisting  of  a  single  hollow  conductor  that  can  propa¬ 
gate  electromagnetic  energy  above  a  certain  cutoff  frequency,  /  ,  is  also 
a  very  useful  element  in  microwave  filters.  A  waveguide  can  propagate  an 
infinite  number  of  modes,  which  can  be  characterized  as  being  either  TE 
(transverse  electric)  or  TM  (transverse  magnetic).  The  TE  modes  have  a 
magnetic  field  but  no  electric  field  in  the  direction  of  propagation, 
while  TM  modes  have  an  electric  field  but  no  magnetic  field  in  the  di¬ 
rection  of  propagation.  Usually  a  waveguide  is  operated  so  Lhat  it  propa¬ 
gates  energy  in  a  single  mode,  and  under  this  condition  it  can  be  described 
as  a  transmission  line  with  a  propagation  constant  y  and  a  characteristic 
impedance  XQ.  The  propagation  ronstant  for  a  waveguide  is  uniquely  de¬ 
fined.  The  characteristic  impedance  of  a  waveguide  can  be  considered  to 
be  the  wave  impedance  of  the  guide,  / *  (i.e.,  the  ratio  of  the  transverse 
electric  to  the  transverse  magnetic  field  in  the  guide),  multiplied  by  a 
constant.  The  value  of  the  constant  depends  on  what  definition  of  charac¬ 
teristic  impedance  is  employed  (i.e.,  vo  !  t  age  -  cur  r.cn  t ,  vo  1 1  age  -  power  ,  or 
current  -  power ) .  Thus  it  is  seen  that  the  characteristic  impedance  of  a 
waveguide  is  not,  a  unique  quantity,  as  it  is  in  the  case  of  a  TEM  trans¬ 
mission  line.  However,  this  luck  of  uniqueness  turns  out  to  be  unimportant 
in  waveguide  filter  calculations  because  one  can  always  normalize  all 
waveguide  equivalent  circuit  elements  to  the  characteristic  impedance  of 
the  guide. 

In  a  lossless  waveguide  filled  with  dielectric  of  relative  dielectric 
constant  er,  the  guide  wavelength  A  ,  free-space  wavelength  A,  wavelength 
in  the  dielectric  Aj  ,  and  cutoff  wavelength  A.( ,  are  related  as 

—  +  —  (5.06-1) 

A2  A2 

<  « 

The  characteristic  impedance  that  we  shall  assume  for  convenience  to  equal 
the  wave  impedance  is 
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K  A,  TE  modes 
/e  *  1 


Z.  ■  — -  «  ^ 

0  y  ’ 
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,3 .  ■  —  radians  /unit  length 

K  _ 


(5.06-2) 


J  (  i  y 

-==  A  /A.  TM  modes 
/£  *  ■ 

The  propagation  phase  constant  /3f  is 


(5.06-3) 


The  most  common  form  of  waveguide  for  use  in  microwave  filters  is  a 
rectangular  waveguide  of  width  a  and  height  b  operating  in  a  TEj „  mode. 
TEa 0  modes  have  cutoff  wavelengths 


2a 

m 


(5.06-4) 


The  index  m  equals  the  number  of  half-waves  of  variation  of  the  electric 
field  across  the  width,  a,  of  the  guide.  The  cutoff  frequency  fc 
(measured  in  gigacycles)  is  related  to  tiie  cutoff  wavelength  in  inches  as 

,  11.8  . — 

f  •  -  /T~  (5.06-5) 

c  A  r 

c 

The  dominant  mode,  that  is,  the  one  with  the  lowest  cutoff  frequency,  is 
the  l'Ej  Q  mode. 

The  dominant  mode  in  circular  waveguide  of  diameter  I)  is  the  TEj  j 
mode.  The  cutoff  wavelength  of  the  TEj,  mode  is  1. 706(1. 

The  attenuation  of  these  modes  due  to  losses  in  the  copper  conductors 
are  for  TE<0  modes  in  rectangular  guide 


<TEa0> 


db/unit  length 


(5.06-6) 
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and  for  the  TEj j  mode  in  circular  guide 


db/unit  length  (5.06-7) 


where  /  is  measured  in  gigacycles.  These  values  of  attenuation  are 
plotted  in  Fig.  5.06-1. 

The  attenuation  caused  hy  losses  in  the  dielectric  in  any  waveguide 
mode  is 

db/unit  length  (5.06-8) 


where  tan  8  is  the  loss  tangent  of  the  dielectric.  The  unloaded  (J,  of 
a  waveguide*  is 


Q 


(5.06-9) 


where  Q d  depends  only  on  losses  in  the  dielectric  and  is  given  by 


Q* 


1 

tsn  8 


(5.06-10) 


and  Qc  depends  only  on  the  ohmic  losses  in  the  wsveguide  walls  and  is 
given  by 


<?. 


77  A. 


(5.06-11) 
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FIG.  5.06-1  WAVEGUIDE  ATTENUATION  DATA 
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For  rectangular  copper  waveguidea  operating  in  the  TE1#  mode,  we  have 


(Te.o> 


1.212  x  104  6  Sf 


a 


(5.06-12) 


where  a  end  b  are  meaaured  in  inches,  and  f  in  gigacycles.  For  a  cir¬ 
cular  waveguide  operating  in  the  TEj t  mode,  we  have 


(TIll) 


0.606  x  10*  D  vj 


0.420  + 


(5.06-13) 


where  D  is  measured  in  inches  and  /  in  gigacyclea.  These  expressions 
for  Qc  are  plotted  in  Fig.  5.06-2. 

The  power-handling  capacity  /Ja4j(  of  air-filled  guides,  at  atmospheric 
pressure,  assuming  a  breakdown  strength  of  29  kv/cm,  for  the  TEa0  mode  in 
rectangular  guide  is 

0)  “  3.6  “h  —  megawatts  ,  (5.06-14) 

and  for  the  TEjj  mode  in  circular  guide 

^■•*(teu)  ’  2.7  D 2  —  megawatts  (5.06-15) 


where  F  is  average  power  in  megawatts  and  the  dimensions  are  in  inches. 

In  a  rectangular  waveguide  operating  in  the  TEj 0  mode,  with  an  aspect 
ratio  b/a  of  0.5  or  0.45,  the  next  higher-order  mode  is  the  TEJ#  with  cut¬ 
off  wavelength  ■  a.  Next  come  the  TE, j  or  TMj j  modes  each  of  which  has 
the  same  cutoff  wavelength,  \(  ■  2 <*h//o2  +  6*.  In  the  circular  waveguide, 
the  next  higher-order  mode  is  the  TM01  mode,  which  hss  Kf  ■  1.305  D- 
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FIG.  5.06-2  WAVEGUIDE  Q  DATA 
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SEC,  5.07,  COMMON  TRANSMISSION  LINE  DISCONTINUITIES 


This  section  presents  formulas  and  curves  for  some  of  the  common 
discontinuities  in  transmission  lines.  Other  more  complete  results  are 
to  be  found  in  the  1  i  tera ture .  *  '  ® 1 U' 11 

Changes  in  Diameter  of  Coaxial  Lines — When  a  change  is  made  in  the 
diameter  of  either  the  inner  or  outer  conductor  of  a  coaxial  line,  or  in  both 
conductors  simultaneously,  the  equivalent  circuits  can  be  represented  as  shown  in 
Fig.  5. 07-1.  10,11  The  equivalent  shunt  capacity,  ,  for  each  of  these 
cases  is  given  in  Fig.  5.07-2.  These  equivalent  circuits  apply  when  the 
operating  frequency  is  appreciably  below  the  cutoff  frequency  of  the  next 
higher-order  propagating  mode. 

Changes  in  H idth  of  Center  Conductor  of  a  Strip  Line  —  The  change  in 
widtli  of  the  center  conductor  of  a  strip  line  introduces  an  inductive 
reactance  in  series  with  the  line.12  In  most  situations  this  reactance 
is  small  and  can  be  neglected.  The  approximate  equivalent  circuit  for 
this  situation  is  shown  in  Fig.  5.07-3. 

Compensated  Might -Angle  Comer  in  Strip  Line—.\  low-VSWR  right-angle 
corner  can  be  made  in  strip  line  if  the  outside  edge  of  the  strip  is 
beveled.  Figure  3.07-4  shows  the  dimensions  of  some  matched  right-angle 
corners  for  a  plate-spacing- to- wavelength  ratio,  b  K,  of  0.0845.  These 
data  were  obtained  for  a  center  strip  conductor  having  negligible  thick¬ 
ness;  however,  the  data  should  apply  with  acceptable  accuracy  for  strips 
of  moderate  thickness. 

Fringing  Capacitance  for  Semi- Inf inite  Plate  Centered  Between 
Parallel  Ground  Planes — The  exact  fringing  o.*p  il.»ncs,  C^,  from  one 
corner  of  a  semi  -  infinite  plate  centered  between  parallel  ground  planes 


where  e  •  0.225  er  micromicrofarads  per  inch  and  er  is  the  relative 
dielectric  constant  of  the  material  between  the  semi - infini te  plate  and 
the  ground  planes.  Fringing  capacitance,  CJ,  is  plotted  in  Fig.  5.07-5. 
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FIG.  5.07-2  COAXIAL-LINE-! 
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FIG.  5.07-3  STRIP-LINE  STEP  EQUIVALENT  CIRCUIT 


FIG.  5.07-4  MATCHED  STRIP-LINE  CORNER 
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0.0  0.1  02  0.9  0.4  0.9  0.9  0.7  0 M  03  1.0 


6  e-mr-w 

SOURCE:  Fiiutl  Report  Contract  DA  36-039  SC-63232,  SRI;  rnpriatod 
in  IRE  Trant.,  PGMTT  (nee  Ref.  2,  by  S.  B.  Coha). 


FIG.  5.07-5  EXACT  FRINGING  CAPACITANCE  FOR  A  SEMI-INFINITE  PLATE 
CENTERED  BETWEEN  PARALLEL  GROUND  PLANES 
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Strip-Line  T-Junctiong—A  symmetrical  strip-line  T-junction  of  the 
type  illustrated  in  Fig.  S.0?-6(a)  can  be  represented  by  the  equivalent 
circuit  shown  in  Fig.  5 . 07 -6(b).  A  short-circuit  plsced  in  turn  in  esch 
of  the  three  srms,  at  distances  equal  to  multiples  of  one-half  wavelength 
from  the  corresponding  reference  planes  lsbeled  P j  and  PJt  will  block 
transmission  between  the  other  two  arms  of  the  junction. 

Measured  values  obtained  for  the  equivalent  circuit  parameters  of 
sixteen  different  strip-line  T-junctions  are  shown  in  Figs.  5.07-7. 

5.07-8,  and  5.07-9-  The  thickness,  t,  of  the  strips  used  in  these  meas¬ 
urements  was  0.020  inch,  while  the  ground-plane  spacing  was  0.500  inch. 

The  widths  of  the  strips  having  35,  50,  75,  and  100  ohms  characteristic 
impedance  were  1.050,  0.663,  0.105,  and  0.210  inches,  respectively. 
Measurements  carried  out  in  the  frequency  band  extending  from  2  to  5  Gc, 
corresponding  to  values  of  b/K  varying  from  0.085  to  0.212.  It  was  found 
that  the  reference  plane  positions  were  almost  independent  of  frequency 
for  all  sixteen  T-junctions,  and  therefore  only  the  values  corresponding 
to  6/A  of  0.127  are  shown  in  Fig.  5.07-7.  It  is  seen  from  an  inspection 
of  Fig.  5.07-8  thal  A,  the  equivalent  transformer  turns  ratio  squared,  is 
sensitive  to  frequency  and  has  a  value  approximately  equal  to  unity  for 
b/K  very  small,  and  decreases  considerably  for  larger  values  of  b/K.  The 
values  of  the  discontinuity  susceptance,  Bd,  vary  considerably  from  one 
junction  to  another,  and  in  some  instances  are  quite  frequency-sensitive. 
It  is  believed  that  Bd  is  essentially  capacitive  in  nature.  Thus  positive 
values  of  Bd  correspond  to  an  excess  of  capacitance  at  the  junction,  while 
negative  values  correspond  to  a  deficiency. 

Although  the  data  presented  in  Figs.  507-7,  5.07-8,  and  5.07-9  are 
for  T-junctions  with  air-filled  cross  section  and  with  the  ratio 
t/b  ■  0.040,  these  data  may  be  applied  to  other  cross  sections.  For  in¬ 
stance,  it  is  expected  that  these  data  should  hold  for  any  strip-thickness 
ratio,  t/6,  up  to  at  least  0.125  if  the  same  characteristic  impedances  are 
maintained. 

In  the  case  of  a  dielectric-filled  section,  er  >  1,  the  data  are  ex¬ 
pected  to  apply  with  good  accuracy  if  one  divides  the  characteristic 
impedances  .  and  by  and  multiples  b/K  and  B  d/Y  ^  by  ve~ . 

Change  in  Height  of  a  Rectangular  Waveguide® —The  equivalent  circuit 
of  the  junction  of  two  waveguides  of  different  height  but  the  same  width, 
which  are  both  operating  in  the  TEj #  mode  can  be  represented  as  shown  in 
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FIG.  5.07-8  MEASURED  TRANSFORMER-TURNS  RATIO  SQUARED  FOR  SIXTEEN 
STRIP-LINE  T-JUNCTiONS 


FIG.  5.07-9 


MEASURED  DISCONTINUITY  SUSCEPTANCE  OR  SIXTEEN  STRIP'S. ine 

t-junctions 
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CROSS  SECTIONAL  VIEW 


SIDE  VIEW 


EQUIVALENT  CIRCUIT 


(0)  SYMMETRIC  JUNCTION 


CROSS  SECTIONAL  VIEW 


SIDE  VIEW 


(b)  ASYMMETRIC  JUNCTION 


SOURCE*  Waveguide  Handbook  (see  Ref.  8.  edited  by  N.  Marcuvitz). 


equivalent  circuit 


a-sstr-t«i 


FIG.  5.07-10  EQUIVALENT  CIRCUIT  FOR  CHANGE  IN  HEIGHT  OF  RECTANGULAR 
WAVEGUIDE 


2M 


b  '  »-  imm 


SOCHCKi  I.ji  reui'tr  /Am./ 1.-...*  Is.-.-  Iff-  H.  .--iil.-.l  I.y  N.  Mur.uvit/t. 

FIG.  5.07-11  SHUNT  SUSCEPTANCE  FOR  CHANGE  IN  HEIGHT  OF  RECTANGULAR  GUIDE 
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Fig.  5.07-10.  The  normalised  auaceptance  BA  /F#6  ia  plotted  in 
Fig.  5.07-11  for  varioua  valuea  of  b/A  ,  and  ia  accurate  to  about 
1  percent  for  6/Ag  <  1. 

SEC.  5.08,  THANSMISSION  LINES  AS  RESONATORS 

In  many  microwave  filter  deaigna,  a  length  of  tranamiaaion  line 
terminated  in  either  an  open-circuit  or  a  ahort-circuit  ia  often  used 
as  a  resonator.  Figure  5.08-1  illustrates  four  resonators  of  t-his  type, 
together  with  their  lumped-constant  equivalent  circuits.  It  is  to  be 
noted  that  the  resonators  in  Fig.  508-l(a)  and  5.08-l(b)  each  have 
lengths  which  are  multiples  of  one-half  guide  wavelength,  and  that  the 
lumped-constant  equivalent  circuit  of  the  transmission  line  which  is 
short-circuited  at  one  end  is  the  dual  of  the  equivalent  circuit  of  the 
transmission  line  with  an  open-circuit  termination.  Similarly,  the 
resonators  in  Fig.  S . 08 -1(c)  and  5.08-l(d)  have  lengths  which  are  odd 
multiples  of  one-quarter  guide  wavelength,  and  their  lumped  constant 
equivalent  circuits  are  also  duals  of  one  another.  The  quantities  <X(, 

Aj#  and  A.g  are  the  attenuation  of  the  transmission  line  in  nepers  per 
unit  length,  the  guide  wavelength  at  the  resonant  frequency,  and  the 
plane-wave  wavelength  at  tne  resonant  frequency,  respectively,  in  the 
dielectric  medium  filling  the  resonator. 

The  equivalence  between  the  lumped  constant  circuits  and  the  micro- 
wave  circuits  shown  was  established  in  the  following  fashion.  The  values 
of  the  resistance,  A,  and  conductance,  G,  in  the  lumped-constant  equiva¬ 
lent  circuits  were  determined  as  the  values  of  these  quantities  for  the 
various  lines  at  the  resonance  angular  frequency,  o>#.  The  reactive 
elements  in  the  lumped-constant  equivalent  circuits  were  determined  by 
equating  the  slope  parameters  (defined  below)  of  the  lumped -element 
circuits  to  those  of  the  transmission- line  circuits  which  exhibited  the 
aame  type  of  reaonance.  The  general  definition  of  the  reactance  slope 
parameter  «,  which  applies  to  circuits  that  exhibit  a  aeries  type  of 
reaonance,  is 

wo  dX 

*  •  —  ~T~  ohma  (5.08-1) 

2  a to 

*  a># 

where  X  ia  the  reactance  portion  of  the  input  impedance  to  the  circuit. 
The  auaceptance  slope  parameter  4,  which  applies  to  circuits  that  exhibit 
a  parallel  type  of  reaonance,  ia 

a« 


FIG.  5.08-1  SOME  TRANSMISSION  LINE  RESONATORS 
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mhos 


(5.08-2) 


.  u0  dB 

’>  m  -  - 

2  <^0 

where  B  is  the  susceptance  component  of  the  input  admittance  of  the 
circuit. 

The  above  general  definitions  for  slope  parameters  provide  a  con¬ 
venient  means  for  relating  the  resonance  properties  of  any  circuit  to  a 
simple  lumped  equivalent  circuit  such  as  those  in  Fig.  5.08-1-  The 
reactance  slope  parameter  x  given  by  Eq .  (5.08-1)  is  seen  to  be  equal  to 
oijt  ■  1,  (o)#C)  for  the  equivalent,  series,  lumped-element  circuit,  while 
the  susceptance  slope  parameter  &  is  equal  to  a>0C  ■  1/  for  the 

equivalent,  parallel,  lumped-element  circuit.  Considerable  use  will  be 
made  of  these  parameters  in  later  chapters  dealing  with  band-pass  and 
banJ-stop  microwave  filters. 

It  should  be  noted  in  Fig.  5.08-1  that  the  use  of  reactance  or  sus¬ 
ceptance  slope  parameters  also  leads  to  convenient  expressions  for  Q, 
and  for  the  input  impedance  or  admittance  of  the  circuit  in  the  vicinity 
of  resonance.  For  narrow-band  microwave  applications,  the  approximate 
equivalence 


u>.\ 

✓  O)  “  Cl).\ 

°\  „  1 

f  °\ 

—  r  2 

. 

{  w0  / 

(5.08-3) 


is  often  convenient  for  use  in  the  expressions  for  input  impedance  or 
admittance . 


SEC.  5.09,  COUPLED- STH I P- THANSM I SS I  ON  - L I NE  FILTEH  SECTIONS 

The  natural  electromagnetic  coupling  that  exists  between  parallel 
transmission  lines  can  be  used  to  advantage  in  the  design  of  filters  and 
directional  couple rs .  l4,  l5,  ,6, 17,  **’  20  In  this  section,  formulas  are  given 

for  filter  sections  constructed  of  para  1  lei -coupled  lines  of  the  types 
illustrated  in  Fig.  5.05-1-  Several  cases  involving  unsymmetrical 
parallel -coupled  lines  as  in  Figs.  5.05-12  and  5.05-13  are  also  considered. 

The  ten  coupling  arrangements  that  can  be  obtained  from  a  pair  of 
symmetrical,  coupled  transmission  lines  by  placing  open-  or  short-circuits 
on  various  terminal  pairs,  or  by  connecting  ends  of  the  lines  together, 
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are  illustrated  in  Fig.  5.09-1.  In  this  figure,  schematic  diagrams  of 
single  sections  of  each  type  are  shown,  together  with  their  image  pa¬ 
rameters  and  either  their  open-circuit  impedances  or  their  short-circuit 
admittances.  In  addition,  equivalent  open-wire  transmission-line 
circuits  l'or  eight  of  the  coupled  transmission  line  sections  are  shown 
beneath  the  corresponding  schematic  diagram. 

In  the  schematic  diagrams  of  the  coupled-transmission- line  sections 
in  Fig.  5.09-1,  the  input  and  output  ports  are  designated  by  small  open 
circles.  The  image  impedance  seen  looking  into  eacli  of  these  ports  is 
also  indicated  near  each  port.  Open -ci rcui ted  ports  of  the  coupled  lines 
are  shown  with  no  connection,  while  short-circuited  ports  are  designated 
with  the  standard  grounding  symbol.  In  the  equivalent  t ransmi ssi on  -  1  i ne 
circuits  shown  beside  the  schematic  diagrams,  a  two-wire  line  represen¬ 
tation  is  used.  In  each  case,  tiie  characteristic  impedance  or  admittance 
of  the  lengths  of  transmission  line  is  shown,  together  with  the  electrical 
length,  b.  The  equivalence  between  the  pa ra 1 1 e 1  -  coup  1 ed  line  sections  and 
the  non -pa ra  1  le 1 -coupled  line  sections  shown  is  exact. 

Figure  5.09-2  shows  the  same  para  1 le 1  -  coupled  sections  as  appear  in 
Figs.  5  -  09-1 ( b ) .  (c),  (d),  but  for  cases  where  the  strip  transmission 
lines  have  unsymme t r i ca  1  cross  sections.*  The  line  capacitances  C’g, 
and  C’4  per  unit  length  are  as  defined  in  Fig.  5.05-12.  It  is  interesting 
to  note  that  in  the  case  of  Fig.  5.09-2(a)  the  line  capacitances  per  unit 
length  for  the  left  and  right  shunt  stub  in  the  equivalent  open-wire 
representation  are  the  same  as  the  corresponding  capacitances  per  unit 
length  between  Line  a  and  ground,  and  Line  b  and  ground,  respectively. 
Meanwhile,  the  capacitance  per  unit  length  for  the  connecting  line  in  the 
open-wire  circuit  is  the  same  as  the  capacitance  per  unit  length  between 
Lines  a  and  b  of  the  paral lei -coupled  representation.  In  Fig.  5 . 09 -2(b) 
the  dual  situation  holds,  where  and  are  the  self-inductances  per 
unit  length  of  Lines  a  and  b  in  the  parallel-coupled  representation,  while 
L%k  is  the  mutual  inductance  per  unit  length  between  the  parallel-coupled 
lines.  Since  the  line  capacitances  are  more  convenient  to  deal  with,  the 
line  impedances  of  the  equivalent  open-wire  circuit  are  also  given  in 
terms  of  C#,  Cjt<  and  C4 ,  for  all  three  cases  in  Fig.  5.09-2.  The 
quantity  v  indicated  in  Fig.  5.09-2  is  the  velocity  of  light  in  the 
medium  of  propagation. 

Tka  raiulti  ia  Fi|.  $.09-2  tad  alia  tbit  ia  Fi|i.  $.09-5  ia<  5.09-4  vara  aktaiaad  by 

aataaaioa  •(  tka  rualti  Ia  hli.  19  tad  20. 
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FIG.  5.09-2  SOME  USEFUL  UNSYMMETRICAL  PARALLEL-COUPLED  STRIP-LINE 


SECTIONS  AND  THEIR  EQUIVALENT  OPEN-WIRE  LINE  SECTIONS 


Paromtttrs  C  ,  C#b,  and  Cfa  art  lint  capacltancts  ptr  unit  Itngth  a>  dtfintd 
in  Fig.  5.05-12.  v  ■  vtlocity  of  propagation.  All  lints  art  of  tht  saint  Itngth. 
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FIG.  5.09-3  SOME  PARALLEL-COUPLED  STRIP-LINE  AND  OPEN-WIRE-LINE 
EQUIVALENCES  WHICH  APPLY  UNDER  SPECIAL  CONSTRAINTS 
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FIG.  5.09-4  A  PARALLEL-COUPLED  SECTION  AND  TWO  OPEN-WIRE-LINE 
CIRCUITS  WHICH  ARE  EXACTLY  EQUIVALENT 
The  Ca,  Cob,  and  Cb  art  at  indicated  in  Fig.  5.05-12. 
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In  the  cases  of  the  circuits  in  Fige.  5.09-2(a),  end  (b),  if  the 
parallel-coupled  aectiona  are  properly  terminated,  their  equivalent 
open-wire  line  circuit  simplifies  in  a  very  intereating  and  uaeful  way. 
Thia  is  illustrated  in  Fig.  5.09-3(a)  and  (b).  Note  that  when  the  indi¬ 
cated  constraints  are  applied,  the  equivalent  open-wire  circuit  reduces 
to  simply  an  ideal  transformer  and  a  single  stub.  In  spite  of  the  con¬ 
straint  equations  which  are  enforced  in  these  circuits,  there  are  still 
sufficient  degrees  of  freedom  so  that  for  specified  Y  and  Gf  or  Z(  and 
Rj,  a  wide  range  of  YA  or  ZA,  respectively,  can  be  accommodated.  For 
this  reason  these  two  structures  will  prove  quite  useful  for  use  with 
certain  types  of  band-pass  filters  for  the  purpose  of  effectively  real¬ 
izing  a  series-  or  shunt-stub  resonator,  along  with  obtaining  an  impedance 
transformation  which  will  accommodate-  some  desired  terminating  impedance. 
In  a  somewhat  more  complex  way,  the  circuit  in  Fig.  5.09-2(c)  will  also 
prove  useful  for  similar  purposes. 

Figure  5.09-4  shows  the  parallel -coupled  section  in  Fig.  5 . 09- 1 ( i ) 
generalized  to  cover  the  case  where  the  two  strip  lines  may  be  of  dif¬ 
ferent  widths.  At  (a)  is  shown  the  structure  under  consideration,  while 
at  (b)  and  (c)  are  shown  two  open-wire  line  structures  which  are  identi¬ 
cally  equivalent  electrically  to  the  strip-line  structure  at  (a).  As 
previously  indicated,  para  1 le 1 -coupled  structures  of  this  sort  are  all¬ 
stop  structures  as  they  stand,  but  when  properly  used  with  lumped 
capacitances,  they  become  the  basis  for  the  comb-line  form  of  filter 
discussed  in  Sec.  8-13. 

SEC.  5.10,  IHIS-COUPLEn  WAVEGUIDE  JUNCTIONS 

Bethe21,  2’  a'  24  has  developed  a  general  perturbation  technique  for 
calculating  the  scattering  of  power  by  small  irises  connecting  one  trans¬ 
mission  line  with  another.  The  theory  is  applicable  even  though  the  two 
transmission  lines  have  different  cross  sections  and  operate  in  different 
modes;  however,  it  applies  rigorously  only  to  infinitesimally  thin  irises 
whose  dimensions  are  small  in  terms  of  the  operating  wavelength.  These 
irises  should  be  located  far  from  any  corners,  in  a  transmission-line 
wall  whose  radius  of  curvature  is  large  in  terms  of  wavelength.  In 
practice  it  is  found  that  the  theory  holds  reasonably  well  even  when  the 
irises  are  located  relatively  close  to  sharp  corners  in  transmission-line 
walls  of  fairly  small  radii  of  curvature.  For  irises  of  finite  thickness, 
it  is  found  that  Bethe's  theory  is  still  applicable  except  that  the 


transmission  through  the  iria  ia  reduced.**  In  many  instances  it  is 
possi>.v.e  to  use  Cohn's  frequency  correction**  where  the  iris  dimensions 
are  not  negligibly  small  with  respect  to  a  wavelength. 

Bethe’s  original  derivations*' **• 8  appeared  in  a  series  of  MIT 
Radiation  Laboratory  Reports,  copies  of  which  are  quite  difficult  to 
obtain.  Recently  Collin*  has  derived  some  of  Uethe's  results  using  a 
different  approach,  and  these  results  are  readily  available.  Marcuvitz** 
recast  much  of  Bethe's  work  and  derived  many  equivalent  circuits  for 
iris-coupled  transmission  lines,  many  of  which  are  presented  in  the 
Waveguide  Handbook.  *  A  paper  by  Oliner**  contains  some  additional  circuits 
for  iris-coupled  lines. 

Bethe's  calculation  of  the  scattering  of  power  by  small  irises 
actually  consists  of  two  distinct  steps.  The  first  step  is  the  compu¬ 
tation  of  the  electric  dipole  moment,  p,  and  the  magnetic  dipole  moment, 

«,  induced  in  the  iria  by  the  exciting  fields.  The  next  step  is  the 
calculation  of  the  fields  radiated  by  the  electric  and  magnetic  dipole 
moments . 

Figure  5.10-1  illustrates  two  paral lei -plane  transmission  lines  con¬ 
nected  by  a  small  iris.  The  electric  field,  £  ,  in  the  bottom  line  will 

couple  through  the  iris  in  the  manner  shown  in  Fig.  5.10-l(a).  To  a 
first-order  approximation,  the  distorted  field  within  the  iris  can  be 
considered  to  arise  from  two  electric  dipole  moments,  each  of  strength  p, 
induced  in  the  iris  by  the  exciting  electric  field  £e||  as  shown  in 
Fig.  5. 10-l(b).  The  electric  dipole  moment  in  the  upper  line  is  parallel 
to  while  the  electric  dipole  moment  in  the  lower  line  is  oppositely 

di rected . 


(o)  (b)  ft-MCT-IH 

FIG.  5.10-1  ELECTRIC  DIPOLE  MOMENTS  INDUCED  IN  AN  IRIS  BY  AN  ELECTRIC 
FIELD  NORMAL  TO  THE  PLANE  OF  THE  IRIS 


Figure  5.10-2  illustrates  the  magnetic  field  coupling  through  an 
iris  connecting  two  parallel-plane  transmission  lines.  Again  the  dis¬ 
torted  magnetic  field  within  the  iris  can  be  considered  to  arise  from 
two  magnetic  dipole  momenta  each  of  strength  *,  induced  in  the  iris  by 
the  exciting  tangential  magnetic  field,  ,  The  magnetic  dipole  moment 
in  the  upper  line  is  directed  anti -paralle  1  to  W# f ,  while  that  in  the 
lower  line  is  oppositely  directed  and  parallel  to  lia  ( . 


(o)  (b) 

FIG.  5.10-2  MAGNETIC  DIPOLE  MOMENTS  INDUCED  IN  AN  IRIS  BY  A  MAGNETIC 
FIELD  TANGENTIAL  TO  THE  PLANE  OF  THE  IRIS 

I h e  strength  of  the  electric  dipole  moment  p,  is  proport i ona  1  to 
the  product  of  the  electric  po 1  a r i sub i I i t v  /'  oi  the  iris  and  the  exciting 
field,  i  Its  value  in  mks  units  is 

o  n 

7  -  (5.10-1) 

where  e  -  8.851  '  10”12  farads  meter,  and  n  is  a  unit  vector  directed 
away  from  the  iris  on  the  side  opposite  from  the  exciting  field. 

The  strength  of  the  magnetic  dipole  moment  is  proportional  to  the 
product  of  the  magnetic  po  1  a  r  i  zahi  1  i  t  >  ,  of  the  iris  and  exciting 

tangential  magnetic  field  h  f .  for  the  usual  type  ol  iris  that  has  axes 

of  symmetry,  the  magnetic  dipole  moment  is,  in  mks  units, 

“»  '  V*.  «“  +  'rf2/,.v1'  •  (5.10-2) 

In  this  expression  the  unit  vectors  u  and  v  lie  in  the  plane  of  the  iris 

along'  thcauxes  of  symmetry,  '•/ j  and  .t^  are  the  magnetic  polarizabilities, 


227 


and  Hta  and  Hta  the  exciting  magnetic  fielda  along  the  u  and  v  axea, 
reapecti vely. 

The  electric  dipole  moment,  p,  aet  up  in  an  iris  by  an  exciting 
electric  field,  will  radiate  power  into  a  given  mode  in  the  secondary 
waveguide  only  when  the  electric  field  of  the  mode  to  be  excited  has  a 
component  parallel  to  the  dipole  moment,  p.  Similarly  the  magnetic 
dipole  moment  *  set  up  in  the  aperture  by  an  exciting  magnetic  field 
will  radiate  power  into  a  given  mode  in  the  secondary  waveguide  only 
when  the  magnetic  field  of  the  mode  to  be  excited  has  a  component 
parallel  to  the  magnetic  dipole  moment  *. 

In  order  to  be  able  to  apply  Uethe's  theory,  it  is  necessary  to 
know  the  electric  polarizability  P  and  the  magnetic  polarizabilities 
and  Mj  of  the  iris.  Theoretical  values  of  the  polarizabilities  can 
only  be  obtained  for  irises  of  simple  shapes.  For  example,  a  circular 
iris  of  diameter  d  has  a  value  of  ,tf,  ■  ,V/»  *  d} / 6  and  P  ■  d3/l2.  V  long, 
narrow  iris  of  length  1  and  width  w  has  P  ■  ,l#2  »  (n/ 161  In’2,  if  the  ex¬ 
citing  magnetic  field  is  parallel  to  the  narrow  dimension  of  the  slit 
(the  i'  direction  in  this  case),  and  the  exciting  electric  field  is  per¬ 
pendicular  to  the  plane  of  the  slit.  The  polarizabilities  of  elliptical 
irises  have  also  been  computed.  In  addition,  the  polarizabilities  of 
irises  of  other  shapes  that  are  too  difficult  to  calculate  have  been 
measured  by  Cohn29,  30  in  an  electrolytic  tank.  The  measured  values  of  the 
pol ari zaoi 1 i ty  of  a  number  of  irises  are  shown  ir  Figs.  5.10-3  and 
5. 10- 4(a) , (b),  together  with  the  theoretical  values  for  elliptical  irises. 
Circular  irises  are  the  easiest  to  machine,  but  sometimes  elongated  irises 
are  required  in  order  to  obtain  adequate  coupling  between  rectangular 
waveguides. 

For  many  applications  the  equi v al en t- c i rcui t  representation  of  iris- 
coupled  transmission  lines  is  more  convenient  than  the  scattering  repre¬ 
sentation.  Figures  5.10-5  to  5.10-12  contain  the  equi val ent- ci rcui t 
representations  of  several  two-  and  three-port  waveguide  junctions  coupled 
by  infinitesimally  thin  irises.  Most  of  the  information  in  the  figures  is 
self-explanatory.  It  is  to  be  noted  that  in  each  case  the  reference 
planes  for  the  equivalent  circuits  are  at  the  center  of  gravity  of  the 
iris.  The  symbol  K  used  in  some  circuits  stands  for  an  impedance  inverter 
as  defined  in  Sec.  4.12.  Also  included  in  each  figure  is  the  power  trans¬ 
mission  coefficient  through  the  iris,  expressed  as  the  square  of  the 
magnitude  of  the  scattering  coefficient.  (Sec.  2.12). 
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FIG.  5.10-3  MEASURED  ELECTRIC  POLARIZABILITIES  OF 
RECTANGULAR,  ROUNDED,  CROSS-  AND 
DUMBBELL-SHAPED  SLOTS 
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SOURCE!  Free.  IRE  (•••  Rtf.  29,  br  S.  B.  Coha). 

FIG.  5.10-4(a)  MAGNETIC  POLARIZABILITIES  OF  RECTANGULAR,  ROUNDED-END, 
AND  ELLIPTICAL  SLOTS 
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SOURCE:  r roe.  IRE  (««e  Ref.  29,  by  S.  B.  Coho). 

FIG.  5.10.4(b)  MAGNETIC  POLARIZABILITIES  OF  H-,  CROSS-,  AND 
DUMBBELL-SHAPED  APERTURES 
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FIG.  5.10-5  IRIS  CONNECTING  RECTANGULAR  WAVEGUIDES  OF  THE 
SAME  CROSS  SECTION 


Ad.pttd  from  tho  Waveguide  Handbook  (eee  Ref.  8  edited  by  N.  Mtrcuvitt) 

FIG.  5.104  IRIS  CONNECTING  RECTANGULAR  WAVEGUIDFS 
OF  DIFFERENT  CROSS  SECTIONS 
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FIG.  5.10-7  IRIS  CONNECTING  CIRCULAR  WAVEGUIDES  OF  THE  SAME  RADIUS 


SIDE  VIEW 

76  R2X, 
y0  *’**' 


EQUIVALENT  CIRCUIT 

B  0.955(nA*)\f 

r0  4w* 


lsia 


a 


64w2tf2 

9A*«'*Xi\' 


R  *  Wj  co*2  ^  ♦  Nj  *in2  ^ 

Adapted  from  the  fapefulde  Handbook  (see  Ref.  8  edited  by  N*  Mercuvit*) 
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FIG.  5.10-8  IRIS  CONNECTING  CIRCULAR  WAVEGUIDES  OF  DIFFERENT  RADII 
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FIG.  3.10-9  IRIS-COUPLED  SHUNT  T-JUNCTION  IN  RECTANGULAR  GUIDE  E-PLANE 
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Adapted  irom  the  Vavefalde  Handbook  (see  Ref.  8  edited  by  N.  Marcuviti) 


PIG.  5.10-10  IRIS-COUPLED  T-JUNCTION  OF  RECTANGULAR  AND  CIRCULAR  GUIDES 
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Adapted  from  the  Vaoegiiirfe  Handbook  (aee  Ref.  8  edited  by  N.  Marcuviti) 
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FIG.  5.10-1 1  IRIS-COUPLED  SERIES  T-JUNCTION  IN  RECTANGULAR  GUIDE, 
E-PLANE 
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FIG.  5.10-12  IRIS-COUPLED  SHUNT  T-JUNCTION  IN  RECTANGULAR  GUIDE, 
H-PLANE 
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When  the  irieee  are  not  email  with  reaped  to  free-apace  wavelength, 
it  ia  found  that  the  equivalent  circuits  of  Figa.  5.10-5  to  5.10-12  apply 
with  good  accuracy  if  the  static  magnetic  polarizability  Mx  given  in 
Fig.  5.  10-4  ia  replaced  by  the  magnetic  polarizability  Jfj.  The  expression 
for  is 


U 


f 

1 


(5.10-3) 


where  Kf  ia  the  free-apace  wavelength  the  cutoff  frequency  for  the 
lowest-order  mode  in  a  waveguide  having  the  same  cross  section  as  the 
iris,  and  \  is  the  free-apace  wavelength  at  the  frequency  of  operation. 

For  long,  thin  irises  of  length  1,  \  is  approximately  equal  to  21. 

The  finite  thickness,  t,  of  an  iris  reduces  the  transmission  through 
it.  It  is  found  that  the  total  attenuation  a  of  a  thick  iris  is  pre¬ 
dicted  with  reasonable  approximation  as  the  sum  of  the  attenuation  a#  of 
a  thin  iris  and  the  attenuation  of  a  length  of  transmission  line  having 
a  length  equal  to  the  iris  thickness.  Thus, 


and 


10  log,0 


db 


(5.10-4) 


(5. 10-5) 


where  A  ia  an  empirically  determined  constant  approximately  equal  to  one 
for  a  round  hole.2*  For  an  elongated  slot  of  length  1  in  a  wall  t  thick, 

A  is  about  3  if  t  <  0.02  1,  but  A  decreases  in  size  as  t  becomes  larger.2* 

The  information  in  Kqs.  (5.10-3),  (5.10-4),  and  (5.10-5)  can  be  com¬ 
bined  to  yield  an  equivalent  polarizability  M[ ,  for  a  thick  iris  whose 
croas-sectional  dimensions  are  not  small  in  terms  of  a  wavelength.  The 
expression  is 
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SEC.  5.11,  RESONANT  FREQUENCIES  AND  UNLOADED  Q 
OF  WAVEGUIDE  RESONATORS 

Two  important  characteristics  of  a  waveguide  resonator  that  are 
useful  in  the  design  of  waveguide  filters  are  the  resonant  frequency  of 
the  resonator  and  its  unloaded  Q,  Q u .  This  section  presents  curves  and 
formulas  yielding  these  quantities  for  completely  closed  cavities  of  the 
rectangular  and  cylindrical  varieties.  When  a  small  coupling  iris  is  cut 
in  a  cavity  its  resonant  frequency  and  Qu  will  be  nearly  the  same  as 
those  of  the  unperturbed  cavity. 

Rectangular  Waveguide  Resonators— Rectangular  resonators  are 
probably  used  more  often  in  waveguide  filters  than  any  other  type.  An 
example  of  such  a  resonator  is  illustrated  in  Fig.  5.11-l(a).  The  modes 
that  can  exist  in  this  resonator  are  conveniently  divided  into  two  sets, 
the  transverse  electric  TE-modes  and  the  transverse-magnetic  TM-modes. 

The  TE-modes  have  no  electric  field  components,  E,  along  the  i  axis  and 
the  TM-modes  have  no  magnetic  field  components,  //,  along  the  z  axis. 

The  two  types  of  modes  are  further  specified  in  terms  of  the  integers 
l,  a,  and  n.  These  are  defined  as 

l  »  number  of  half-period  variations  of  E  and  H  along  x 

a  »  number  of  half-period  variations  of  E  and  H  along  y 

n  •  number  of  half-period  variations  of  E  and  H  along  z. 

For  a  given  set  of  integers  a  mode  is  completely  specified,  and  the  modes 

are  designated  as  either  TE(  H,  or  TMj  b  „  • 

The  resonant  frequencies  are  given  by  the  equation 

fB  ,,  A  .  AB  .1 

•  34.82  I2  +  -  a*  +  —  (5.11-1) 

where  A,  B,  and  L  are  measured  in  inches,  and  /  is  expressed  in  giga- 
cycles.  Figure  5.11(a)  also  contains  a  mode  chart  in  which  fiAi  is 
plotted  as  a  function  of  A2/L*  for  all  of  the  TE-  and  TM-modes  having 
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FIG.  5.11-Ko)  MODE  CHART  FOR  RECTANGULAR  WAVEGUIDE 
RESONATOR  WITH  B/A  -  1/2 
The  dimension*  A,  B,  and  L  art  measured  in  inches 
end  frequency  f  is  measured  in  gigacyclei 
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Ii  ■>  n  ^  2  in  i  cavity  in  which  B/4  ■  1/2.  In  this  figure,  all  dimensions 
are  in  inches,  and  frequency  it  measured  in  gigacycles. 


The  unloaded  Q  of  a  cavity  is  most  conveniently  tabulated  in  the 
dimensionless  form  QM&/\  where  8  is  the  akin  depth  and  A  is  the  free  apace 
wavelength.  Table  5.11-1  presents  values  of  S/A  for  various  metals  having 
polished,  corrosion-free  surfaces. 

Table  5.11-1 

VALUES  OF  S/A  FOR  VARIOUS  METALS 
The  Values  Given  Are  For  Polished,  Corrosion-Free  Surfaces. 

The  Frequency  fet  In  Gigacycles. 


Silver, 

S/A.  ■ 

6.76  x  10"« 

Copper, 

S/A.  ■ 

6.95  x  10-‘/^ 

Aluainua, 

S/A.  ■ 

8.70  x  10‘6/^7 

Brass, 

S/A.  ■ 

13.4  x  io  6  /f^T 

For  TE-modes  we  find  that  Qm(  8/A.)  is  given  by:1* 


„  o  ABL 

Q  —  «  - 

•  A  4 


( p2  +  q2)  (p2  +  q2  +  r2)^2 

4L  [p2r 2  +  (p2  +  q2) 2]  ♦  BL  Cq*r  2  +  (p2  +  qJ)  2]  +  ABr2(pa  +  q2) 

(5.11-2) 


for  ( l  and  a)  >  0; 


„  8  ABL 

Q  —  u  -  • 

x  o 


(q2  +  r2)^ 


A  2  ,*L(g  +  24)  +  r*B(L  +  24) 


for  1  •  0  ;  (5.11-3) 


„  8  ABL 

Q  —  ■  - 

'  u  \  • 


(pf  +  r*)W 


2  p2t(4  +  2  B)  +  r24(L  +  2B) 


,  for  a  •  0  (5.11-4) 


where  p  ■  1/4,  q  ■  a/B,  r  ■  n/L.  Figure  5. 11- 1 (b)  ahows  a  chart  of  <?„($/ A) 
versus  A/L  for  various  aspect  ratios  k  •  A/B  for  the  TE101  mode. 
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SOURCE:  U.  S.  Arm?  Signai  Research  end  Development 
Laboratory,  Ft.  Monmouth,  N.J. 


FIG.  5.1M(b)  CHART  FOR  ESTIMATING  THE  UNLOADED  Q  OF  TE)0)-MODE 
RECTANGULAR  WAVEGUIDE  RESONATORS 


For  the  TM-modes  we  find  that  Qm 


is  given  by: * 


L  .  ..  (P2  »  V1)  (p*  *  1*  *  r*)1* 

*  4  p*B(A  +  L)  +  (B  +  L) 

and 

J.  ML  t  _ (p2  *  1*)  ** _ 

*  X  2  p*B(A  +  2L)  +  g*4<fl  ♦  2 L) 


for  n  >  0 


for  n  ■  0 


(5.11-5) 


(5.11-6) 
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Right»Cireular-Cylindar  Resonators— Cylindrical  resonators  of  the 
type  illustrated  in  Fig.  5.11-2  also  have  normal  modes  that  can  be 
characterised  as  TE-modes  when  there  are  no  electric  field  components,  E, 
along  the  i  axis,  and  as  TM-modes  when  there  are  no  magnetic  field  com¬ 
ponents,  H,  along  the  z  axis.  The  individual  TE-  and  TM-modes  are  further 
identified  by  means  of  the  three  integers  l,  a,  and  n,  which  are  defined 
as  follows: 

1  ■  number  of  full-period  variations  of  Er  with  respect  to  6 

*  ■  number  of  half-period  variations  of  Eg  with  reapect  to  r 

n  ■  number  of  half-period  variations  of  Ef  with  reapect  to  z 

z 


L 


tt-Wtl 

SOURCE)  T ockoiqoo  of  Hierowav*  MtotonmoMt,  •••  Rtf*  11 
bjr  C*  G.  MoatfOBtrr 


FIG.  5.11-2  RIGHT-CIRCULAR-CYLINDER 
RESONATOR 


where  Ef  and  Eg  are  the  field  components  in  the  r  and  6  directions.  As 
in  the  case  of  the  rectangular  cavity  modes  the  right  circular  cylinder 
modes  are  alao  designated  as  TE,  or  TM,  The  resonant  frequencies 

of  these  modes  are  given  by  the  expression* 

/■»>  -  139. 3  {(^)‘  *(£)’}  . 
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(5.11-7) 


In  this  expression  /  is  measured  in  gigacycles,  the  dimensions  D  and  L 
are  measured  in  inches.  The  quantities  *(>a  are 

x,  ■  nth  root  of  J'Ax )  »  0  for  the  TE-modes 

(5.11-8) 

x,  .  ■  ath  root  of  J  ,(x)  *  0  for  the  TM-modes  . 

Values  of  a  few  of  these  roots  are  given  in  Table  5.11-2. 


Table  5.11-2 
ROOTS  OF  Jf(*)  AW)  j[  (*) 


TE*aode 

*ls 

TM-nsda 

*la 

lilt 

1.841 

Oln 

2.405 

2  In 

3.054 

Un 

3.832 

Oln 

3.832 

2  In 

5.136 

3  In 

4.201 

02n 

5.520 

41n 

5.318 

31n 

6. 380 

12n 

5.332 

12n 

7.016 

51n 

6.415 

4  In 

7.588 

22n 

6.706 

22n 

B.417 

02n 

7.016 

03n 

8.654 

61n 

7.501 

Sin 

8.772 

32n 

8.016 

32n 

9.761 

13n 

8.536 

61n 

9.936 

7  In 

8.578 

I3n 

10.174 

42n 

9.283 

Sin 

9.648 

23n 

9.970 

03n 

10.174 

Source:  Technique  of  Micro**** 

ViaiMfrimtii  a««  Ref.  31. 
by  C.  G.  Montfoaery. 


Figure  5.11-3  is 
of  D2 /L2  ,  for  several 
all  dimensions  are  in 


a  mode  chart  in  which  f2D 2  is  plotted  as  a  function 
of  the  lower-order  TE-  and  TM-modes.  In  this  figure 
inches  and  frequency  is  measured  in  gigacycles. 


Values  of  Qa  for  right -ci rcular-cyl inder  copper  resonators  are 
plotted  for  TE-modes  in  Figs.  5.11-4  and  5.11-5,  and  for  TM-modes  in 
Fig.  5.11-6. 
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SOURCE:  r>cht(M  of  (icrnwn  VuivtiMUi,  stt  Rtf.  SI 
by  C.  G.  Moatfoaery 

FIG.  5.11-3  MODE  CHART  FOR  RIGHT-CIRCULAR-CYLINDER 
RESONATOR 

The  diameter  D  and  length  L  or*  measured  in  inches 
and  tha  frequency  f  is  measured  in  gigaeycles 


24S 


"0  **!/•  ..01  »  S<  9 


SOURCE:  Technique  of  Microwave  Measurements,  see  Ref.  31 
by  C.  G.  Montgomery 


FIG.  5.11-4  THEORFTICAL  UNLOADED  Q  OF  SEVERAL 
TEq-MODES  in  a  right-circular- 
CYLINDER  COPPER  RESONATOR 

Frequency  is  measured  in  gigacycles 
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6  *5  «  10 '*  0u 


SOURCE:  Technique  of  Microwave  Measurements,  see  Ref.  91 
by  C.  C.  Montfomery 


FIG.  5.H-5  THEORETICAL  UNLOADED  Q  OF  SEVERAL 
TE-MODES  IN  A  RIGHT-CIRCULAR- 
CYLINDER  COPPER  RESONATOR 
Frequency  is  measured  in  gigocyeles 
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0.9 


SOURCE:  Ttckoiqmt  of  Wcroiwvf  Smanmiili,  •••  Rtf.  31 
bjr  C.  G.  Montgontry 


FIG.  5.11-6  THEORETICAL  UNLOADED  Q  OF 
SEVERAL  TM-MODES  IN  A  RIGHT- 
CIRCULAR-CYLINDER  RESONATOR 
Fraqutncy  it  measured  in  gigacycUs 
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CHAPTER  6 


STEPPED*  IMPEDANCE  TRANSFORMERS  AND  FILTER  PHOTOTYPES 


SEC  6.01,  INTRODUCTION 

The  objective  of  this  chapter  ia  to  preaent  deaign  equation!  and 
numerical  data  for  the  deaign  of  quarter-wave  trana formera ,  with  two 
applications  in  mind:  the  firat  application  ia  aa  an  impedance-matching 
device  or,  literally,  tranaformer;  the  aecond  ia  aa  a  prototype  circuit, 
which  ahall  aerve  as  the  basis  for  the  design  of  various  band-pass  and 
low-pass  filters. 

Thia  chapter  is  organized  into  fifteen  sections,  with  the  following 
purpose  and  content: 

*  Section  6.01  is  introductory.  It  also  discusses  applicationa, 
and  gives  a  number  of  definitions. 

*  Sections  6.02  and  6  03  deal  with  the  performance  characteristics 
of  quarter-wave  transformers  and  half-wave  filters.  In  these 
parts  the  designer  will  find  what  can  be  done,  not  how  to  do  it. 

*  Sections  6.04  to  6.10  tell  hov  to  design  quarter-wave  transformers 
and  half-wave  filters.  If  simple,  general  design  formulas  were 
available,  and  solvable  by  nothing  more  complicated  than  a  slide- 
rule,  these  sections  would  be  much  shorter. 

*  Section  6.04  gives  exact  formulaa  and  tables  of  complete  designs 
for  Tchebyscheff  and  maximally  flat  transformers  of  up  to  four 
sections. 

*  Section  6.05  gives  tables  of  designs  for  maximally  flat  (but  not 
Tchebyscheff)  transformers  of  up  to  eight  sections. 

*  Section  6.06  gives  a  first-order  theory  for  Tchebyscheff  and 
maximally  flat  transformers  of  up  to  eight  sections,  with 
explicit  formulas  and  numerical  tables.  It  also  gives  a  general 
first-order  formula,  and  refers  to  existing  numerical  tables 
published  elsewhere  which  are  suitable  for  up  to  39  sections, 
and  for  relatively  wide  (but  not  narrow)  bandwidths. 

'  Section  6.07  presents  a  modified  first-order  theory,  accurate 
for  larger  transformer  ratios  than  can  be  designed  by  the 
(unmodified)  first-order  theory  of  Sec.  6.06. 
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Section  6.08  deals  with  the  discontinuity  effects  of  non-ideal 
junctions,  and  first-order  corrections  to  compensate  for  them. 


*  Sections  6.09  and  6.10  apply  primarily  to  prototypes  for  filters, 
since  they  are  concerned  with  large  impedance  steps.  They 
become  exact  only  in  the  limit  as  the  output- to- input  impedance 
ratio,  A,  tends  to  infinity.  Simple  formulas  are  given  for  any 
number  of  sections,  and  numerical  tables  on  lumped-constant 
filters  are  referred  to. 

Note:  Sections  6.09  and  6.10  complement  Secs.  6.06  and  6.07,  which  give 
exact  results  only  in  the  limit  at  A  tends  to  zero.  It  is  pointed  out 
that  the  dividing  line  between  “small  A”  and  “large  A"  is  in  the  order 
of  [2/(quarter-wave  transformer  bandwidth )] 2",  where  n  is  the  number  of 
sections.  This  determines  whether  the  first-order  theory  of  Secs.  6.06 
and  6.07,  or  the  formulas  of  Secs.  6.09  and  6.10  are  to  be  used.  An 
example  (Example  3  of  Sec.  6.09)  where  A  is  in  this  borderline  region, 
is  solved  by  both  the  “small  A"  and  the  “large  A"  approximations,  and 
both  methods  give  tolerably  good  results  for  most  purposes. 

*  Sections  6.11  and  6.12  deal  with  “inhomogeneous”  transformers, 
which  are  not  uniformly  dispersive,  since  the  cutoff  wavelength 
changes  at  each  step. 

*  Section  6.13  describe*  a  particular  transformer  whose  performance 
and  over-all  length  are  simile-  to  those  of  a  si ng 1 e- sect i on 
quarter-wave  transformer,  but  which  requires  only  matching  section* 
whose  characteristic  impedances  are  equal  to  the  input  and 

output  impedances. 

*  Section  6.14  considers  dissipation  losses.  It  gives  a  general 
formula  for  the  midband  dissipation  loss. 

*  Section  6.15  relates  group  delay  to  dissipation  loss  in  the  pass 
band,  and  presents  numerical  data  in  a  set  of  universal  curves. 

Quarter-wave  transformers  have  numerous  applications  besides  being 
impedance  transformers;  an  understanding  of  their  behavior  gives  insight 
into  many  other  physical  situations  not  obviously  connected  with 
impedance  transformations.  The  design  equations  and  numerical  tables 
have,  moreover,  been  developed  to  the  point  where  they  can  be  used 
conveniently  for  the  synthesis  of  circuits,  many  of  which  were 
previously  difficult  to  design. 
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Circuits  that  can  he  designed  using  quarter-wave  transformers  as  a 
prototype  include:  impedance  transformers14  (as  in  this  chapter); 
reectance-coupled  filters74  (Chapt.  9);  short-line  low-pass  filters 
(Sec.  7.06);  branch-guide  directional  couplers 10 (Chapt.  13);  as  well 
as  optical  multi-layer  filters  and  transformers,  u-"s  and  acoustical 
transformers.  13’14 

The  attenuation  functions  considered  here  are  all  for  maximally 
flat  or  Tchebyscheff  response  in  the  pass  band.  It  is  of  interest  to 
note  that  occasionally  other  response  shapes  may  be  desirable.  Thus 
TEM-mode  coupled- transmi ssion- 1 ine  directional  couplers  are  analytically 
equivalent  to  quarter-wave  transformers  (Chapt.  13),  but  require 
functions  with  maximally  flat  or  equal-ripple  characteristics  in  the 
stop  band.  Other  attenuation  functions  may  be  convenient  for  other 
applications,  but  will  not  be  considered  here. 

As  in  the  design  of  all  microwave  circuits,  one  must  distinguish 
between  the  ideal  circuits  analyzed,  and  the  actual  circuits  that 
have  prompted  the  analysis  and  which  are  the  desired  end  product. 

To  bring  this  out  explicitly,  we  shall  start  with  a  list  of 
definitions:  15 

Homogeneous  transformer — a  transformer  in  which  the  ratios  of 
internal  wavelengths  and  characteristic  impedances  at  different 
positions  along  the  direction  of  propagation  are  independent 
of  frequency. 

Inhomogeneous  transformer—  a  transformer  in  which  the  ratios  of 
internal  wavelengths  and  characteristic  impedances  at  different 
positions  along  the  direction  of  propagation  may  change  with 
frequency. 

Quarter-wave  transformer — a  cascade  of  sections  of  lossless, 
uniform  transmission  lines  or  media,  each  section  being 
one-quarter  (internal)  wavelength  long  at  a  common  frequency. 


A  uni  fora  traaeaiasion  line,  aediun,  ate.,  is  kora  defined  one  i*  "kick  Iki  pkvsieal  tad  eleotrieel 
ekaracteriatiea  do  aot  ckaage  with  diataaea  •long  tkt  direction  of  propagation,  inis  is  a  goaaraliiatioa 
of  tka  IIC  definition  of  an i /or a  saeegeide  (aao  Ref.  16). 
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Note:  Homogeneous  and  i riliomogeneous  quarter-wave  transformers  are  now 
defined  by  a  combination  of  the  above  definitions.  For  instance,  an 
inhomogeneous  quarter-wave  transformer  is  a  quarter-wave  transformer  in 
whicli  the  ratio.-,  of  internal  wavelengths  and  characteristic  impedances 
taken  between  different  sections,  may  change  with  frequency. 

Ideal  junction— the  connection  between  two  impedances  or  trans¬ 
mission  lines,  when  the  electrical  effects  of  the  connecting 
wires,  or  the  junction  discontinuities,  can  be  neglected.  (The 
junction  effects  may  later  be  represented  by  equivalent  reactances 
and  transformers,  or  by  positive  and  negative  line  lengths,  etc.) 

Ideal  quarter-wave  transformer  —  a  quarter-wave  transformer  in 
which  all  of  the  junctions  (of  guides  or  media  having  different 
characteristic  impedances)  may  be  treated  as  ideal  junctions. 

Half-wave  filter— a  cascade  of  sections  of  lossless  uniform 
transmission  lines  or  media,  each  section  being  one-half 
(internal)  wavelength  long  at  a  common  frequency. 

Synchronous  tuning  condition— a  filter  consisting  of  a  series  of 
discontinuities  spaced  along  a  transmission  line  is  synchronously 
tuned  if,  at  some  fixed  frequency  in  the  pass  band,  the  reflections 
from  any  pair  of  successive  discontinuities  are  phased  to  give 
the  maximum  cancellation,  (A  quarter-wave  transformer  is  a 
synchronously  tuned  circuit  if  its  impedances  form  a  monotone 
sequence.  A  half-wave  filter  is  a  synchronously  tuned  circuit 
if  its  impedances  alternately  increase  and  decrease  at  each  step 
along  its  1  eng t h . ) 

Synchronous  frequency — the  "fixed  frequency”  referred  to  in  the 
previous  definition  will  be  called  the  synchronous  frequency. 

(In  the  case  of  quarter-wave  transformers,  all  sections  are 
one-quarter  wavelength  long  at  the  synchronous  frequency;  in  the 
case  of  half-wave  filters,  all  sections  are  one-half  wavelength 
long  at  the  synchronous  frequency.  Short-line,  low-pass  filters 
may  also  be  derived  from  half-wave  filters,  with  the  synchronous 
frequency  being  thought  of  as  zero  frequency.) 

The  realization  of  t ransmi ss ion- 1 i lie  discontinuities  by  impedance 
steps  is  equivalent  to  their  realization  by  means  of  ideal  impedance  in¬ 
verters  (Sec.  4.12).  The  main  difference  is  that  while  impedance  steps 
can  be  physically  realized  over  a  wide  band  of  frequencies  (at  least  for 
small  steps),  ideal  impedance  inverters  con  be  approximated  over  only 
limited  bandwidths.  As  far  as  using  either  circuit  as  a  mathematical 
model,  or  prototype  circuit,  is  concerned,  they  give  equivalent  results, 
as  can  be  seen  from  Fig.  6.01-1. 
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reprinted  in  IRE  Trane.  PCV7T  ( See  Ret.  36  bp  t..  Youni) 


FIG.  6.01-1  CONNECTION  BETWEEN  IMPEDANCE  STEP 
AND  IMPEDANCE  INVERTER 


SEC.  6.02,  THE  PERFORMANCE  OF  HOMOGENEOUS 
QUARTER- WAVE  TRANSFORMERS 


This  section  summarizes  the  relationships  between  the  pass-band 
and  stop-band  attenuation,  the  fractional  bandwidth,  i»?,  and  the 
number  of  sections  or  resonators,  n.  Although  the  expressions  obtained 
hold  exactly  only  for  ideal  quarter-wave  transformers,  they  hold 
relatively  accurately  for  real  physical  quarter-wave  transformers  and 
for  certain  filters,  either  without  modification  or  after  simple 
corrections  have  been  applied  to  account  for  junction  effects,  etc. 


A  quarter-wave  transformer  is  depicted  in  Fig. 
the  quarter-wave  transformer  fractional  bandwidth, 
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FIG.  6.02-1  QUARTER-WAVE  TRANSFORMER  NOTATION 


where  K  (  and  are  the  longest  and  shortest  guide  wavelengths, 

respectively,  in  the  pass  band  of  the  quarter-wave  transformer.  The 
length,  L,  of  each  section  (Fig.  6.02-1)  is  nominally  one-quarter 
wavelength  at  center  frequency  and  is  given  by 


I. 


K  ,  \  n 

I  1  f  2 


Uf  1  +  K,») 


(6.02-2) 


where  the  center  frequency  is  defined  as  that  frequency  at  which  the 
guide  wavelength  is  equal  to  A.^. 


Wb  en  the  transmission  line  is  non-dispersi ve,  the  free-space  wave¬ 
length  K  may  be  used  in  Eqa.  (6.02-1)  and  (6.02-2),  which  then  become 
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2(^ j  +  K2)  4 

where  /  stands  for  frequency. 

The  transducer  loss  ratio  (Sec.  2.11)  is  defined  as  the  ratio  of 
avai)ab)e  generator  power,  to  P L,  the  power  actually 
delivered  to  the  load.  The  "excess  loss,"  6, i s  herein  defined  by 

g  .  _  1  (6.02-5) 


For  the  maximally  flat  quarter-wave  transformer  of  n  sections  and 
over-all  impedance  ratio  R  (Fig.  6.02-1)  B  is  given  by 
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'’to  being  the  guide  wavelength  at  band  center,  when  6  ■  n/2\  and  where 

O  (B  -  l)2 


4« 


(6.02-8) 


is  the  greatest  excess  loss  possible.  (It  occurs  when  6  is  an  integral 
multiple  of  n,  since  the  sections  then  are  an  integral  number  of  half¬ 
wavelengths  long. ) 

The  3-db  fractional  bandwidth  of  the  maximally  flat  quarter-wave 
transformer  is  given  by 
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The  fractional  bandwidth  of  the  maximally  flat  quarter-wave 
transformer  between  the  points  of  x-db  attenuation  is  given  by 
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For  the  Tchebyscheff  transformer  of  fractional  bandwidth  w , 
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where 
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7"  is  a  Tchebyscheff  polynomial  (of  the  first  kind)  of  order  n,  and 
where  the  quantity 


(ft  “  l)2  1 
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4*  r*< 1/m0)  T*(l/M0) 


is  the  maximum  excess  loss  in  the  pass  band.  [Compare  also  Eq.  (6.02-18). 
below.]  The  shape  of  these  response  curves  for  maximally  flat  and 
Tchebyscheff  quarter-wave  transformers  is  shown  in  Fig.  6.02-2.  Notice 
that  the  peak  transducer  loss  ratio  for  any  quarter-wave  transformer  is 


(ft  *  l)2 

4ft 


(6.02-14) 


and  is  determined  solely  by  the  output- to- input  impedance  ratio,  ft. 

For  the  maximally  flat  transformer,  the  3-db  fractional  bandwidth, 
w  i  jib'  *s  pl°tteil  against  log  ft  for  n  *  2  to  n  =  15  in  Fig.  6.02-3. 

The  attenuation  given  by  Eq.  (6.02-6)  can  also  be  determined  from  the 
corresponding  lumped-constant,  low-pass,  prototype  filter  (Sec.  4.03). 
If  u>'  is  the  frequency  variable  of  the  maximally  flat,  1 umpcd- constant , 
low-pass  prototype,  and  ufj  is  its  band  edge,  then 


Co'  cos  & 


(6.02-15) 


251 


(0)  MAXIMALLY  FLAT 
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SOI.'RCE:  Quarterly  l*ro«re**  Report  4,  Cootrecl  DA  36-019  SC-87398,  SRli 
reprinted  in  IRF.  Trans.  PCMTT  ( See  Ref.  36  by  l„  Youn«) 

FIG.  6.02-2  QUARTER-WAVE  TRANSFORMER  CHARACTERISTICS 

where  M„  is  defined  by  Eq.  (6.02-12),  and  te,  (which  occurs  in  the 
definition  of  Li#)  is  the  fractional  bandwidth  of  the  maximally  flat 
quarter-wave  transformer  between  points  of  the  same  attenuation  as 
the  attenuation  of  the  maximally  flat  low-pass  filter  >t  w  * 

This  enables  one  to  turn  the  graph  of  attenuation  versus  cu'/cuj  in 
Fig.  4.03-2  into  a  graph  of  attenuation  versus  cos  9  of  the  quarter- 
wave  transformer,  using  Eq.  (6.02-15). 

For  the  Tchebyscheff  transformer, 

e. 

—  -  7;j(1/m0)  -  (6.02-16) 
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SOURCE:  Quarterly  l*ro«rt>na  Report  4.  Contract  HA  36-019  SC-H719S,  SRI: 
reprinted  in  IRE  front.  I'GMTT  (See  Ref.  36  by  I..  Yoon*) 


FIG.  6.02-3  3-db  BANDWIDTHS  OF  MAXIMALLY  FLAT 
TRANSFORMERS 


where  JK  is  thus  defined  as  a  function  of  the  number  of  sections,  n, 
and  the  bandwidth,  It  shows  how  much  the  pass-band  tolerance 

increases  when  it  is  desired  to  improve  the  peak  rejection.  The 
function  M  in  Kq.  (6.02-15)  is  given  in  Table  6.02-1  for  all  fractional 
bandwidths,  in  steps  of  10  percent,  for  n  *  2  to  n  *  15.  The 

smallest  fractional  bandwidth  in  Table  6.02-1  is  w  •  0.1.  For  small 
bandwidths, 


e. 

—  ■  r*(l/M0)  ■  Jf(n,wf) 


(w?  small) 

(6.02-17) 


260 


Table  6.02- I 


T.ii»l»*  I  rone  I  tj(icd  ) 


*4  naans  “multiply  by  10*,"  and  *0  on, 

SOURCE:  Quarterly  Prograaa  Report  4,  Contract  HA  36*03<>  SC*  II?  391,  SRI;  roprintod  in  /rtf  Tram.  PCKTT 
(aaa  Raf.  36  by  I..  Yoeng ) 
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Equation  (6.02-17)  is  accurate  to  better  than  about  1  percent  for 
w  less  than  0.  1. 

9 

The  attenuation  given  by  Eq.  (6.02-11)  for  the  Tchebyschef f 
quarter-wave  transformer  can  also  be  determined  from  the  graphs  in 
Figs.  4.03*4  to  4.03-10  for  the  corresponding  1 umped- const  ant ,  low-pass, 
prototype  filter  [as  already  explained  for  the  maximally  flat  case  in 
connection  with  Eq.  (6.02-15)1  by  using  the  same  Eq.  (6.02-15)  except 
that  now  uij  is  the  Tchebyscheff  (equal-ripple)  band  edge  of  the 
low-pass  filter. 

In  the  design  of  transformers  as  such,  one  is  interested  only  in 
the  pass-band  performance  for  small  R  (usually  less  than  100),  and 
this  is  expressed  in  terms  of  maximum  VSWR  rather  than  maximum 
attenuation.  Tables  6.02*2  through  6.02-5  give  directly  the  maximum 
VSWR  inside  the  pass  band  for  transformers  with  output-to- input 
impedance  ratios,  /?,  of  less  than  100,  and  fractional  bandwidths, 
up  to  120  percent,  for  transformers  of  n  -  1,  2,  3,  and  4  sections . 4 
For  all  other  cases,  the  maximum  VSWR  may  be  worked  out  from  Table  6.02-1, 
using  the  relation 


(V  -  l)2 

cr  =  — ! : -  (6.02-18) 

*V, 

where  V r  is  the  ripple  VSWR  (maximum  VSWR  in  the  pass  band),  together 
with  Eqs.  (6.02-8)  and  (6.02-16). 

t.xample  1 — Determine  the  minimum  number  of  sections  for  a  trans¬ 
former  of  impedance  ratio  R  =  100  to  have  a  VSWR  of  less  than  1.15 
over  a  100-percent  bandwidth  ( w  =  1.0). 

From  Eq.  (6.02-18),  for  \'r  =  1.15, 

Sr  =  0.00489  (6.02-19) 

and  from  Eq.  (6.02-8),  for  R  *  100, 

S.  *  24.5  (6.02-20) 
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Table  6.02-2 

MAXIMUM  VSWR  FOR  SINGLE-SECTION 
QUARTER- WAVE  TRANSFORMERS 


Tabla  6.02-3 

MAXIMUM  VSWR  FOR  TWO- SECTION 
QUARTER- WAVE  TRANSFORMERS 


IMPEDANCE 

RATIO, 

A 

BANDWIDTH,  » 

9 

mj 

m 

(2H 

4&H 

nx 

1 .2 

1.25 

1.03 

1.07 

in 

1.14 

1.17 

1.20 

1.50 

1.06 

1.13 

1.20 

1  .27 

1.33 

1.39 

1.75 

1.09 

1.19 

1.30 

1.39 

1.49 

1.57 

2.00 

1.12 

1.24 

1.38 

1.51 

1.64 

1.76 

2.50 

1.16 

1.34 

1.53 

1.73 

1.93 

2.12 

3.00 

1.20 

1.43 

1.68 

1.95 

2.21 

2.47 

4.00 

1.26 

1  58 

1.95 

2.35 

2.76 

3.15 

5.00 

1.32 

1.73 

2.21 

2.74 

3.30 

3.83 

6.00 

1.37 

1.86 

2.45 

3.12 

3.82 

4.50 

8.00 

1.47 

2,11 

2.92 

3.86 

4.86 

5.84 

10.00 

1.55 

2.35 

3.37 

4.58 

5.88 

7.16 

12.50 

1.65 

2.63 

3.92 

5.47 

7.15 

8.81 

15.00 

1.75 

2.90 

4.47 

6.36 

8.41 

mri 

17.50 

1.84 

3.17 

5.01 

7.25 

9.67 

KSU 

20.00 

1.92 

3.43 

5.54 

8.11 

rags 

13.74 

25.00 

Hfii 

H 

6.60 

9.86 

13.44 

17.02 

30.00 

2.24 

Kb 

MM 

flJE'J 

H*UI 

40.00 

2.54 

Hr 

9.73 

15.07 

20.96 

26.85 

50.00 

2.82 

6  43 

11.81 

18.54 

25.97 

60.00 

3  10 

7.40 

13.88 

22.00 

30.98 

39.95 

80  00 

3.63 

9.34 

18.02 

28.92 

40.98 

53.04 

100.00 

4  16 

11.27 

22.15 

35.83 

50.98 

66.13 

Tabic  6.02-4 


MAXIMUM  VSWR  FOR  THREE-SECTION 
QUARTER- WAVE  TRANSFORMERS 


IMPEDANCE 

RATIO, 

A 

_ 

BANDWIDTH 

* 

d 

• 

•• 

0 

.8 

1 

•° 

1.25 

1 

00 

1 

00 

n 

m 

1 

02 

1 

ES 

1 

00 

1 

00 

If 

rp 

1 

03 

1 

06 

1.11 

1.75 

1 

00 

1 

00 

II 

Ik-1 

1 

04 

1 

ED 

1.16 

1 

00 

1 

01 

li 

(Svj 

1 

05 

1 

11 

1.20 

2.50 

1 

00 

1 

01 

i 

03 

1 

07 

1 

14 

1.28 

1 

00 

1 

01 

i 

03 

1 

08 

1 

18 

1.35 

■mi 

1 

00 

1 

01 

i 

04 

1 

11 

1 

24 

1.47 

5.00 

1 

00 

1 

01 

i 

05 

1 

13 

1 

29 

1.59 

6.00 

1 

00 

1 

02 

i 

06 

1 

15 

1 

33 

1.69 

1 

00 

1 

02 

i 

07 

1 

18 

1 

42 

1.88 

10.00 

1 

00 

1 

02 

i 

08 

1 

21 

1 

49 

2.06 

12.50 

1 

00 

1 

03 

i 

09 

1 

25 

1 

58 

2.28 

15.00 

1 

00 

1 

03 

i 

11 

1 

28 

1 

66 

2.48 

17.50 

1 

00 

1 

03 

i 

12 

1 

31 

1 

73 

2.68 

20.00 

1 

00 

1 

03 

i 

12 

1 

34 

1 

81 

2.87 

25.00 

1 

00 

1 

04 

i 

14 

1 

39 

1 

95 

3.25 

30.00 

1 

01 

1 

04 

i 

16 

fffil 

43 

2 

ED 

3.62 

40.00 

1 

01 

1 

05 

i 

19 

II 

52 

2 

33 

4.34 

50.00 

1 

01 

1 

06 

i 

21 

II 

60 

2 

57 

5.05 

60.00 

1 

01 

1 

06 

i 

23 

u 

68 

2 

80 

5.75 

80.00 

1 

01 

1 

07 

i 

28 

n 

82 

3 

25 

7.13 

100.00 

1 

01 

1 

08 

i 

31 

II 

95 

3.69 

8.51 

SOURCE!  IU  Trmi.  PCHTT  (ccc  Rtf.  4  by  L.  Yoaa() 


IMPEDANCE 

RATIO, 

A 

BANDWIDTH, 

ill 

ED 

EE3 

m 

1.0 

1.2 

1.25 

1.00 

1.01 

1.03 

J  .05 

1.08 

1.11 

1.50 

1.01 

1.02 

1.05 

1.09 

1.15 

1.22 

1.75 

1.01 

1.03 

IMiW 

1.13 

1.21 

1.32 

2.00 

1.01 

1.04 

1.08 

1  16 

1.27 

1.41 

2.50 

1.05 

1.12 

1.22 

1.37 

1.58 

3.00 

1.06 

1.14 

1.27 

1.47 

1.74 

4.00 

1.02 

1.08 

1.19 

1.37 

1  64 

Fill 

5.00 

1.02 

1.09 

1.23 

1.45 

1.80 

2.33 

6.00 

1.03 

1.11 

1.26 

1.53 

1.95 

FlTl'I 

8.00 

1.03 

1.13 

1  33 

1.67 

2.23 

3.13 

10.00 

1.04 

1.15 

1.38 

1.80 

2.50 

3.64 

12.50 

1.04 

1.18 

1.45 

1.95 

2.82 

4.27 

15.00 

1.05 

FWT] 

1.51 

2.09 

3.13 

17.50 

1.05 

1.22 

1.57 

2.23 

3.44 

Util 

20.00 

1.05 

1.24 

1.62 

2.36 

3.74 

6.11 

25.00 

1.06 

1.27 

1.72 

2.62 

4.33 

7.32 

30.00 

1.07 

1.30 

1.82 

2.87 

4.91 

8.52 

40.00 

1.08 

1.36 

HCE 

3.36 

6.06 

10,91 

50.00 

1.09 

1.41 

2.17 

3.83 

7.20 

13.29 

60.00 

■WTO 

1.46 

2.34 

4.30 

8.33 

15.66 

80.00 

1.12 

1.55 

2.65 

5.21 

10.57 

100.00 

1.13 

1.63 

2.96 

6.11 

12.81 

25.15 j 

SOURCE!  IM  Trail.  PONT  (act  Raf.  4  by  L.  Yaeat) 


Table  6.02-5 


MAXIMUM  VSWR  FOR  FOUR- SECTION 
QUARTER- WAVE  TRANSFORMERS 


IMPEDANCE 

RATIO, 

A 

BANDWIDTH, 

■ 

9 

C 

□ 

IS 

E 

□ 

m 

1.0 

1.2 

1.25 

i 

fjj 

1 

00 

1. 

00 

1.00 

1.01 

K1EI 

1.50 

i 

■iT? 

1 

00 

1. 

00 

1.01 

1.02 

HeI 

1.75 

i 

iff 

1 

00 

1. 

00 

1.01 

1.03 

1.08 

2.00 

i 

1 

00 

1. 

ED 

1.02 

1.04 

llll 

2.50 

i 

Q 

1 

00 

1. 

01 

1  02 

1.06 

1.14 

3.00 

i 

1 

00 

1. 

01 

1.03 

1.07 

1.17 

4.00 

i 

fill 

1 

00 

1. 

01 

1.03 

1.09 

1.22 

5.00 

i 

1 

00 

1. 

01 

1.04 

1.11 

1.27 

6.00 

i 

jil? 

1 

00 

1 

01 

1.05 

1.13 

1.31 

8.00 

i 

00 

1 

00 

1 

02 

1.06 

1.16 

1.39 

10.00 

i 

[If! 

1 

00 

1 

02 

1.18 

1.46 

12.50 

i 

III! 

1 

00 

1 

02 

1.08 

1.21 

1.54 

15.00 

i 

1111 

1 

00 

1. 

02 

IjEI 

1.24 

1.62 

17.50 

i 

fill 

1 

00 

1. 

03 

1.26 

1.69 

20.00 

i 

L 

1 

01 

1. 

03 

nrn 

1.28 

1.76 

25.00 

i 

1 

01 

1 

03 

l.n 

1.33 

1.88 

30.00 

i 

00 

1 

01 

1 

04 

1.13 

1.36 

esh 

40.00 

i 

00 

1 

01 

1 

04 

1.15 

1.43 

2.24 

50.00 

i 

00 

1 

01 

1 

05 

1.17 

1.50 

2.46 

60.00 

i 

00 

1 

01 

1. 

05 

1.18 

1.56 

2.67 

80.00 

i 

1 

01 

1 

06 

1.22 

1.67 

3.08 

100.00 

i 

1 

01 

1 

07 

1.25 

1.78 

3.48 

SOURCE i  /RE  Trmi.  NUTT  (aaa  Rtf.  4  by  L.  Yoaaj) 


Hence,  hq.  (6.02*16)  (jives 


M(n,w<i)  «  T * ( l //j „ > 


~  -  0.50)  x  104 


(6.02-21) 


From  Table  6.02-1,  in  the  column  u> ■  1.0,  it  is  seen  that  this  vulue 
of  .W(n,»?)  falls  between  n  ■  5  and  n  *  6.  Therefore,  the  transformer 
must  have  at  least  six  sections.  (See  also  Example  1  of  Sec.  6.07) 


SMC .  6.03,  THE  PERFORMANCE  OF  HOMOCKNEOI'S 
HALF-" 4VE  FILTERS 


T)ie  half-wave  filter  was  defined  in  Sec.  6.01.  It  is  shown  in 
I  ip.  6.05-1.  Its  fractional  bandwidth  it  is  defined  [compare 
Eq.  (6.02-1  )]  by 


U' 


h 


(6.03-1) 


Electrical 

LENGTHS 


LENGTHS 

L-«» 

*  L 

_ 1 

1 _ 

I — 


- i_r-1_-_r- - 

normalized 

IMPEDANCES ; 

Zo* 1  h  Z?  Z  3  —  —  —  Z,  L»l 

JUNCTION  VSWS't: 

V,  Vj  v,  -  v„  vn„ 

REFLECTION 

COEFFICIENTS 

*  r,  *  Tj  tTj  *r„  *rn«i 


r,-t 


»  IV'-ry« 


SOIIHCK:  yiurterlr  l'ro*re»n  Report  \,  Contract  DA  16-010  SC-S710H,  SHli 
reprinted  in  IKE  Trans.  PKHTT  (See  Ref.  16  by  I,.  Youn«) 


FIG.  6.03-1  HALF-WAVE  FILTER  NOTATION 


and  the  length  L'  of  each  aection  [compare  Eq.  (6.02*2)1  ia 


L' 


K  .K  . 

»1  «2 

A.  -  +  X. 

1 1  <2 


f  0 


(6.03.2) 


where  and  \j2  are  the  longest  and  shortest  wavelengths,  respectively, 
in  the  pass  band  of  the  half-wave  filter.  This  can  be  simplified  for 
non-dispersi ve  lines  by  dropping  the  suffix  "g,”  as  in  Eqs.  (6.02*3) 
and  (6.02*4).  A  half-wave  filter  with  the  same  junction  VSWRs  V\ 

(Figs.  6.02*1  and  6.03-1)  as  a  quarter-wave  transformer  of  bandwidth 
wf  has  a  bandwidth 

%  *  JL  (6.03-3) 

2 


since  its  sections  are  twice  as  long  and  therefore  twice  as  frequency* 
sensitive.  The  performance  of  a  half-wave  filter  generally  can  be 
determined  directly  from  the  performance  of  the  quarter-wave 
transformer  with  the  same  number  of  sections,  n,  and  junction  VSWRs 
V  ,  by  a  linear  scaling  of  the  frequency  axis  by  a  scale-factor  of  2. 
Compare  Figs.  6.03-2  and  6.02*2.  The  quarter-wave  transformer  with 
the  same  n  and  Vi  as  the  half-wave  filter  is  herein  called  its 
prototype  circuit. 

In  the  case  of  the  half-wave  filter,  A  ia  the  maximum  VSWR,  which 
is  no  longer  the  output- to- input  impedance  ratio,  as  for  the  quarter* 
wave  transformer,  but  may  generally  be  lefined  as  the  product  of  the 
junction  VSWRs  : 


A  .  H'  V  (6.03*4) 

12  »♦  1 

This  definition  applies  to  both  the  quarter-wave  transformer  and  the 
half-wave  filter,  as  well  as  to  filters  whose  prototype  circuits  they 
are.  (In  the  latter  case,  the  V  are  the  individual  discontinuity 
VSWRs  as  in  Chapter  9. ) 

The  equations  corresponding  to  Eqs.  (6.02*6)  through  (6.02-18)  will 
now  be  restated,  wherever  they  differ,  for  the  half-wave  filter. 


(0)  MAXIMALLY  FLAT 


(b)  TCHCBYSCMCFF 


SOURCE)  Quartarlr  Propni  Report  4.  Contract  DA  16-039  SC-87198,  SRIl 
ra printed  in  IRE  Tm»$.  PGUTT  (Set  Ref.  36  br  L.  Youn*) 

FIG.  6.03-2  HALF-WAVE  FILTER  CHARACTERISTICS 

tor  the  maximally  flat  half-wave  filter  of  n  aections, 

s  ■  {JL  ~  1)2  ain**  0'  -  fi  sin2"  6'  (6 

where 

6'  • 

instead  of  Eq.  (6.02-7),  so  that 
band  center.  The  3-db  bandwidth 
filter  is 

“a, lib 


n  _*!  -  20 

K 


(6 


0'  •  rr  (instead  of  6  «  /r/2)  st 
of  the  maximally  flat  half-wave 

*»,Hb 


.03-5) 


.  0?-6) 


2 


(6.03-7) 


and  the  bandwidth  between  the  points  of  x-db  attenuation  is 


w 


h  ,  m  d  b 


K 1, ‘ d b 

~2 


(6.03-8) 


which  can  be  obtained  from  Fqs.  (6.02-9)  and  (6.02-10). 
For  the  Tchebyscheff  half-wave  filter, 

(H  -  l)2  r^sin  0'/mo) 


e 


4/1 


7’2U/Mn) 


t’r7'2(sin  y*/M0) 


(6.03-9) 


who  re 


,4o 


=  sin 


rtv 


s  i  n 


rrui . 


(6.03-10) 


The  quantities  C  ,  C  ,  and  the  maximum  transducer  loss  ratio  are 
still  gi  ven  by  Fqs.  (6.02-8),  (6.02-13),  and  (6.02-14).  For  maximally 
flat  half-wave  filters,  the  graph  of  Fig.  6.02-3  can  again  be  used, 
but  with  the  right-hand  scale. 

The  lumped-constant,  low-pass,  prototype  filter  graphs  in 
Figs.  4.03-2  and  4.03-4  to  4.03-10  may  again  be  used  for  both  the 
maximally  flat  and  Tchebyscheff  half-wave  filters  by  substituting 


sin  C7 


(6.03-11) 


for  Fq.  (6.02-15),  where  m0  is  given  by  Fq.  (6.03-10). 

Fquation  (6.02-16)  and  Table  6.02-1  still  apply,  using  Fq.  (6.03-3) 
to  convert  between  w  and  u .  . 


Example  i  — Find  R  for  a  half-wave  filter  of  six  sections  having  a 
Tchebyscheff  fractional  bandwidth  of  60  percent  with  a  pass-band 

ripple  of  1  db. 


267 


1.2  .  From  Eq.  (6.02-13), 


Here,  *  0.6,  or  » 

antilog  (0.1)  -  1  -  (F  ~  1)2  1  (6.03-12) 

rJd/M,) 


and  from  Table  6.02-1  for  «  1.2. 


1. 259-1  -  (fl  ~  1)2  1 

4#  817 


Hence,  ft  *  850. 


SEC.  6.04,  EXACT  TCHEBYSCHEFF  AND  MAXIMALLY  FLAT  SOLUTIONS 
FOH  UP  TO  FOUR  SECTIONS 

Enough  exact  solutiona  will  be  presented  to  permit  the  solution 
of  all  intermediate  cases  by  interpolation  for  Tchebyacheff  and 
maximally  flat  transformers  and  filters  having  up  to  four  sections. 


The  solutions  were  obtained  from  Collin’s  formulas.3  With  the 
notation  of  Fig.  6.02-1,  they  can  be  reduced  to  the  expressions 
given  below.  The  equations  are  first  given  for  maximally  flat 
transformers  and  then  for  Tchebyscheff  transformers. 


For  maximally  flat  transformers  with  n  ■  2,  3,  and  4: 


n  -  2 

.  ftV* 

**v 

-  (6.04-1) 

K. 

.  *l/3 

* 

n  ■  3 

V\ 

V,  2Hl/3 

+  2 Rv2Vi  -  — 

ri 

-A  •  o 

>  (6.04-2) 

V2 

*  ftl'2/vl 

J 

n  «  4 

Vl 

■  AjH1/# 

1 

1 

V 


i 


V 


I 


>  (6.04-3) 


Ml 


where 


( 


A\ 


} 


(6.04-3) 

(  c  o  n  t  d  .  ) 


For  Tchebyacheff  Transformers  with  n  ■  2,  3,  and  4: 


n  -  2 


V\  n  /C1  +  ft  +  C 
-  R/V\ 


where 


C 


(«  -  1)m* 
2(2  -  m*) 


>  (6.04-4) 


and  m0  is  *iven  by  Kq.  (6.01-12). 


n  ■  3 


n  ■  4 


K*  +  2^  Vj 


v*  ’  4  -  3m* 


vt  ■ 


}  (6.04-5) 


K* 


S  (6.04-6) 


2(9 


where 


A2 


B 


and 


t 


l 


1  -  1/ft  +  f(l  -  l/R)2  +  1_1  '/j 
2*1*2  +[  ^*1*2  * 


j/i 

</2  +  1  )Mq 


l  (6.04-6) 

I  (c  ontd  .  J 


•>/  0 


(/2 


Dm* 


A  difference  between  typical  quarter-wave  transformers,  and  half¬ 
wave  filters  suitable  for  use  as  prototypes  for  microwave  filters,  is 
that,  for  the  former,  B  is  relatively  small  (usually  less  than  100) 
and  only  the  pass-band  performance  is  of  interest;  for  the  latter,  R 
is  relatively  large,  and  the  performance  in  both  pass  band  and  stop 
band  is  important.  Two  sets  of  tables  are  presented  for  n  *  2,  3, 
and  4.  The  first  set  (Tables  6.04-1  to  6.04-4)  cover  R  from  1  to  100. 
Since  these  tables  arc  most  likely  to  be  used  in  the  design  of 
transformers,  the  impedances  and  Z 2  (Fig.  6.02-1)  are  tabulated; 
the  remaining  impedances  are  obtained  from  the  symmetry  relation, 
which  can  be  written  ( for  any  n) 


Z  2 

t 


n  ♦  1  “  i 


R 


(6.04-7) 


(where  the  Z.  are  normalised  so  that  Zfl  ■  1),  or 


V 


V 


i>*2- i 


r 


i 


±r 


«♦ 2" »  • 


(6.04-8) 

(6.04-9) 
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Tnble  6. 04- 1 


/,  FOB  SKCTION  yiAHTKH-»AVK  THANSFOHMKHS* 
(For  --  2.0.  -  X2  -  vF) 


IMPEDANCE 

RATIO, 

H 

KANII»  IMTII,  !  ( 

0.  « 

0,2 

«... 

0.6 

11.8 

1.0 

1-2 

1.4 

1.6 

1.00 

1.00000 

1 . 00000 

1 . 00000 

1.00000 

1.00000 

1.00000 

1.000 

1.000 

1.25 

1.05737 

1.05810 

1.00034 

1.06418 

1.06079 

1.07725 

1.08650 

1.096 

1.107 

1.115 

1.50 

1. 10668 

1.  10808 

1.11236 

1.  11073 

1.1305! 

1.14495 

1. 16202 

1.  183 

1.203 

1.218 

1.75 

1.1501*. 

1.  15218 

1. 15837 

1 . 10004 

1. 18469 

1.20572 

1.23199 

1.261 

1.291 

1.314 

2.00 

1.  18021 

t.  10181 

1.  10970 

1.21360 

1.23388 

1.26122 

1.29545 

1.334 

1.373 

1.402 

2. 50 

1.25743 

1.21.113 

1 . 27247 

1.29215 

1.32117 

1 . 36043 

1.40079 

1.466 

1.522 

1.564 

3.00 

1.31007 

1.32070 

1.33526 

1.30042 

1.30764 

1.44816 

1.51170 

1.584 

1. 656 

1.711 

4.00 

1.41421 

1 . 42080 

1.44105 

1.47040 

1.52802 

1.60049 

1.793 

1.894 

1.971 

5.00 

1.40535 

1.50366 

1 . 52025 

1.57405 

1.64084 

1.7  3205 

1.977 

2. 105 

0.00 

1. 5*>508 

1.57501 

1.60563 

1.65037 

1.73970 

1.84951 

2.143 

2.295 

IS  3 

8.00 

1.  OB  170 

1.69473 

1.73475 

1.80527 

2.  23693 

2.439 

2.633 

2.775 

10.00 

1.77828 

1.79402 

1.84281 

1.92006 

2. 45663 

2.700 

2.931 

3. 100 

12.50 

1.88030 

1 . 80034 

1 . 05846 

2.06334 

2.22130 

2. 43686 

2.70282 

2.994 

3.266 

3.463 

15.00 

1.06700 

1.00014 

2.05900 

2. 18171 

2. 361.72 

2.92611 

3.259 

3.568 

3.791 

17.50 

2.07045 

2. 14880 

2.28850 

2. 40038 

3.13212 

3.505 

3.847 

4.093 

2.  11474 

2. 14275 

2.23010 

2.38640 

2.04048 

3. 32447 

3.733 

4. 107 

4. 374 

25.00 

2. 23607 

2. 26055 

2.37430 

2.56229 

2.8  4580 

3.22539 

3.67741 

4.152 

4.583 

4.888 

30.00 

2.34035 

2.37903 

2.71863 

3.04734 

3.  48399 

3.99798 

4.533 

5.013 

5.353 

40.00 

2.51487 

2.56334 

2.7161412.99167 

3.40409 

3. 94578 

4.57017 

5.210 

5.779 

6.179 

50.00 

2.05915 

2.71681 

2.89921 

3.22888 

3.72073 

4. 35536 

5.808 

6.454 

6.907 

fiO.OO 

2.78310 

2.84956 

3.44157 

4.72769 

5.53691 

6.350 

7.065 

7.565 

80.00 

2.99070 

3.07359 

3.33788 

3.81681 

4.51833 

5. 39296 

6. 35680 

7.314 

8.150 

8,733 

100.00 

3. 16228 

2.26067 

3. 57505 

4. 14625 

4.97177 

9.107 

9.763 

2.  1>  given  by 


*  «/Zj 


SOURCE:  IKE  Tram.  PCMTT  (am  Hal.  I  by  I .  Young) 


271 


Table  n.04-2 

2,  KOH  THHKK-. SECTION  QHAIIThH-»AVK  TltANSFOIttlWiS  * 
(for  %  =  2.0,  7,  ‘  Z2  =  /,  =  (*) 


IMI'KIWNI  K 

M4M>»IHTII 

V 

RATIO. 

A 

0.0 

0.2 

0.  1 

<>.  6 

O.H 

1.2 

1  .1 

1.6 

l.« 

1.00 

1.00000 

1.00000 

1 . 00(100 

1.00000 

1.00000 

1 . 0410 

1.000 

1.000 

1.25 

1 . 02H20 

1.02X83 

1.0.3051 

1.03350 

1.0.3830 

1.04567 

1.05636 

1.071 

1.001 

1.  109 

1.50 

1.05202 

1.05303 

1.1156 16 

1.06 186 

1.07002 

1.08465 

1.10495 

1.1.34 

1.207 

1.75 

1.07255 

1. 07396 

1.07830 

1.08646 

1.0*1033 

1.11802 

1.14805 

1.180 

1.298 

1.00068 

1.00247 

! . 00808 

1. 10830 

1.  12466 

1. 14066 

1.18702 

1.240 

1.382 

■n 

1.  12177 

1. 12422 

1.13102 

1.  1 4600 

1. 1681.2 

1 . 20344 

1.25504 

1.332 

1.4.34 

1.535 

3.00 

1. 14703 

1.15006 

1.  16050 

1.  17700 

1.20621 

1 . 24088 

1.31621 

1.413 

1. 543 

1.673 

4. 00 

1.  10071 

1. 10474 

1.20746 

1.23087 

1.26801 

1.32837 

1.41972 

1.556 

1.736 

1.917 

5.00 

1.22524 

1.24557 

1.27412 

1.32078 

1.30428 

1.50824 

1.679 

1.907 

6.00 

l.  25430 

1.27700 

1.31105 

1.36551 

1.451B7 

1.58676 

1.700 

Mi 

R.00 

1.30210 

1.30016 

1.33128 

1.37253 

1.44001 

1.72383 

1.985 

ill 

2.677 

10. (Ml 

1.340RO 

1 . 34000 

1.37482 

1.42320 

1.50307 

1.63471 

1.84304 

2.577 

2.984 

12.50 

1. 38110 

t. 30048 

1.42030 

1.47674 

1.57157 

1.72651 

1.97543 

2.849 

3.329 

15.00 

1.41512 

1.42564 

1.45024 

1.52282 

1.63055 

1.B0707 

2.532 

3.098 

3.640 

17.50 

1.44475 

1.45630 

1.40328 

1.56355 

1.68331 

1.88193 

2.608 

3.325 

3.924 

KSSi 

1.4710R 

1.4R350 

1.52371 

1.60023 

1.73135 

1.05013 

2.848 

3.541 

4.191 

n 

1.51650 

5.  53075 

1.57661 

1.66464 

1.81693 

2.07364 

2.40446 

3.129 

3.934 

4.678 

30.00 

1.5540R 

1.62184 

1.72040 

1.80220 

2. 18447 

2.66490 

3.384 

4.288 

5.124 

40.  (X) 

1.61R32 

1.63601 

1.60710 

1.81471 

2.02249 

2.38028 

3.845 

4.920 

5.909 

50.00 

1.66078 

1.75024 

1.80378 

2.1.3434 

2. 55256 

3.24219 

4.249 

5.480 

6.600 

60.00 

1.71340 

1.73661 

1.81246 

1.06266 

2.23376 

3.49018 

4.616 

5.987 

7.226 

RO.OO 

1.78522 

1.81232 

2.40750 

2.98700 

3.93524 

5.286 

6.896 

8.338 

100.00 

1.84350 

1.87411 

1.07,500 

2. 17028 

2.55856 

3. 23420 

4.33178 

5.870 

7.700 

9.318 

/j  •nd  Zj  are  fittn  by 


t  A 
A/Z, 


-j  n,a, 

SOURCE:  IMP  Tram.  PGKTT  (»e«  Ref.  4  by  I..  Verna*) 
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Table  6.04-3 


2,  HIM  KOUH-SKCTION  0IJAKTKH-4AVK  TIIANSFOMMKBS* 
(For  •  2.0,  2,  *  2,  r  2,  -  2,  .  ir'jT) 


INl’KIMNCt: 

RATIO. 

R 

HAND*  IDTII 

*7 

0.0 

O.J 

0.4  . 

0,6 

na 

1.0 

1.2 

1.4 

1.4 

1.1 

1.00 

1. 00000 

1.00000 

1.000 

1.25 

1.01405 

1.01440 

1.01553 

1.01761 

1.050 

1.073 

1.102 

1.50 

1.026.35 

1.02842 

1.03227 

1.903 

1.137 

1.193 

1.75 

1.03659 

1.03049 

1.04488 

1.0S38S 

1.09214 

1.131 

1.194 

1.277 

2.00 

1.04441 

1.04558 

1.04921 

1.05598 

1.06726 

1.11571 

1.165 

1.247 

1.354 

2.50 

1.06088 

1.3)6577 

1.07494 

1.11531 

1.15681 

1.226 

1.342 

1.495 

3.00 

1.07176 

1.07364 

1.07063 

1 . 09086 

1.10967 

1.19218 

1.280 

1.426 

1.622 

4.00 

1.09435 

1.  10216 

1. 11685 

1.14159 

1. 18259 

1.25182 

1.371 

1.574 

1.847 

5.00 

1. 10801 

1.11003 

1. 12026 

1.  13784 

1.16759 

1.21721 

1.30184 

1.450 

2.045 

6.00 

1.  12153 

1. 12486 

1.13549 

1. 15559 

1.  18974 

1.24702 

1.34555 

l.  520 

2.225 

8.00 

1. 14356 

1.  14758  >1.16043 

1.  18482 

1.22654 

1.29722 

1.42054 

1.642 

2. 545 

10.00 

1.16120 

1.16S88 

1. 18060 

1.20863 

1.25683 

1.48458 

1.749 

2.213 

2.828 

12.50 

1.17061 

1.  18483 

1.20156 

1.23353 

1.38421 

1.55461 

1.869 

m 

3. 146 

15.00 

1.20082 

t. 21931 

1.25475 

1.31638 

1.42350 

1.977 

B 

3.433 

17.50 

1.20847 

1.21471 

1.23478 

1.27335 

1.34074 

1.45869 

1.67357 

2.784 

3.699 

Bail 

1 . 22703 

1.24854 

1.28998  1.36269 

1.72593 

2.170 

2.948 

3.946 

mm 

1.  24078 

1.24824 

1.27232 

1.31891 

1.40125 

1.54791 

2.342 

3. 249 

30.00 

1.25803 

1.26618 

1.29251 

1.34367 

1.43467 

1.59831 

1.90654 

2.498 

3.524 

40.00 

1.28632 

1.29564 

1.32587 

1.38498 

1.49127 

1.68552 

m a 

twin 

5.538 

50.00 

1.31053 

1.35308 

1.41905 

1.53879 

2.19214 

4.451 

6.182 

60.00 

1.32853 

1.33974 

1.37624 

1.44833 

1.58022 

1.82732 

2.31378 

3.261 

4.848 

6.765 

80.00 

1.37297 

1.41455 

1.49736:1.65091 

1.94412 

2.53156 

3.674 

5.556 

7.801 

100.00 

1.39992 

1.  53798 

1.71073 

_ 

2.04579 

2.72559 

4.043 

6.183 

8.715 

Se •  Footnote,  Table  6.04*4 
SOURCE:  !M  Tram.  PC*7T  (see  Ref.  4  by  L.  Young ) 
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Tibia  6.04-4 

Zj  FOR  FOUR- SECTION  QUARTER -WAVE  TRANSFORMERS* 
(for  *f  «  2.0,  Zj  ■  Z2  •  Z3  ■  ZK  »  /S’) 


IMPEDANCE 

RATIO, 

A 

BANOUDTII, 

•■1 

0.0 

0.2 

0.4 

0.6 

O.tt 

1.0 

1.2 

1.4 

1 .  A 

l.t 

1.00 

1.00000 

1.00000 

1.00000 

1 . 00000 

1.00000 

1.00000 

t. 00000 

1.000 

1.000 

1.000 

1.25 

1.07223 

1.07260 

1.07371 

1.07559 

1.07830 

1.08195 

1.0868.3 

1.093 

1.102 

1.112 

1.50 

1.13512 

1.13584 

1.13799 

1. 14162 

1.  14685 

1.15394 

1.  16342 

1.176 

1. 193 

1.214 

1.75 

1. 19120 

1.19224 

1.19537 

1 . 20065 

1.20827 

1.21861 

1.23248 

1.251 

1.277 

1.307 

2.00 

1.24206 

1 . 24340 

1.24745 

1.25431 

1 . 26420 

1.27764 

1.29572 

1.320 

1.354 

1.393 

2.50 

1.33204 

1.333% 

1.33974 

1.34954 

! .  36370 

1.38.300 

1.40907 

1  445 

1.494 

1.551 

3.00 

1.41051 

1.41296 

1.42036 

1.4.3290 

1.45105 

1.47583 

1.50943 

1.556 

1.620 

1.694 

4.00 

1.54417 

1.54760 

1.55795 

1.57553 

1.60102 

1.63596 

1.68360 

1.750 

1.842 

1.947 

5.00 

1.65686 

1.66118 

1.67423 

1.69642 

1.72864 

1.77292 

1.B335B 

1.918 

2.037 

2.170 

6.00 

1.75529 

1.76043 

1.77600 

1.80248 

1.84098 

1.B9401 

1.96694 

2.069 

2.212 

2.371 

8.00 

1.92323 

1.92900 

1.95009 

1 . 98446 

2.03453 

2. 10376 

2. 19954 

2.335 

2.524 

2.730 

10.00 

2.06509 

2.07315 

2. 09756 

2.  13915 

2. 19984 

2.28397 

2.40096 

2-568 

2.798 

3.046 

12.50 

2.21803 

2.22770 

2.25698 

2.30691 

2.  .37988 

2.48134 

2.62317 

2. 826 

3. 105 

3.399 

15.00 

2.35186 

2.36303 

2. 39686 

2.45455 

2.  53898 

2. 65607 

2.82190 

3.059 

3.383 

3.719 

17.50 

2.47169 

2.48426 

2. 52737 

2.58739 

2.68264 

2.81570 

3.00321 

3.273 

3.639 

4.014 

20.00 

2. 58072 

2.59403 

2.6,3681 

2.70880 

2.814.33 

2.96208 

3. 17095 

3.472 

3.878 

4.288 

25.00 

2. 77447 

2.79089 

2.84069 

2.92575 

3.05065 

3.  22609 

3.  47548 

3. 836 

4.315 

4.789 

30.00 

2.94423 

2.96299 

3.01989 

3.  11712 

3. 26008 

.3.46148 

3.74905 

4. 165 

4.711 

5.243 

40.00 

50.00 

3.23492 

3.48136 

3. 25798 
3.50835 

3.  44714 

3.62377 

3.93704 

3.87328 

4.23091 

4.23198 

4.65555 

4.750 

5.266 

5.415 

6.038 

6.049 

6.759 

3.59021 

3.73029 

60.00 

3.6,752 

3.72816 

.3.82111 

3.98025 

4.21547 

4. 55096 

5. 03760 

5.734 

6.601 

7.401 

80.00 

4.06810 

4. 10544 

4.21877 

4.41293 

4.  70063 

5. 11329 

5.71502 

6. 568 

7.603 

8.543 

100. 00 

4.  38263 

4.42610  U. 55802 

1 _ 

4. 78420 

5.  12003 

5.60394 

6.31175 

7.304 

8.487 

9.548 

ia  five*  in  Tabla  6.04-3,  l ^  and  Z^  art  fittn  by 

Zj  “  A/Zj 
Z4  *  A/Z, 

SOURCE:  /«  Trim.  KMTT  Rtf.  4  by  L.  You*,) 
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Hi*  characteristic  impedances,  Z{  ,  ara  obtained  fro*  tha  junction 
VSfRa,  F<t  using  Fig.  6.02*1  for  the  quarter-wave  tranaforner  and 
Fig.  6.03*1  for  the  half-wave  filter.  It  ia  convenient  to  normalise 
with  respect  to  ZQ|  and  as  a  result,  the  values  of  Zt,  ZJf  ...  given 
in  the  tables  are  for  ZQ  *  1.  The  tables  giving  the  Z(  all  refer  to 
quarter-wave  transformers.  To  obtain  the  Zj  of  half-wave  filters, 
obtain  the  V<  from  Fig.  6.02-1,  and  use  these  F.  to  obtain  the  Z! 
from  Fig.  6.03-1.  This  gives  the  half-wave  filter  with  the  sane 
attenuation  characteristics  as  the  quarter-wave  transformer,  but 
having  a  bandwidth  w^  *  K«f.  (Compare  Figs.  6.02-2  and  6.03-2.) 

The  solutions  of  Eqs.  (6.04-1)  to  (6.04*6)  for  larger  values  of 
ft  are  presented  in  the  second  set  of  tables  (Tables  6.04-5  to  6.04-8). 
They  give  the  values  of  Fj  and  Fj  for  n  ■  2,  3,  and  4.  The  remaining 
values  of  F  are  obtained  from  Eq.  (6.04-8)  and 

VlV3  •'  V*+l  "  R  (6.04-10) 


which,  for  even  n,  reduces  to 

Vt  •••  l  -  R  (6.04-11) 

and  for  odd  n,  reduces  to 


<V2  "  R  •  (6.04-12) 

Equations  (6.04*7)  to  (6.04-12)  hold  for  all  values  of  n  . 

Tables  6.04*5  to  6.04-8  give  the  step  VSWRs  for  ft  from  10  to  ® 
in  multiples  of  10.  Note  that  for  Tchebyscheff  transformers  FJf  FJt  ... 

Vm  and  Fj /(fl)^  *  F^^j/tfl)^  tend  toward  fi  nite  limits  as  ft  tends  toward 
infinity,  as  can  be  seen  from  Eqs.  6.04-1  to  6.04-6  for  n  up  to  4,  by 
letting  R  tend  toward  infinity.  (For  limiting  values  as  R  tends 
toward  infinity  and  n  >  4,  see  Sec.  6.10.)  The  tables  give  fractional 
bandwidths,  »f,  from  0  to  2.00  in  steps  of  0.20.  [The  greatest 
possible  bandwidth  is  vf  ■  2.00,  by  definition,  as  can  be  aeon  from 
Eq.  (6.02-1).] 
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(barter ly  Pro*re»*  Report  4.  Coetract  DA  36-039  ST  8739*.  SRI;  repriated  >■  IK  Trmt.  PORT  (see  Ref.  36  by  L.  Y - y' 


When  interpolating,  it  is  generally  sufficient  to  use  only  the 
two  nearest  values  of  F  or  Z.  In  that  esse,  a  linear  interpolation 
on  a  log  V  or  log  Z  against  log  A  scale  is  preferable.  Such 
interpolations,  using  only  first  differences,  are  most  accurate  for 
small  A  and  for  large  R,  and  are  least  accurate  in  the  neighborhood 


R 


/  2  \ ) 

W/ 


(6.04-13) 


In  this  region,  second-  or  higher-order  differences  may  be  used  (or  a 
graphical  interpolation  may  be  more  convenient)  to  achieve  greater 
accuracy. 

Example  1 — Design  a  quarter-wave  transformer  for  R  •  2.5,  to  have 
a  VSWR  less  than  1.02  over  a  20-percent  bandwidth. 

Here,  A  ■  2.5  and  vf  *  0.2.  From  Table  6.02-2,  it  can  be  seen 
that  one  section  is  not  enough,  but  Table  6.02-3  indicates  that  two 
sections  will  do.  From  Table  6.04-1,  we  obtain  Z1  *  1.261,  and 
from  Eq.  (6.04-7),  Z2  «  1.982. 

Example  ?— Find  the  step  VSWRs  Fj ,  F2 ,  F} ,  and  F^  for  a  three- 
section  quarter-wave  transformer  of  80-percent  bandwidth  and  A  ■  200. 
Also,  find  the  maximum  pass-band  VSWR. 


Here,  n  ■  3  and  w?  *  0.8.  For  A  »  100,  from  Table  6.04-6, 

Fj  -  3.9083  , 


For  A  ■  1000, 


.%  log  F2  -  0.5920 

F2  -  5.5671  , 

.%  log  F2  -  0.7456 


Now,  for  A  ■  200, 


371 


log  A 


2.301 


Interpolating  linearly, 

log  V2  -  0.5920  +  0.301(0.7456  -  0.5920) 

•  0.6382 

V2  -  4.347  -  V3  also 

From  Eq.  (6.04*10)  or  (6.04*12), 

.  O^j)2  '  « 

F,  -  Vt  -  2.086  . 

The  maximum  pass-band  VSWR,  V f,  is  found  from  Eqs.  (6.02-8),  (6.02-13), 
and  Table  6.02-1,  which  give  Sr  ■  0.23,  and  then  Eq.  (6.02-18) 
determines  the  maximum  pass-band  VSWR,  Vf  •  2.5. 

SEC.  6.05,  EXACT  MAXIMALLY  FLAT  SOLUTIONS  FOR  UP 
TO  EIGHT  SECTIONS 

Enough  exact  solutions  will  be  presented  to  permit  the  solution 
of  all  intermediate  cases  by  interpolation,  for  maximally  flat  trans¬ 
formers  with  up  to  eight  sections. 

The  solutions  were  obtained  by  Riblet’s  method. s  This  is  a  tedious 
procedure  to  carry  out  numerically;  it  requires  high  accuracy,  especially 
for  large  values  of  A.  In  the  limit  as  A  becomes  very  large,  approximate 
formulas  adapted  from  the  direct-coupled  cavity  filter  point  of  view 
in  Chapter  8  become  quite  accurate,  and  become  exact  in  the  limit,  as 
A  tends  to  infinity.  This  will  be  summarized  in  Sec.  6.09.  For  our 
present  purposes,  it  is  sufficient  to  point  out  that,  for  maximally 
flat  transformers,  the  ratios 
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!-2» 


A 


1 


n  ♦  I 


V,  'ft 


Ai 


I  'ft 

I  ' 


I  /  n 


f  I  o  r  n  f  1 


>  (6.05-1) 


tend  to  finite  limits  us  ft  tends  to  infinity  (see  See.  .  10). 


Table  6.05-1  gives  the  impedances  Y.  to  Y.  (Tig.  6.02-1)  of 
maximally  flat  t|u;irt  er*wave  trails  formers  of  5,  6 ,  7,  arei  8  sections 
for  values  of  ft  up  t  o  100.  The  impedances  of  maximally  flat  trans¬ 
formers  of  2,  8,  anii  4  sections  mere  alrea.lv  given  in  fa  I  les  6.04*1 
to  6.04-1  (case  of  u  »  0).  The  remaining  impedances  not  given  in 
these  tables  are  ilet  e  rmi  nei|  from  Tq,  (6.01-7). 

Tal  le  6.05-2  gives  the  .4  ilelineil  in  l.i).  (6.05-1)  for  maximally 
flat  transformers  of  from  .4  to  8  sections  for  values  of  ft  from  1  to 
in  multiples  of  10.  Ihe  A  change  relatively  little  over  the  infinite 
range  of  ft,  thus  permitting  verv  accurate  interpolation.  The  T  are 
then  obtained  from  hqs.  (6.05-1),  (6.01-8),  and  (6.01-10).  liie  rase 
n  ■  2  is  not  tabulated,  since  the  formulas  in  l!q.  (6.04-1)  are  so  simple. 


SKC.  6.06,  APIMtOX  I V  MT  Di:s|t;\  V  lll.V  I,  Is  SVM.I. 

First’Onler  Theory  —  Kxar t  numeriral  Tchebyscheff  solutions  for 
n  >  4,  corresponding  to  the  maximally  flat  solutions  up  to  n  *  8  in 
Sec.  6.05  have  not  yet  been  computed.  When  the  ou t pu t - t o- i npu t 
impedance  ratio,  ft,  approaches  unity,  the  reflection  coefficients  of 
the  impedance  steps  approach  zero,  and  a  first-order  theory  is 
adequate.  The  first-order  theory  assumes  that  each  discontinuity 
(impedance  step)  sets  up  a  reflected  wave  of  small  amplitude,  and 
that  these  reflected  waves  pass  through  the  other  small  discontinuities 
without  setting  up  further  second-order  reflections.  This  theory 
holds  for  “small  ft”  as  defined  by 


/  2  V''2 

ft  </-— j  (6.06-1) 


and  can  be  useful  even  when  ft  approaches  (2/wq)n,  particularly  for  large 
bandwidths.  [Compare  with  Kqs.  (6.07-2)  and  (6.09-1),] 
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nT 
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1.40450 

nT 
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1.00727 

1.00878 
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1.01121 
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1.01315 

1.01479 
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3.64407 
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4.22331 
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5.09522 

►T 

1.04540 
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1.S5006 

1.S7S10 

1.  59807 
1.63911 

1.67513 

1.70736 

1.73661 
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N* 
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1.05356 
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1.06277 

1.06646 
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1.08017 

1.08434 

1.08805 

1.09139 

1.09444 

W> 

II 

r 

1.07904 

1 . 13908 

1.18816 

1.23002 

1.26672 

1.29954 

1.32931 

1.35663 
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1.44845 

1.48696 
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1.55413 
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1.78804 

1.87251 

1.94S24 
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2. 12000 

2. 16856 
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2.33312 

2.40267 

2.46613 
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N~ 
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1.04521 
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1.06530 
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1.09531 
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1. 12S92 
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Denote  the  reflection  coefficients  of  an  ft  *  section  transformer 
or  filter  by 


r  ,  where  i  ■  1,  2,  .  .  .  ,  ft  +  1 
to  give  a  Tchebyscheff  response  of  bandwidth,  Let 


(6.06-2) 


The  quantity  c  is  related  to  uQ  of  Eq.  (6.02-12)  by 


C2  +  -  1 


(6.06-3) 


Then,  for  n-section  Tchebyscheff  transformers,  the  following  ratio 
formulas  relate  the  reflection  coefficients  up  to  n  ■  8. 


For  n  ■  2, 


For  n  •  3, 


r,.-r,  .  i  :2c 2 


r,:r2  -  i :3c-'  . 


(6.06-4) 


(6.06-5) 


For  ft  “  4 , 

ri  *  l:4c2:2c2(2  +  c2)  .  (6.06-6) 

For  n  «  5 , 

F '  ] : r  2 : F i  '  1 : 5c2 : 5c2( 1  +  c2)  .  (6.06-7) 

For  n  ■  6 , 

ri:r2:rVr*  -  l:6c*:3c2(2  +  3c2):2c2(3  +  6c2  +  c4)  .  (6.06-8) 

For  n  *  7, 

rj:lY-r3:r4  -  1:7c2:7c2(1  +  2c2):7c2(l  ♦  3c2  +  c4)  .  (6.06-9) 

For  n  ■  8, 

■  1 : 8c2 : 4c2( 2  +  5c2):8c2(l  +  4c2  +  2c4): 

2c2(4  +  18c2  +  12c4  +  c‘)  .  (6.06-10) 
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Table  6.06*1  tabulates  the  for  all  fractional  bandwidths  in 

steps  of  20  percent  in  for  transformers  of  up  to  eight  sections. 

The  Ps  are  obtained  from  the  appropriate  one  of  the  above  equations, 
or  from  Table  6.06-1,  together  with  Eq.  (6.04-9)  and  the  specified 
value  of  R  (see  Example  1  of  Sec.  6.06).  When  ■  0  (maximally  flat 
case),  the  Ps  reduce  to  the  binomial  coefficients.  (A  general  formula 
for  any  n  will  be  given  below.) 


Range  of  Validity  of  First-Order  Theory — For  a  transformer  of  given 
bandwidth,  as  R  increases  from  unity  on  up,  the  P.  all  increase  at  the 
same  rate  according  to  the  first-order  theory,  keeping  the  ratios  Pj/Pj 
constant.  Eventually  one  of  the  r  would  exceed  unity,  resulting  in  a 
physically  impossible  situation,  and  showing  that  the  first-order 
Theory  has  been  pushed  too  far.  To  extend  the  range  of  validity  of  the 
first-order  theory,  it  has  been  found  advantageous  to  substitute  log 
for  P^.  This  substitution,  17  which  appears  to  be  due  to  W,  W,  Hansen,1 
might  be  expected  to  work  better,  since,  first,  log  VP  will  do  just 
as  well  as  Pj  when  the  P^  are  small  compared  to  unity,  as  then 


log  v. 


log 


1 *  rl 


(6.06-11) 


constant  *  T, 


and,  second,  log  F(  can  increase  indefinitely  with  increasing  log  R  and 
still  be  physically  realizable. 

The  first-order  theory  generally  gives  good  results  in  the  pass 
band  when  log  V  is  substituted  for  P.,  provided  that  R  is  “small"  as 
defined  by  Eq,  (6.06-1).  (Compare  end  of  Sec.  6.10.) 

Example  1— Design  a  six-section  quarter-wave  transformer  of 
40-percent  bandwidth  for  an  impedance  ratio  of  R  ■  10.  [This  trans¬ 
former  will  have  a  VSWR  less  than  1.005  in  the  pass  band,  from 
Eqs.  (6.02-8)  and  (6.02-18)  and  Table  6.02-1.] 

Here  (2/»f)"/2  ■  125,  which  is  appreciably  greater  than  R  •  10. 
Therefore,  we  can  proceed  by  the  first-order  theory.  From  Table  6.06*1, 
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"-87398,  SRI;  reprinted  ME  Trmnw.  PCMTT  (>ee  Ref.  36  by  t.  To, 


log  Vjilog  I'jilog  V'jilog  V'4 


1:5.4270:12.7903:16.7247 


log  Vx  log  Vx  l 

log  R  ’  7”  ~  "  55.1593 

I  log  V 


0.01813 


Since  log  ft  ■  log  10  ■  1, 


and 


ant i log  (0.01813) 
antilog  (5.4270  * 
anti  log  (  12.7903  * 


■  1.0426 

0.01813)  ■  1.254 

0.01813)  -  1.705 


Vi  -  antilog  (16.7247  *  0.01813)  -  2.010 

Hence 


■ 

*1 

■ 

1.0426 

*2 

■ 

vSi 

a 

1.308 

Z, 

■ 

V>Z2 

a 

2.228 

■ 

a 

4.485 

*5 

■ 

V* 

a 

7.65 

Z6 

■ 

V, 

a 

9.60 

Z7 

■ 

V* 

a 

10.00 

Relation  to  Dolph-Tchebytchtff  Antenna  Arrays— When  R  ia  small, 
numerical  aolutiona  of  certain  cases  up  to  n  ■  39  may  be  obtained 
through  the  uae  of  existing  antenna  tables.  The  first-order 
Tchebyscheff  transformer  problem  is  mathematically  the  same  as  Dolph's 
solution18  of  the  linear  array,  and  the  correspondences  shown  in 
Table  6.06*2  may  be  set  up. 
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Tablt  6.06-2 

TRANSFORM EH- ARRAY  CORRESPONDENCES 


TCHEBVSCHEFF  TRANSFORMER 

DOLPH-TCHEBYSCHEFF  ARRAY 

First-order  theory 

Optical  diffrsctioa  theory 

Synchronous  tuning 

Uniform  phase  (or  linear  phste  taper) 

Frequency 

Angle  in  space 

Tranaforawr  length 

Array  length 

Pees  bend 

Side- lobe  region 

Stop  band 

Mein  lobe 

Reflection  coefficient 

Redietion  field 

Number  of  steps  (n  +  1) 

Nuaber  of  elements 

*<».»,) 

Side-lobe  ratio 

10  lo,10M 

Side- lobe  level  in  db 

log  V. 

Element  currents,  l i 

SOURCE:  Quarterly  Progrtaa  Report  4,  Coat r act  DA  36-039  SC- 07390, 

SRI;  reprieted  in  HE  Tree#.  PGtfTT  (aee  Ref.  36  fey  L.  Young) 

The  calulation  of  transformers  from  tables  or  graphs  of  array 
solutions  is  best  illustrated  by  an  example. 

Example  2— Design  a  transformer  of  impedance  ratio  R  •  5  to  have  a 
maximum  VSWH,  Vf,  of  less  than  1.02  over  a  140-percent  bandwidth 
(w,  -  1.4). 

It  is  first  necessary  to  determine  the  minimum  number  of  sections. 
This  is  easily  done  as  in  Example  1  of  Sec.  6.02,  using  Table  6.02-1, 
and  is  determined  to  be  n  ■  11. 

Applying  the  test  of  Eq.  (6.06-1) 

(-)  •  SO 

whereas  R  is  only  5,  and  so  we  may  expect  the  first-order  theory  to 
furnish  an  accurate  design. 

The  most  extensive  tables  of  array  solutions  are  contained  in 
Ref.  19.  (Some  additional  tables  ere  given  in  Ref.  20.)  We  first  work 
out  M  from  Eqs.  (6.02-8),  (6.02-18),  and  (6.02-16),  and  find  If  ■  8000. 
Hence  the  side-lobe  level  is 

10  logj  0M  •  39.0  db 
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From  Table  II  in  Ref.  19,  the  currents  of  an  n  +  1  ■  12  element  array 
of  side*lobe  level  39  db  are  respectively  proportional  to  3.249,  6.894, 
12.21,  18.00,  22.96,  25.82,  25.82,  22.96,  18.00,  12.21,  6.894,  and 
3.249.  Their  sum  is  178.266.  Since  the  currents  are  to  be  proportional 
to  log  Vt,  and  since  fl  ■  5,  log  R  ■  0.69897,  we  multiply  these  currents  by 
0.69897/178.266  ■  0.003921  to  obtain  the  log  .  Taking  anti  logarithms 
yields  the  Vi  and,  finally,  multiplying  yields  the  Zi  (aa  in  Example  1). 
Thus  ZQ  through  A  are  respectively  found  to  be  1.0,  1.0298,  1.09585, 
1.2236,  1.4395,  1.7709,  2.2360,  2.8233,  3.4735,  4.0861,  4.5626,  4.8552, 
and  5.0000.  The  response  of  this  transformer  is  plotted  in  Fig.  6.06*1, 
and  is  found  to  satisfy  the  specifications  almost  perfectly. 

In  antenna  theory,  one  is  usually  not  interested  in  side*lobe  ratios 
in  excess  of  40  db;  this  is  as  far  as  the  antenna  tables  take  ua.  Only 
fairly  large  bandwidths  can  be  calculated  with  this  40*db  limit.  For 


SOURCE:  Quarterly  Progress  Report  4,  Contract  DA  36-039  SC-87398,  SRI; 
reprinted  in  IRE  Trans.  PGMTT  (See  Ref.  36  by  !,.  Young) 

FIG.  6.06-1  ANALYZED  PERFORMANCE  OF  TRANSFORMER 
DESIGNED  IN  EXAMPLE  2  OF  SEC.  6.06 
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example,  Table  6.02-1  shows  that  for  n  ■  2  this  limits  us  to 
*  >  0.18;  for  n  -  4.  to  «,  >  0.67;  for  n  •  8,  to  »,  >  1.21;  and 

9  9  9 

for  n  ■  12,  to  w  >  1.52.  A  general  formula  for  all  cases  has  been 

given  by  G.  J.  Van  der  Maas, 21  which  becomes,  when  adapted  to  the 

transformer, 


r 

r 


< 

i 


n 

n  +  1  -  i 


i-i 


I 


/n  *  1  - 

\  r+  * 


j  c2(rM) 

(6.06-12) 


for  2  £  i  £  (n/2)  +  1,  where  c  is  given  by  Eq.  (6.06-2),  and  ( ^ )  are 
the  binomial  coefficients 


b !  ( a  -  b)! 


(6.06-13) 


SEC.  6.07,  APPROXIMATE  DESIGN  FOR  UP  TO  MODERATELY  LARGE  R 

Modified  First-Order  Theory— In  Sec.  6.06  a  first-order  theory  was 
presented  which  held  for  "small”  values  of  R  as  defined  by  Eq.  (6.06-1). 
In  Ser.  6.09,  there  will  be  presented  formulas  that  hold  for  "large” 
values  of  R  us  defined  by  Eq.  (6.09-1).  This  leaves  an  intermediate 
region  without  explicit  formulas.  Since  exact  numerical  solutions  for 
maximally  flat  transformers  of  up  to  eight  sections  have  been  tabulated 
(Tables  6  05-1  and  6.05-2),  these  might  be  used  in  conjunction  with 
either  the  "small  /(”  or  the  "large  R”  theories  to  extend  the  one  upward 
or  the  other  downward  in  R,  and  so  obtain  more  accurate  solutions  for 
Tcheby.schef f  transformers  with  R  in  this  intermediate  region.  This  idea 
is  applied  here  to  the  first-order  ("small  It")  theory  only,  as  will  be 
explained.  It  extends  the  range  of  the  first-order  theory  from  the 
upper  limit  given  by  Kq.  (6.06-1)  up  to  "moderately  large”  values  of  R 
as  defined  by 


(6.07-1) 
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and  gives  acceptable  results  even  up  to  the  square  of  this  limit, 


(6.07-2) 


[Compare  with  Eqs.  (6.06-1)  and  (6.09-1).]  Of  course,  when  H  is  less 
than  specified  by  Eq.  (6.06-1),  there  is  no  need  to  go  beyond  the 
simpler  first-order  theory  of  Sec.  6.06. 

The  first  step  in  the  proposed  modification  of  the  first-order 
theory  is  to  form  ratios  of  the  f\ ,  which  will  be  denoted  by  y with 
the  property  that 


Tckibyickaff 

trmaftmr 


aaxiaally  flat 
trana foraer 


(6. 07-3a) 


The  y i  are  functions  of  n  (the  same  n  for  both  transformers)  and  i v q 
(.the  bandwidth  of  the  desired  Tchebyscheff  transformer).  The 

!»♦  \ 

substitution  of  log  V  for  r  will  again  be  used,  and  therefore  7  T. 

1  '  •*  1  « 

is  replaced  by  log  H,  according  to  Eq.  (6.04-10).  If  now  we  choose 
H  to  be  the  same  for  both  the  Tchebyscheff  transformer  and  the 
corresponding  maximally  flat  transformer,  then  Eq.  (6.07-3)  reduces  to 


(log  V  ) 

1  Tchibyachtff 
t ran* former 


^(log 


aaxiaally  flat 
tranaforaer 


(6.07-3b) 


The  modification  to  the  first-order  theory  now  consists  in  using  the 
exact  log  V .  of  the  maximally  flat  transformer  where  these  are  known 
(Tables  6.05-1  and  6.05-2).  The  y.  could  be  obtained  from  Eq.  (6.07*3) 
and  Table  6.06-1,  but  are  tabulated  for  greater  convenience  in 
Table  6.07-1.  The  numbers  in  the  first  row  of  this  table  are,  by 
definition,  all  unity.  The  application  of  this  table  is  illustrated 
by  an  example  given  below. 
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Hange  of  Validity  of  the  Modified  First-Order  Theory— The  analyzed 
performance  of  a  first-order  design,  modified  as  explained  above  and 
to  be  illustrated  in  Example  1,  agrees  well  with  the  predicted 
performance,  provided  that  B  satisfies  Eq.  (6.07-1)  or  at  least 
Eq.  (6.07-2).  (In  this  regard,  compare  the  end  of  Sec.  6.10.) 

As  a  rough  but  useful  guide,  the  first-order  modification  of  the 
exact  maximally  flat  design  generally  gives  good  results  when  the 
pass-band  maximum  VSWR  is  less  than  or  equal  to  ( 1  +  »J),  where 
is  the  equal-ripple  quarter-wave  transformer  bandwidth  [Eq. (6.02- 1)1 . 

By  definition,  it  becomes  exact  when  w  >0. 

9 

Example  i — In  Example  1  of  Sec.  6.02,  it  was  shown  that  a  quarter- 
wave  transformer  of  impedance  ratio  II  *  100,  fractional  bandwidth  w  ■  1.00, 
and  maximum  pass-band  VSV'R  of  less  than  1.15  must  have  at  least  six 
sections  (n  «  6).  Calculate  the  normalized  line  impedances,  Zi ,  of  this 
quarter-wave  transformer.  Predict  the  maximum  pass-band  VSV,'R(  l'  Then, 
also  find  the  bandwidth,  »k ,  and  normalized  line  impedances,  of  the 
corresponding  half-wave  filter. 

First,  check  that  B  is  small  enough  for  the  transformer  to  be 
solved  by  a  first-order  theory.  Using  Eq.  (6.06-1), 


(6.07-4) 


Therefore  the  unmodified  first-order  theory  would  not  be  expected  to 
give  good  results,  since  B  ■  100  is  considerably  greater  than  8. 
Using  Eqs .  (6.07-1)  and  (6.07-2), 


(6.07-5) 
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Therefore  the  modified  first>order  theory  should  work  quite  well, 
although  we  may  expect  noticeable  but  not  excessive  deviation  from 
the  desired  performance  since  R  ■  100  is  slightly  greater  than 
(2/w,)"  -  64. 


From  Table  6.05*1  and  Fig.  6. 02* 1 •  or  from  Table  6.05-2  and 
Gq.  (6.05*1),  it  can  be  seen  that  a  maximally  flat  transformer  of 
six  sections  with  R  ■  100  has 


’  v. 

« 

1.094 

A 

log 

*1  “ 

0. 

0391 

¥t 

■ 

■ 

1.610 

log 

¥t  " 

0. 

2068 

/. 

• 

2.892 

log 

0. 

4612 

- 

3.851 

••• 

log 

\  • 

0. 

5856 

The 

log  VSWHs 

of  the 

required  100- 

percent 

band* 

ridth  trans 

now 

obtained, 

accord 

ing 

to  Eq. 

(6. 

07- 

3b), 

multi 

ply 

ing  the 

Eq. 

(6.07-6) 

by  the 

appropriate 

va 

lue 

S  of 

y  in 

Table  6.06 

log 

*1  " 

0. 

0391  x 

2.586 

• 

0.1011 

log 

¥t  ” 

0. 

2068  x 

1.293 

■ 

0.2679 

log 

0. 

4612  x 

0.905 

■ 

0.4170 

log 

*4  “ 

0. 

5856  x 

0.808 

• 

0.4733 

Vl 

■ 

-  1. 

262 

V2 

- 

-  1. 

853 

■ 

•'s 

-  2. 

612 

^4 

-  2. 

974 

l  (6.07-6) 


(6.07-7) 


>  (6.07  8) 


Now  this  product  FjF2...F7  equals  105.4,  instead  of  100.  It  ia 
therefore  necessary  to  scale  the  F^  slightly  downward,  so  that  their 
product  reduces  to  exactly  100.  The  preferred  procedure  is  to  reduce 
Fj  and  F?  by  a  factor  of  (100/105. 4)W2 while  reducing  F2 ,  ....  Ft 

by  a  factor  of  ( 100/105. 4)  /* .  [In  general,  if  R'  and  R  are  respectively 
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the  trial  and  desired  impedance  ratios,  then  for  an  n-section  trans¬ 
former,  the  sealing  factor  is  ( H/H ' ) 1  / "  for  V  t,  Vj,  ...  l'(l,  and 
(/},  f,*')1'2"  for  V'j  and  J  It  can  he  shown  [see  Example  2  of  Sec.  6.09 

and  Hq .  (6.09-2)1  that  this  type  of  scaling,  where  and  are 

scaled  hy  the  square  root  of  the  scaling  factor  for  V  ,  ...,  V*,  has 
as  its  principal  effect  a  slight  increase  in  bandwidth  while  leaving 
the  pass-land  ripple  almost  unaffected.  Since  the  approximate 
designs  generally  fall  slightly  short  in  bandwidth,  while  coming  very 
close  to,  or  even  improving  on,  the  specified  pass-band  ripple,  this 
method  of  scaling  is  preferable.  Subtracting  0.0038  from  log 
and  0.0076  from  the  remaining  log  V'4  in  Kq.  (6.07-7)  gives  the  new  V. 

V,  •  V.  «  1.251 

-  bh  •  1.821 

1 3  «  V%  -  2.566 

l  »  2.922 

and  for  the  corresponding  normalized  line  impedances  of  the  quarter- 
wave-  transformer  (fig.  6.02-1), 
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fcc  note  in  passing  that  the  product  of  the  VSWHs  before  reduction  was 
105.4  instead  of  the  specified  100.  If  the  discrepancy  between  these 
two  numbers  exceeds  about  5  to  10  percent,  the  predicted  performance 
will  usually  not  be  realized  very  closely.  This  provides  sn 

additional  internal  check  on  the  accuracy  of  the  design. 

294 


The  maximum  transducer  attenuation  and  VSWR  in  the  paaa  band 
predicted  from  Eq.  (6.02-16)  and  Table  6.02-1  are 


6r  -  0.0025  ,  or  0.011  db 

Therefore  by  Eq.  (6.02-18)  ,  ,  ^ 

Vr  -  1.106 

* 

The  computed  plot  of  V  against  normalized  frequency,  f,  of  this 
transformer  (or  against  \j0/\  if  the  transformer  is  dispersive)  is 
shown  in  Fig.  6.07-1.  The  bandwidth  is  95  percent  (compared  to 
100  percent  predicted)  for  a  maximum  pass-band  VSUR  of  1. 11. 


SOIJRCEi  Querlerly  Procress  Report  4,  Cor.:rset  DA  36-03*  SC-8739S.  SRI; 
reprinted  in  IRE  Tram.  PCMTT  (See  Ref.  36  by  L.  Yount) 

FIG.  6.07-1  ANALYZED  PERFORMANCE  OF  TRANSFORMER 
DESIGNED  IN  EXAMPLE  1  OF  SEC.  6.07 


(Notice  that  the  response  has  equal  ripple  heights  with  a  maximum  VSWR 
of  1.065  over  an  86-percent  bandwidth.) 

The  bandwidth  v>h  of  the  half-wave  filter  for  a  maximum  VSWR  of 
1.11  will  be  just  half  the  corresponding  bandwidth  of  the  quarter-wave 
transformer,  namely,  47.5  percent  (instead  of  the  desired  50  percent). 
The  normalized  line  impedances  of  the  half-wave  filter  are  (see 
Fig.  6.03-1): 
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It  should  be  noticed  that  the  output  impedance,  Z^,  of  the  half- 
wave  filter  is  also  the  VSWR  of  the  filter  or  transformer  at  center 
frequency9  (Fig.  6.07-1). 

In  this  example  it  was  not  necessary  to  interpolate  from  the 
tables  for  the  V.  or  Z..  When  R  is  not  given  exactly  in  the  tables, 
the  interpolation  procedure  explained  at  the  end  of  Sec.  6.04  should 
be  followed. 

SEC  6.08,  CORRECTION  FOR  SMALL-STEP 
DISCONTINUITY  CAPACITANCES 

A  discontinuity  in  waveguide  or  coaxial-line  cross-section  cannot 
be  represented  by  a  change  of  impedance  only--i.e.,  practical 
junctions  are  non-ideal  (see  Sec.  6.01).  The  equivalent  circuit  for 
a  small  change  in  inner  or  outer  diameter  of  a  coaxial  line  can  be 
represented  by  an  ideal  junction  shunted  by  a  capacitance, s  and  the 
same  representation  is  possible  for  an  E-plane  step  in  rectangular 


2H 


waveguide. 23  This  shunt  capacitance  has  only  a  second-order  effect 
on  the  magnitude  of  the  junction  VSWR,  since  it  contributes  a  smaller 
component  in  quadrature  with  the  (already  small)  reflection 
coefficient  of  the  step.  Its  main  effect  is  to  move  the  reference 
planes  with  real  V  out  of  the  plane  of  the  junction.  Since  the 
spacing  between  adjacent  and  facing  reference  planes  should  be  one- 
quarter  wavelength  at  center  frequency,  the  physical  junctions  should 
be  moved  the  necessary  amount  to  accomplish  this.  Formulas 
have  been  given  by  Cohn. 1  The  procedure  outlined  here  is  equivalent 
to  Cohn's  formulas,  but  is  in  pictorial  form,  showing  the  displaced 
reference  planes,  and  should  make  the  numerical  working  of  a  problem 
a  little  easier.  The  necessary  formulas  are  summarised  in  Fig.  6.08-1 
which  shows  the  new  reference  plane  positions.  The  low-impedance  end 
is  shown  on  the  left,  the  high-impedance  end  on  the  right.  There  are 
two  reference  planes  with  real  T  associated  with  each  junction,  one 
seen  from  the  low-impedance  side,  and  one  seen  from  the  high-impedance 
side  (Fig.  6.08-1).  When  the  two  "terminal-pairs"  of  a  junction  are 
situated  in  the  appropriate  reference  planes,  it  is  equivalent  to  an 
ideal  junction.  The  following  results  can  be  shown  to  hold  generally 
when  the  step  discontinuity  can  be  represented  by  a  shunt  capacitance: 

(1)  The  two  reference  planes  associated  with  any  junction  are 
both  in  the  higher  impedance  line  (to  the  right  of  the 
junction  in  Fig.  6.08-1). 

(2)  The  two  reference  planes  associated  with  any  junction  are 
always  in  the  order  shown  in  Fig.  6. 08- 1- • i • *• ,  the 
reference  plane  seen  from  the  higher  impedsnee  line  is 
nearer  to  the  junction. 

(3)  As  the  step  vanishes,  both  reference  planes  fall  into 
the  plane  of  the  junction. 

(4)  The  reference  plane  seen  from  the  higher  impedance  line 
(the  one  nearer  to  the  junction)  is  always  within  one- 
eighth  of  a  wavelength  of  the  junction.  (The  other 
reference  plane  ia  not  so  restricted.) 

The  spacing  between  junctions  is  then  determined  as  shown  in  Fig.  6.08*1* 
It  is  seen  that  the  90-degree  lengths  overlap,  and  that  the  separation 
between  junctions  will  therefore  generally  be  less  than  one-quarter 
wavelength,  although  this  does  not  necessarily  always  hold  (e.g.,  if 
^  Ij). 
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*'  *  i  (**c  ™ -  *"c  TAN 

WHERE  Si  IS  THE  EQUIVALENT  SHUNT  SU3CEPTANCE  AT  THE  STEP 

t-ntr-m 


FIG.  6.08-1  LENGTH  CORRECTIONS  FOR  DISCONTINUITY  CAPACITANCES 


Example  1  —  Design  a  transformer  from  6.5*  by  1.3-inch  rectangular 
waveguide  to  6.5-  by  3.25-inch  rectangular  waveguide  to  have  a  VSWR 
less  than  1.03  from  at  least  1180  to  1430  megacycles. 

Here  fl  •  2.5 


A-fl  ■  15.66  inches  ,  ■  10.68  inches 

From  Eq.  (6.02-2), 


«0 


\  . 

1 0 

12.68  inches  ,  and  -  «  3.17  inches  , 

4 


while  Eq.  (6.02-1)  gives  ■  0.38.  From  Tables  6.02-3  and  6.02-4, 
it  can  be  seen  that  at  least  three  sections  are  needed.  We  shall 
select  ■  0.50,  which  still  meets  the  specification  that  the  pass-band 
VSWR  be  less  than  1.C3  (see  Table  6.02-4).  From  Table  6.04-2,  the 
6  dimensions  of  such  a  transformer  are 
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1.479 

inches 

■ 

2.057 
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2.857 

inches 

m 

3.250 

inches 

Make  all  the  atepa  symmetrical  (aa  in  Fig.  6.08*2)>  aince  in  thia  caae 
the  length  correctiona  would  be  appreciable  if  the  atepa  were  unayai- 
metrical. 
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FIG.  6.08-2  SOLUTION  TO  EXAMPLE  1  OF  SEC.  6.08  ILLUSTRATING 
LENGTH  CORRECTIONS  FOR  DISCONTINUITY 
CAPACITANCES 
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Now  make  up  a  table  as  follows: 


The  last  line  subtracted  from  3.17  inches  gives  the  section 
lengths.  The  first  two  sections  are  somewhat- shorter  than  one-quarter 
wavelength,  while  the  third  section  is  slightly  longer.  The  final 
dimensions  are  shown  in  Fig.  6.08-2. 

SEC.  6.09,  APPHOXIMATE  DESIGN  WHEN  A  IS  LARGE 

Theory-Riblet ’ s  procedure,3  while  mathematically  elegant  and 
although  it  holds  for  all  values  of  A,  is  computationslly  very 
tedious,  and  the  accuracy  required  for  large  A  can  lead  to  difficulties 
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even  with  a  large  digital  computer.  'Collin’s  formulas2  are  more 
convenient  (Sec.  6.04)  but  do  not  go  beyond  n  ■  4  (Tables  6.04-1  to 
6.04-8).  Hiblet's  procedure  has  been  used  to  tabulate  maximally 
flat  transformers  up  to  n  *  8  (Tables  6.06-1  and  6.06-2).  General 
solutions  applicable  only  to  “small  ft”  have  been  given  in  Secs.  6.06 
and  6.07,  and  are  *-abulated  in  Tables  6.06*1  and  6.07-1.  In  this 
part,  convenient  formulas  will  be  given  which  become  exact  only 
when  H  is  “  large,  "  as  defined  by 


ft 


(6.09-1) 


These  solutions  are  suitable  for  most  practical  filter  applications 
(but  not  far  practical  transformer  applications).  [Compare  with 
Eqs.  (6.06-1)  and  (6. 07-2). J 

For  “large  ft"  (or  small  wf),  stepped  impedance  transformers  and 
filters  may  be  designed  from  low-pass,  lumped-constant,  prototype 
filters  (Chapter  4)  whose  elements  are  denoted  by  gt  (i  •  0,  1,  ..., 

n  +  1).*  The  transformer  or  filter  step  VSWRs  are  obtained  from 


1  *♦  1 
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77  IT 


i  2 

16  “V 


’  when  2  <  i  <  n 


(Fj  large,  w  small) 


(6.09-2) 


where  is  the  radian  cutoff  frequency  of  the  low-pass  prototype  and 
is  the  quarter-wave  transformer  fractional  bandwidth  [given  by 
Eq.  (6.02-1)  for  Tchebyscheff  transformers  and  Eqs.  (6.02-9)  or  (6.02-10) 
for  maximally  flat  transformers].  Again,  the  half-wave  filter  band¬ 
width,  v>h  ,  is  equal  to  one-half  [Eq.  (6.03-3)]  . 

*Natai  Hat*  it  is  aasaaad  that  in  tbs  prototypes  defined  in  Fif.  4.04-1, tha  sirsait  ia 
ayaaatrie  or  antiaetric  (aaa  Sac.  4. OS). 
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The  V  and  are  symmetrical  about  the  center  in  the  sente  of 
Eqs.  (6.04*8)  and  (6.04*9),  when  the  prototype  is  symmetrical  or 
antimetrical  as  was  assumed. 

With  Tables  4.05-1,  4.05-2,  4.06-1,  4.06-2,  ana  4.07-1, 
it  is  easy  to  use  Eq.  (6.09*1).  One  should,  however,  always  verify 
that  the  approximations  are  valid,  and  this  is  explained  next. 
Procedures  to  be  used  in  borderline  cases,  and  the  accuracy  to  be 
expected,  will  be  illustrated  by  examples. 

Range  of  Validity  —  The  criteria  given  in  Kqs .  (6.06-1)  and  (6.07-1) 
are  reversed.  The  validity  of  the  design  formulas  given  in  this  part 
depends  on  R  being  large  enough.  It  is  found  that  the  analyzed  perfor¬ 
mance  agrees  well  with  the  predicted  performance  (after  adjusting  R, 
if  necessary,  as  in  Examples  2  and  3  of  this  section)  provided  that 
tq.  (6.09-1)  is  satisfied;  R  should  exceed  i2/^q)n  by  preferably  a 
factor  of  about  10  or  100  or  more.  (Compare  end  of  Sec.  6.10.)  The 
ranges  of  validity  for  “small  R”  and  "large  fi"  overlap  in  the  region 
between  Eqs.  (6.07-2)  and  (6.09-1),  where  both  procedures  hold  only 
indifferently  well.  (See  Example  3  of  this  section.) 

For  the  maximally  flat  transformer,  Eq.  (6.09-1)  still  applies 
fairly  well,  when  u  ^  3(J()  is  substituted  for  it?. 

As  a  rough  but  useful  guide,  the  formulas  of  this  section  generally 
result  in  the  predicted  performance  in  the  pass  Land  when  the  pass-band 
maximum  VSHH  exceeds  about  (1  +  u2).  This  rule  must  be  considered 

i 

indeterminate  for  the  maximally  flat  case  (x?  ■  0),  when  the  following 
rough  generalization  may  be  substituted:  The  formulas  given  in  this 
section  for  maximally  flat  transformers  or  filters  generally  result  in 
the  predicted  performance  when  the  maximally  flat  quarter-wave  trans¬ 
former  3-dh  fractional  bandwidth,  u>  is  less  than  about  0.40.* 

The  half-wave  filter  fractional  bandwidth,  w k  must,  of  course,  be 

less  than  half  of  this,  or  0.20. 

After  the  filter  has  been  designed,  a  good  way  to  check  on  whether 
it  is  likely  to  perform  as  predicted  is  to  multiply  all  the  VSWRs, 

PjVj . . .  V)1+ j,  and  to  compare  this  product  with  R  derived  from  the  per¬ 
formance  specifications  using  Table  6.02-1  and  Eq.  (6.02-13).  If  they 
•  "  “  ~~ 

tartar  3-db  fractional  bandwidth,  can  ba  daaifnad  aecurataly  for  aoall  n  ,  for  aaaapla  up  to 
about  »  3db  ■  0.(0  far  n  ■  2. 
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agree  within  a  factor  of  about  2,  then  after  scaling  each  V  so  that 
their  VSWR  product  finally  equals  R,  good  agreement  with  the  desired 
performance  may  be  expected. 

Three  examples  will  be  worked  out,  illustrating  a  narrow-band  and 
a  wide-band  design,  and  one  case  where  Eq.  (6.09-1)  is  no  longer 
satisfied. 

Example  1— Design  a  half-wave  filter  of  10-percent  fractional 
bandwidth  with  a  VSWH  ripple  of  1.10,  and  with  at  least  30-db 
attenuation  10  percent  from  center  frequency. 

Here  ■  0.1,  •••  •  0.2.  A  VSWR  of  1.10  corresponds  to  an 
insertion  loss  of  0.01  db.  From  Eqs.  (6.03-12)  and  (6.03-10),  or 
(6.02-17)  and  (6.02-12), 

rrw  k 

M,  ■  ain  -  ■  sin  9°  ■  0.1564 

0  2 

At  10  percent  from  center  frequency,  by  Eq.  (6.03-11), 

w'  sin  8'  sin  172° 

— 7  »  -  ■  — -  ■  1.975 

u>[  m0  0.1564 

From  Fig.  4.03-4,  a  5-section  filter  would  give  only  24.5  db  at  a 
frequency  10  percent  from  band  center,  but  a  six-section  filter  will 
give  35.5  db.  Therefore,  we  must  choose  n  *  6  to  give  at  least  30-db 
attenuation  10  percent  from  center  frequency. 

The  output- to- input  impedance  ratio  of  a  six-section  quarter-wave 
transformer  of  20-percent  fractional  bandwidth  and  0.01-db  ripple  is 
given  by  Table  6.02-1  and  Eq.  (6.02-13)  and  yields  (with  6,  -  0.0023 
corresponding  to  0.01-db  ripple) 

R  ■  4.08  x  1010  (6.09-3) 

Thus  R  exceeds  (2/wf)"  by  a  factor  of  4  *  10*,  which  by  Eq.  (6.09*1) 
is  ample,  so  thst  we  can  proceed  with  the  design. 


From  Table  4. 05 - 2 ( a ) «  for  n  ■  6  and  0.01-db  ripple  (correaponding 
to  a  maximum  VSWR  of  1.10),  and  from  Eq,  (6.09*2) 

Vl  m  V1  •  4.98 

V2  -  V6  -  43.0 

Fj  ■  Ks  -  92.8 

VA  -  105.0 

This  yielded  the  response  curve  shown  in  Fig.  6.09-1,  which  is  very 
close  to  the  design  specification  in  both  the  pass  and  stop  bands. 

The  half-wave  filter  line  impedances  are 

Z'  ■  1.0  (input) 

ZJ  -  V,  -  4.98 

Z;  -  Z[/V2  -  0.1158 

z;  •  Z'  V J  -  10.74 

z;  -  z;/v4  .  0.1023 

z\  m  z\v%  m  9.50 

z;  ■  z;/f6  -  0.221 

Z7  »  ZJ  Kj  *  1.10  (output) 

Note  that  Z7  ■  1.10  is  also  the  VSWR  at  center  frequency 
(Fig.  6.09-1). 

The  corresponding  quarter-wave  transformer  has  a  fractional 
bandwidth  of  20  percent;  its  line  impedances  are 

ZQ  •  1.0  (input) 

Zj  -  Kj  ■  4.98 

Z  j  •  ZjK2  -  2.14  x  102 

Zj  "  ZjKs  "  1*987  x  10* 

Z4  ’  ZiV*  “  2.084  x  10< 

z5  “  Z4KS  ■  1-9315  X109 

Z#  -  ZSK#  -  8.30  x  io» 

R  •  Z7  •  Z,Ft  ■  4.135  x  io10  (output)  . 
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FIG.  6.09-1  ANALYZED  PERFORMANCE  OF  HALF-WAVE  FILTER 
DESIGNED  IN  EXAMPLE  1  OF  SEC.  6.09 


which  is  within  sbout  IK  percent  of  R  in  Eq.  (6.09*3).  Therefore  we 
would  expect  an  accurate  deaign,  which  is  confirmed  by  Fig.  6.09*1. 

The  attenuation  of  35.5  db  at  /  ■  1.1  ia  clao  exactly  as  predicted. 

Example  2  — It  is  required  to  design  a  half-wave  filter  of  60-percent 
bandwidth  with  a  2-db  pass-band  ripple.  The  rejection  10  percent 
beyond  the  band  edges  shall  be  at  least  20  db. 

Here  w k  ■  0.6,  ui?  *  1.2.  As  in  the  previous  example,  it  ia 
determined  that  at  least  six  sections  will  be  required,  and  that  the 
rejection  10  percent  beyond  the  band  edges  should  then  be  22.4  db. 

From  Kq.  (6.02-13)  and  Table  6.02-1  it  can  be  seen  that,  for  an 
exact  design,  B  would  be  1915;  whereas  (2/w^)"  is  22.  Thus  R  exceeds 
(2/w?)"  by  a  factor  of  less  than  100,  and  therefore,  by  Eq.  (6.09-1), 
we  would  expect  only  a  fairly  accurate  design  with  a  noticeable 
deviation  from  the  specified  performance.  The  step  VSWRs  are  found 
by  Eq.  (6.09-2)  to  be 

F,  •  F?  ■  3.028 

F2  •  V6  -  2.91 

F3  -  Vi  ■  3.93 

F4  -  4.06 

Their  product  is  4875,  whereas  from  Eq.  (6.02-13)  and  Table  6.02-1, 

R  should  be  1915.  The  F  must  therefore  be  reduced.  As  in  Example  1 
of  Sec.  6.07,  we  shall  scale  the  Vi  so  as  to  slightly  increase  the 
bandwidth,  without  affecting  the  pass-band  ripple.  Since  from 
Eq.  (6.09-2)  Fj  and  F^j  are  inversely  proportional  to  w?,  whereaa 
the  other  (n  “  1)  junction  VSWRs,  namely  Fj,  Fj,  ...  VH ,  are  inversely 
proportional  to  the  square  of  reduce  Fj  and  F7  by  a  factor  of 


V  (6.09-7) 


1915 \  I/l"  _  /  1915 \  l/li 
4875  /  \  4875  / 


0.9251 


and  F2  through  Vf  by  a  factor  of 


m 


0.8559 


(Compare  Example  1  of  Sec.  6.07.)  This  reduces  R  from  4875  to  1915. 
Hence , 


Vx  ■  V7  -  2.803 

V2  -  Vt  •  2.486 

V3  -  Vs  -  3.360 

VA  -  3.470 


(6.09-8) 


1  ine 

impedances  are  now 

*  1.0  (input) 

*> 

*; 

-  2.803 

7' 

-  1.128 

! 

*3 

-  3.788 

-  1.092 

*; 

-  3.667 

7' 

-  1.475 

7' 

"  7 

■  4.135  (output)  • 

(6.09-9) 


Since  the  reduction  of  /?,  from  4875  to  1915,  is  a  relatively  large 
one,  we  may  expect  some  measurable  discrepancy  between  the  predicted 
and  the  analyzed  performance.  The  analyzed  performances  of  the  designs 
given  by  Eqs.  (6.09-7)  and  (6.09-8),  before  and  after  correction  for 
R,  are  shown  in  Fig.  6.09-2.  For  most  practical  purposes,  the  agreement 
after  correction  for  R  is  quite  acceptable.  The  bandwidth  for  2-db 
insertion  loss  is  58  percent  instead  of  60  percent;  the  rejection  is 
exactly  as  specified. 

Discussion— The  half-vave  filter  of  Example  1  required  large 
impedance  steps,  the  largest  being  ■  105.  It  would  therefore  be 
impractical  to  build  it  as  a  stepped- impedance  filter;  it  serves, 
instead  as  a  prototype  for  s  reactance-coupled  cavity  filter  (Sec.  9.04). 
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FIG.  6.09-2  ANALYZED  PERFORMANCE  OF  TWO  HALF-WAVE  FILTERS 
DESIGNED  IN  EXAMPLE  2  OF  SEC.  6.09 


This  is  typical  of  narrow-band  filters.  The  filter  given  in  the  second 
example,  like  many  wide-band  filters,  may  be  built  directly  from 
Eq.  (6.09-9)  since  the  largest  impedance  step  is  V4  ■  3.47  and  it 
could  be  constructed  after  making  a  correction  for  junction  discontinuity 
capacitances  (see  Sec.  6.08).  Such  a  filter  would  also  be  a  low-pass 
filter  (see  Fig..  6.03-2).  It  would  have  identical  pass  bands  at  all 
harmonic  frequencies,  and  it  would  attain  its  peak  attenuation  at 
one-half  the  center  frequency  (as  well  as  at  1.5,  2.5,  etc.,  times 
the  center  frequency,  as  shown  in  Fig.  6.03-2).  The  peak  attenuation 
can  be  calculated  from  Eqs.  (6.02-8)  and  (6.09-3).  In  Example  1  of 
Sec.  6.09  the  peak  attenuation  is  100  db,  but  the  impedance  steps  are 
too  large  to  realise  in  practice.  In  Example  2  of  Sec.  6.09  the 
impedance  steps  could  be  realized,  but  the  peak  attenuation  is  only 
27  db.  Half-wave  filters  are  therefore  more  useful  as  prototypes  for 
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other  filter-typea  which  are  easier  to  realize  physically.  If  shunt 
inductances  or  series  capacitances  were  used  (in  place  of  the  impedance 
steps)  to  realize  the  V  and  to  form  a  direct-coupled-cavity  filter,  then 
the  attenuation  below  the  pass  band  is  increased  and  reaches  infinity  at 
zero  frequency;  the  attenuation  above  the  pass  band  is  reduced,  as  com¬ 
pared  with  the  symmetrical  response  of  the  half-wave  filters  (Figs.  6.09-1 
and  6.09-2).  The  derivation  of  such  filters  from  the  quarter-wave  trans¬ 
former  or  half-wave  filter  prototypes  will  be  presented  in  Chapter  9. 

Example  3— This  example  illustrates  a  case  when  neither  the  first- 
order  theory  (Sec.  6.06)  nor  the  method  of  this  part  are  accurate,  but 
both  may  give  usable  designs.  These  are  compared  to  the  exact  design. 

It  is  required  to  design  the  best  quarter-wave  transformer  of  four 
sections,  with  output  -  to- input  impedance  ratio  R  •  31.6,  to  cover  a 
fractional  bandwidth  of  120  percent. 

Here  n  ■  4  and  w  ■  1.2.  From  Fq.  (6.02-13)  and  Table  6.02-1,  the 
maximum  VSWR  in  the  pass  band  is  2.04.  Proceeding  as  in  the  previous 
example,  and  after  reducing  the  product  V'jFj...K5  to  31.6  (this  required 
a  relatively  large  reduction  factor  of  4),  yields  Design  A  shown  in 
Table  6.09-1.  Its  computed  VSWR  is  plotted  in  Fig.  6.09-3  (continuous 
line ,  Case  A) . 

Since  R  exceeds  (2/w)Bby  a  factor  of 
only  4  [see  Eq.  6.09-1)],  the  first-order 
procedure  of  Sec,  6.07  may  be  more  appro¬ 
priate.  This  is  also  indicated  by 
Eq.  (6.07-2),  which  is  satisfied,  although 
Eq.  (6.07-1)  is  not.  Proceeding  as  in 
Example  1  of  Sec.  6.07  yields  Design  B, 
shown  in  Table  6.09-1  and  plotted  in 
fig-  6.09-3  (dash-dot  line,  Case  B). 

In  this  example,  the  exact  design  can 
also  be  obtained  from  Tables  6.04-3  and 
6.04-4,  by  linear  interpolation  of  log  V 
against  log  R.  This  gives  Design  C shown  in 

Table  6.09-1  and  plotted  in  Fig.  6.09-3  (broken  line,  Case  C) . 

Designs  A  and  B  both  give  lesa  fractional  bandwidth  than  the 
120  percent  aaked  for,  and  smaller  VSWR  peaks  than  the  2.04  allowed. 


Table  6.09-1 
THE  TWEE  DESIGNS  OF  EXAMPLE  3 


A—1 "Lars*  X"  Appro.iaat ioa. 
B— M Saal  1  A"  Appro.ia.tioD. 
C—  Eiect  Deeig*. 


DESI0N  ] 

A 

B 

C 

■  K$ 

1.656 

1.780 

1.936 

F2  . 

2.028 

2.091 

1.988 

>3 

2.800 

2.289 

2.140 

SOURCE:  Quarterly  Prograea  Report  4, 
Coatract  DA  J4-0JI  3C-I7J9I. 
SRI;  repriated  ia  IMt  Trent, 
fCMTT  ( eae  Re/.  36  by 
L.  Youaf) 
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FIG.  6.09-3  ANALYZED  PERFORMANCE  OF  THREE  QUARTER-WAVE 
TRANSFORMERS  DESIGNED  IN  EXAMPLE  3  OF  SEC.  6.09 

The  fractional  bandwidth  (between  V  •  2.04  points)  of  Design  A  is 
110  percent,  and  of  Design  B  is  115  percent,  and  only  the  exact  equal* 
ripple  design,  Design  C,  achieves  exactly  120  percent.  It  is  rather 
astonishing  that  two  approximate  designs,  one  based  on  the  precise 
R  “  1,  and  one  on  R  —  ®,  should  agree  so  well. 

SEC.  6.10,  ASYMPTOTIC  BEHAVIOH  AS  R  TENDS  TO  INFINITY 

Formulas  for  direct-coupled  cavity  filters  with  reactive  discon¬ 
tinuities  are  given  in  Chapter  8.  These  formulas  become  exact  only  in 
the  limit  as  the  bandwidth  tends  to  zero.  This  is  not  the  only 
restriction.  The  formulas  in  Secs.  8.05  and  8.06  for  transmission-line 
filtera,  like  the  formulas  in  Eq.  (6.09*2).  hold  only  when  Eq.  (6.09*1) 
or  ita  equivalent  is  satisfied.  [Define  the  as  the  VSWRs  of  the 
reactive  discontinuities  at  center  frequency;  R  is  still  given  by 
Eq.  (6.04-10);  for  in  Eq.  (6.09-1).  use  twice  the  filter  fractional 
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bandwidth  in  reciprocal  guide  wavelength.]  The  variation  of  the 
with  bandwidth  ia  correctly  given  by  Eq.  (6.09-2)  for  email  bandwidtha. 
Theae  formulas  can  be  adapted  for  design  of  both  quarter-wave  transformers 
and  half-wave  filters,  as  in  Eq.  (6.09-2),  and  hold  even  better  in  this 
case  than  when  the  discontinuities  are  reactive.  [This  might  be 
expected  since  the  line  lengths  between  discontinuities  for  half-wave 
filters  become  exactly  one-half  wavelength  at  band-center,  whereas 
they  are  only  approximately  180  electrical  degrees  long  in  direct-coupled 
cavity  filters  (see  Fig.  8.06-1)1. 

Using  Eq.  (6.09-2)  and  the  formulas  of  Eqs.  (4.05-1)  and  (4.05-2) 
for  the  prototype  element  values  g(  (i  -  0,  1,  2,...,n,  n  +  1),  one 
can  readily  deduce  some  interesting  and  useful  results  for  the  F  as 
R  tends  to  infinity.  One  thus  obtains,  for  the  junction  VSWRs  of 
Tchebyscheff  transformers  and  filters, 


The  quanti  ty 


(6.10-2) 
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it  tabulated  in  Table  6.10-1  for  i  ■  2,  3,  ....  n  and  for 
n  ■  2,  3 . 14. 

Table  6.10-1 

/',\2 

TABLE  OF  I  —  I  in  (V.)  FOR  SMALL  *. 

\  2  /  0~co  ‘  * 


n 

»  *  2 

i  •  3 

i  ■  4 

i  •  $ 

(  -  « 

i  •  T 

i  ■  1 

2 

0.810S6 

3 

1.08075 

4 

1.  14631 

1.38372 

S 

1.  17306 

1.44999 

6 

1. 18675 

1.47634 

1.51254 

7 

1.19474 

1.48981 

1.  53668 

B 

1.19981 

1.49773 

1.54885 

1.55943 

9 

1.20325 

1.50282 

1.55596 

1.57073 

10 

1.20568 

1.50631 

1.56052 

1.57727 

1.58146 

11 

1.20747 

1.S0880 

1.56365 

1.58145 

1.58762 

12 

1.20882 

1  51066 

1.56589 

1.58431 

1.59153 

1.59351 

13 

1.20987 

1.51207 

1.56757 

1.58636 

1.59419 

1.59723 

14 

1.21070 

1.51318 

1.56886 

1.58789 

1. 59610 

1.59975 

1.60081 

SOURCE:  Quarterly  Prograaa  Raport  4,  Contract  DA  36*039  SC-07398,  SRI; 
raprintad  in  /SC  Tram.  POfTT  ( aaa  Raf.  36  by  1..  Young) 


toe  notice  that  for  Tchebysrheff  transformers  and  filters,  the 
1^(1  4  1,  n  +  1)  tend  to  finite  limits,  and  thus  *1  "  lf.*l  tend  to  a 
constant  times  fl’/*.  We  also  see  that 


*lVi  < 


16 


1.62115  (i  -  2,  3 . n) 


(6.10-3) 


for  all  n,  and  tends  to  16/rr2  only  in  the  limit  i  n/2  “*  ®* 

For  maximally  flat  transformers,  the  all  tend  to  infinity  with 
R,  but  the  quantities 


Vl 


l 

ITT. 


fli/« 


(i  ■  2,  3,  ....  n) 


> (6.10-4) 
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tend  toward  finite  limits  given  by 


lim  A.  •  sin  (  — \ 

*-®  1  \2n ) 


1(6. 10-5) 


lim  A  .  •  ^ *  si 


*-® 


.  (2i  -  1  \  .  (2i  -  3  \ 

on  I - n\  sin  I - n] 

\  2  n  j  V  2  n  ) 


(i  A  1  ,  n  +  1) 


from  which  we  see  that 


V,  -  V 

i  6 


..  <  (^r 


^  (6.10-6) 


_  a-  1 

<  V  H 


1  /  X 


(t  ¥  1  ,  n  +  1) 


for  all  n.  They  tend  toward  the  values  on  the  right  hand  side  only  in 
the  limit  t  -*  n/2  ®. 


To  show  how  a  typical  V.  approaches  its  asymptotic  value,  the 
exact  solution  for  V when  n  ■  4  is  plotted  in  Fig.  6.10-1  for  all 
fractional  bandwidths  n>f  in  steps  of  0.20.  It  is  seen  that  each 
curve  consists  of  two  almost  linear  regions  with  a  sharp  knee  joining 
them.  In  the  sloping  region  above  the  origin  ("small  R") ,  the 
approximations  of  Sec.  6.06  or  6.07  appl>;  in  the  horizontal  region 
("large  R") ,  the  approximations  of  Sec.  6.09  apply.  These  two  sets 
of  approximations  probably  hold  as  well  as  they  do  because  the  knee 
region  is  so  small. 

The  exact  asymptotic  values  of  wjFj  *  (w^/2 )*F(  are  plotted  against 
wf  in  Fig.  6.10-2.  If  Eq.  (6.10-1)  were  exact  instead  of  approximate, 
then  all  of  the  curves  would  be  horizontal  straight  lines.  As  it  is, 

Eq.  (6.10-1)  gives  the  correct  value  only  on  the  wf*  0  axis.  As  the 
bandwidth  increases,  wjFj  departs  from  the  value  at  »  •  0  slowly  at 
first,  then  reaches  a  minimum,  and  finally  all  curves  pass  through  unity 
at  w  »  2  (»fc  ■  l).The  values  of  (wf/2)2F(  at  i(  *  0  up  to  n  ■  8  are 
also  shown  in  Fig.  6.10-2.  (They  can  be  obtained  more  accurately 
from  Table  6.10-1.)  They  all  lie  below  the  value  16/ff2  *  1.62115,  and 
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SOURCEi  Quarterly  Prngreee  Report  4.  Contract  DA  36-039  SC-87398,  SRIt 
reprinted  in  IRE  Tram.  ROUTT  (See  Ref.  36  by  L.  Young) 


FIG.  6.10-1  V.  VERSUS  lo«  R  OF  FOUR-SECTION  TRANSFORMER 

FOR  ALL  FRACTIONAL  BANDWIDTHS  IN  STEPS  OF  0.20 
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SOURCE:  Qiirtirly  Precriaa  Papon  4,  Contract  DA  34-039  SC-07390, 

SRI;  raariatad  ia  IRE  Tr mi.  PCMTT  (aaa  Rtf.  36  by 
L.  Yoaaf) 

FIG.  6.10-2  lim  (w/2)2  V,  PLOTTED  AGAINST  FRACTIONAL  BANDWIDTH  FOR  TRANSFORMERS 
Aaving  UP  TO  FOUR  SECTIONS,  AND  SHOWN  FOR  SMALL  w,  UP  TO  EIGHT 
SECTIONS 


may  be  expected  to  exhibit  the  same  sort  of  general  behavior  as  do  the 
curves  up  to  n  ■  4,  for  which  the  exact  solutions  were  obtained  from 
Eqs.  (6.04-4)  to  (6.04-6). 

The  asymptotic  values  of  the  E (  for  t  »  2,  3,  ...,  n,  and  for  a 
given  fractional  bandwidth,  are  seen  to  be  fairly  independent  of  n,  on 
examination  of  Eq.  (6.10-1),  Table  6.10-1,  or  Fig.  6.10-2.  It  follows 
that  the  3ame  is  true  of  F  j/Zfl  •  E^j/ZS.  Thus,  as  R  increases  indefi¬ 
nitely,  so  do  Ej  and  E>+1;  on  the  other  hand  for  “small  R,"  F*  and 
Fj  are  less  than  the  other  F^  (not  squared)  for  small  and  moderately 
wide  fractional  bandwidths  (up  to  about  100-percent  bandwidths,  by 
Table  6.06-1).  If  we  assume  that  in  the  knee  region  (Fig.  6.10-1) 

E?  "  E3+1  are  °f  t*le  order  of  the  other  F.,  then  in  the  knee  region 
R  is  of  the  order  of  (F.)",  for  any  i  f  1,  n  +  1.  From  Eq.  (6.09-2), 

R  is  therefore  inversely  proportional  to  (const.  *  w  )*",  and  from  the 
previous  remarks  this  constant  of  proportionality  is  reasonably 
independent  of  n.  Using  Fig.  6.10-1  for  example,  the  constant  is 
very  close  to  the  value  %.  This  leads  to  the  magnitude  formulas  of 
Eqs.  (6.06-1),  (6.07-1),  (6.07-2),  and  (6.09-1),  which  have  been 
confirmed  by  numerous  sample  solutions. 

SEC.  6.11,  INHOMOGENEOUS  WAVEGUIDE  QUARTER-WAVE 
THANSFOHMERS  OF  ONE  SECTION 

Inhomogeneous  transformers  were  defined  in  Sec.  6.01.  They 
come  about,  for  instance,  when  rectangular  waveguides  having  different 
'a'  dimensions  are  cascaded;  or  when  rectangular  waveguides  are 
combined  with  ridged,  circular,  or  other  types  of  waveguide;  or  when 
the  materials  of  an  optical  multi-layer  are  not  uniformly  dispersive. 

At  first,  only  ideal  waveguide  transformers  will  be  considered. 

The  junction  effects  in  non-ideal  transformers  can  be  compensated 
by  adjusting  the  lengths  as  in  Sec.  6.08,  except  that  the  step 
discontinuity  effects  cannot  usually  be  represented  by  a  shunt 
capacitance  alone.  Only  very  limited  information  on  waveguide  junctions 
(other  than  E-plane  steps)  is  available,33 and  for  large  steps  the 
designer  may  have  to  make  individual  measurements  on  each  junction. 

The  notation  for  an  inhomogeneous  quarter-wave  transformer  of  one 
section  is  shown  in  Fig.  6.11-1. 


To  obtain  zero  reflec¬ 
tion  at  center  frequency 
(where  the  section  length 
is  one-quarter  guide- 
wavelength)  a  sufficient 
condition  is  that 
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INHOMOGENEOUS  QUARTER-WAVE 
TRANSFORMER  OF  ONE  SECTION 


the  characteristic  imped¬ 
ances  of  the  input  wave¬ 
guide,  the  transformer 
section,  and  the  output 
waveguide,  respectively 
(Fig.  6.11-1).  For  a 
homogeneous  transformer 
Eq.  (6.11-1)  determines  the 
design  completely,  since 
the  three  cutoff  wavelengths 
are  the  same  (*•,„  •  A_.  ■  A. 
the  three  wide  dimensions  are  then  equal  (aQ  »  a,  ■  a2)  .  However, 
even  when  a  homogeneous  transformer  is  possible,  that  is,  when 
Kf  o  ■  *-t  2,  we  may  prefer  to  make  \e  ,  different,  and  thus  choose  to 
make  the  transformer  inhomogeneous.  This  gives  an  extra  degree  of 
freedom,  which,  it  turns  out,  can  always  be  used  to:  (1),  lower  the 
VSWH  near  center  frequency,  and  simultaneously  (2),  shorten  the 
transformer. 


t0  -  ..cl  -  -e2);  in  the  case  of  rectangular  waveguide, 

a2> 


When  and  \f2  are  not  equal,  an  inhomogeneous  transformer  results 
of  necessity.  For  a  match  at  center  frequency,  Eq.  (6.11-1)  still  holds, 
but  there  are  an  infinity  of  possible  cutoff  wavelengths,  (equal  to 

2a,  for  rectangular  waveguide).  This  general  case  will  now  be  considered. 
(If  a  homogeneous  transformer  is  required,  then  \(0  can  be  set  equal 
to  \fJ  at  any  stage. ) 
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It  can  be  shown*  that  the  excess  loss  [see  Eq.  (6.02*5)]  is  given  by 


£  -  -1—  Kr,  -  r,)*  +  4r.r  Co.’  0]  .  (6.11*2) 

TiTi  a  «  12 

1  l'  2 

For  no  attenuation  at  center  frequency  (6  ■  rr/2),  it  is  only  necessary 
that  Tj  ■  rjt  which  is  equivalent  to  Eq.  (6.11-1).  Minimizing  the 
frequency  variation  of  £  at  center  frequency,  leads  for  both  TE  and  TM 
modes  to: 
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and  that  further,  if  A.  ■  A.  , 

CO  C  2  » 


el  opt. 


>  K 


to 


<2 
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Therefore,  one  can  always  improve  upon  a  homogeneous  transformer 
(A.(1  ■  A.(0  ■  \  ).  The  computed  VSWH  against  normalized  wavelength  of 

three  transformers  matching  from  aQ  ■  0.900  in.,  t>0  ■  0.050  in.,  to 
a2  ■  0.900  in.,  fc#  «  0.400  in.  waveguide,  at  a  center  frequency  of 
7211  megacycles  (A.Q  ■  1,638  in.)  is  shown  in  Fig.  6.11*2  for  transformer 
guide  widths  of  a(  •  0.900  in.  (homogeneous),  <»j  ■  0.990  in.,  and 
a2  ■  1,90  in.  (optimum).  Beyond  this  value  the  performance  deteriorates 
again.  The  performance  changes  very  slowly  around  the  optimum  value. 

It  is  seen  that  for  the  best  inhomogeneous  transformer  (Oj  ■  1.90  in.), 
the  VSWR  vs.  frequency  slope  is  slightly  better  than  45  percent  of  that 
for  the  homogeneous  transformer.  Moreover  is  so  uncritical  that  it 
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SOrnr.K*  IKE  Trans.  K(,M1  T‘Si*e  Hff.  .r>  by  !,.  Young » 

FIG.  6.11-2  VSWR  AGAINST  WAVELENGTH  OF  THREE  QUARTER- 
WAVE  TRANSFORMERS  OF  ONE  SECTION,  ALL  FROM 
0.900-INCH  BY  0 .050- INCH  WAVEGUIDE  TO  0.900-INCH 
BY  0.400-INCH  WAVEGUIDE.  CENTER 
FREQUENCY  -  7211  Me 

may  be  reduced  from  1.90  in.  to  1.06  in.  and  the  improvement  remains 
better  than  50  percent.  This  is  very  useful  in  practice,  since  «j 
cannot  be  made  much  greater  than  aQ  or  a2  without  introducing  higher- 
order  modes  or  severe  junction  discontinuities. 

The  example  selected  above  for  numerical  and  experimental  investi¬ 
gation  has  a  higher  transformer  impedance  ratio  (R  ■  8),  and  operates 
considerably  closer  to  cutoff  (^0At  *  0.91),  than  is  common.  In  such 
a  situation  the  greatest  improvement  can  be  obtained  from  optimizing 
dj.  In  most  cases  (low  R  and  low  dispersion)  the  improvement  obtained 
in  making  the  transformer  section  less  dispersive  than  that  of  a 
homogeneous  transformer  will  only  be  slight.  This  technique,  then,  is 
most  useful  only  for  highly  dispersive,  high-impedance-ratio  transformers. 

Table  6.11-1  connects  (A/Af)  with  (A  /A),  and  is  useful  in  the 
solution  of  inhomogeneous  transformer  problems. 

To  compensate  for  the  junction  effects,  we  note  that  a  non-ideal 
junction  can  always  be  represented  by  an  ideal  junction,  but  the  no.  -ideal 
junction's  reference  planes  (in  which  the  junction  reflection  coefficient 
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Table  6.11-1 
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r  is  real)  are  no  longer  in  the  plane  of  the  junction.  Thia  can  be 
compensated  for  Emplane  steps,  as  explained  in  Sec.  6.08.  In  compound 
junctions  involving  both  E-plane  and  H-plane  steps,  if  the  junction 
discontinuities  of  these  steps  are  small  enough,  they  may  be  treated 
separately  of  each  other  using  the  junction  data  in  Marcuvitz;25  the 
two  corrections  are  then  superimposed.  In  most  cases,  fortunately, 
these  two  corrections  tend  to  oppose  each  other;  the  shunt  inductance 
effect  of  the  H-plane  step  partly  cancels  the  shunt  capacitance  effect 
of  the  E-plane  step.  When  for  a  rectangular  waveguide  operating  in 
the  TE]0  mode,  both  the  width  a  and  height  b  are  to  be  increased 
together  (or  decressed  together),  the  condition  for  resonance  of  the 
two  reactive  discontinuities  coincides  with  the  condition  for  equal 
characteristic  impedsnees, 

P)  -P) 

\a  X  id.  l  \a  K  )  a.v.s.id.  2  (6.11-6) 

according  to  Ref.  24,  p.  170;  when  an  increase  in  the  'a'  dimension  is 
accompanied  by  a  decrease  in  the  ‘b‘  dimension  (or  vice  versa),  then  an 
empirical  equation  showing  when  the  reactive  discontinuities  resonate 
and  so  cancel  is  given  in  Ref.  25,  but  it  is  not  known  how  accurate 
this  empirical  data  is. 

In  addition  to  the  phase  perturbation  introduced  by  the  non-ideal 
junction,  there  may  also  be  a  noticeable  effect  on  the  magnitude  of 
the  reflection  coefficient.  (In  the  case  of  E-plane  steps  alone,  the 
latter  is  usually  negligible;  see  Sec.  6.08.)  The  increase  in  the 
magnitude  of  the  reflection  coefficient  for  H-plane  steps  in  rectangular 
waveguide  can  be  derived  from  the  curves  in  Marcuvitz23  (pp.  296-304). 

The  junction  VSWR  is  then  greater  than  the  impedance  ratio  of  the  two 
guides.  For  instance,  in  the  example  already  quoted,  the  output-to- 
input  impedance  ratio,  A,  is  equal  to  8  with  ideal  junctions.  However, 
because  of  the  additional  reflection  due  to  junction  susceptances, 
this  goes  up  to  an  effective  A  of  9.6  (confirmed  experimentally3). 

As  a  general  rule,  for  rectangular  waveguides  the  change  in  the 
'a'  dimension  of  an  H-plane  step  should  be  kept  below  about  10-20  percent 
if  the  junction  effects  are  to  be  treated  as  first-order  corrections  to 
the  ideal  transformer  theory.  This  is  mainly  to  keep  the  reference  plane 
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from  moving  too  far  out  of  the  junction  plane  (aee  Marcuvitz,  **  Fig.  5.24-2, 
p.  299,  and  Fig.  5.24-5,  p.  303).  Symmetrical  junctiona  are  to  be  pre¬ 
ferred  to  aaymmetrical  junctiona.  Larger  H-plane  atepa  are  permiaaible 
aa  the  guide  nears  cutoff  (smaller  'a'  dimension). 

SEC.  6.12,  INHOMOGENEOUS  WAVEGUIDE  QUARTER- WAVE 
TRANSFORMERS  OF  TWO  OR  MORE  SECTIONS 

The  condition  that  an  ideal  inhomogeneoua  transformer  of  two 
sections  (Fig.  6.12-1)  be  maximally  flat  can  be  written  for  both  TE 
and  TM  modes: 


(6.12-1) 


i  i  a  l 


(6.12-2) 


*  W* 


+  A*  R-% 

Sl  |2 


(6.12-3) 


with  the  notation  of  Fig.  6.12-1.  Equations  (6.12-1)  to  (6.12-3)  are 
only  three  conditions  for  the  four  parameters  ^|2,  Zj,  Z2;  or  in 

rectangular  waveguide,  for  a^,  aJ(  b{,  6j,  Thus  there  ere  an  infinity  of 
maximally  flat  transformers  of  two  sections  (just  as  there  was  an  infinity 
of  matching  transformers  of  one  section),  and  some  have  flatter  responses 
than  others.  An  example  is  shown  in  Fig.  6.12-2,  in  which  ideal  junctions 
are  assumed.  The  transformation  in  this  case  is  between  two  rectangular 
waveguides,  namely  og  ■  8  in.,  6#  ■  2  in.,  to  be  transformed  to  Oj  ■  5  in., 
b j  ■  3  in.,  at  a  center  frequency  of  1300  megacycles.  The  various  values 
of  Oj  taken  are  shown  in  Fig.  6.12-2.  There  is  probably  an  optimum  (or 
"flattest  maximally  flat")  transformer,  but  this  has  not  been  found. 
Instead,  it  is  suggested  that  a j  and  be  chosen  to  minimize  junction 
discontinuities  and  keep  the  transformer  as  nearly  ideal  as  possible. 

Equation  (6.12-3)  is  plotted  in  Fig.  6.12-3,  with  (\|Agj)*  running 
from  0.5  to  2.5,  for  R  ■  1,  2 . 9,  10. 
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FIG.  6.12-3  DEPENDENCE  OF  Z,  ON  (\#2  A.  ,)2  TO  OBTAIN  A  MAXIMALLY 
FLAT  TRANSFORMER,  FOR  TEN  VALUES  OF  R 


In  most  practical  applications  the  transformer  should  have 
minimum  reflection  over  a  finite  frequency  band,  rather  than  have 
maximally  flat  frequency  response.  No  exact  method  has  yet  been  found 
to  broad-band  inhomogeneous  transformers,  but  an  approximate  design 
procedure  has  worked  out  very  well.  This  consists  of  first  designing 
for  maximally  flat  response,  and  then  applying  the  inhomogeneous 
transformer  theory  as  a  multiplicative  "correction”  to  the  impedance 
ratios. 6 

Example  1— Design  a  tranaformer  from  0.900-  by  0.400-inch  (WR-90, 
or  RG-52/U  or  RG-67/U)  to  0.750-  by  0.400-inch  waveguide  to  have  a 
VSWR  of  better  than  1.10  .'ver  a  13-percent  frequency  band.  Here, 

*-0  ■  1. 390  inches. 
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■  :* 


The  reciprocal-guide-wavelength  fractional  bandwidth  ia  approximately 
(dk fAf) /(dA/A)  ■  (A-^/A.) 2  times  the  frequency  fractional  bandwidth  of 
0.13.  The  arithmetic  mean  of  (A  /A)*  for  the  a  ■  0.900-inch  and  the 
a  ■  0.750-inch  waveguidea  is  (2.47  +  7.04)/2  ■  4.75,  so  that  the  (1/A^) 
bandwidth  is  approximately  4.75  *  13  ■  62  percent.  The  characteristic 
impedance  ia  proportional  to  (b/a)  (A(/A),  as  in  Eq.  (6.11*6),  and  the 
output-to-input  impedance  ratio,  A,  ia  2.027.  A  homogeneous  transformer 
of  A  ■  2.027,  to  have  a  VSWH  of  less  than  1.10  over  a  62-percent  band¬ 
width,  must  have  at  least  two  sections,  according  to  Table  6.02-3. 
Therefore  choose  n  •  2. 

Since  the  transformer  is  inhomogeneous,  first  design  the  maximally 
flat  transformer.  The  choice  of  one  waveguide  ‘a’  dimension  is 
arbitrary,  so  long  as  none  of  the  steps  exceeds  about  10-2C  percent. 
Selecting  o)  «  0.850  inch,  Eq.  (6.12-2)  yields  a2  ■  0.771  inch  and 
then  Eqs.  (6.12-1)  and  (6.12-3),  or  Fig.  6.12-3,  yield  6j  ■  0.429  inch, 
b2  ■  0.417  inch.  (Note  that  none  of  the  H-plane  steps  exceed  10  percent.) 
The  computed  performance  of  this  maximally  flat  transformer,  assuming 
ideal  waveguide  junctions,  is  shown  by  the  broken  line  in  Fig.  6.12-4. 


SOI  RCK:  IRE  Irani.  PdMTT  (mi-  Bff.  6  by  I..  Youns) 

FIG.  6.12-4  VSWR  AGAINST  WAVELENGTH  OF  BROADBANDED  AND  MAXIMALLY 
FLAT  TRANSFORMERS 
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To  broadband  thia  transformer  (minimize  ita  reflection  over  the 
specified  13  percent  frequency  band),  we  note  from  Table  6.04-1  that,  for 
a  two-aection  homogeneoua  transformer  of  R  ■  2.027  to  be  modified  from 
maximally  flat  to  62  percent  bandwidth,  Z j  increases  about  2  percent,  and 
Zj  is  reduced  about  2  percent.  Applying  exactly  the  same  " corrections" 
to  6j  and  then  yields  6j  ■  0.437  inch  and  6^  ■  0.409  inch.  The  'o’ 
dimensions  are  not  affected.  The  computed  performance  of  this  transformer 
is  shown  in  Fig.  6.12-4  (solid  line),  and  agrees  very  well  with  the 
predicted  performance. 

In  the  computations,  the  effects  of  having  junctions  that  are  non¬ 
ideal  have  not  been  allowed  for.  Before  such  a  transformer  is  built, 
these  effects  should  be  estimated  and  first-order  length  corrections 
should  be  applied  as  indicated  in  Secs.  6.11  and  6.08. 

Transformers  having  R  *  1  —  It  is  sometimes  required  to  change  the 
'a'  dimension  keeping  the  input  and  output  impedances  the  same  (A  »  1). 

It  may  also  sometimes  be  convenient  to  effect  an  inhomogeneous  trans¬ 
former  by  combining  a  homogeneous  transformer  (which  accounts  for  all 
or  most  of  the  impedance  change)  with  such  an  inhomogeneous  transformer 
(which  accounts  for  little  or  none  of  the  impedance  change  but  all  of 
the  change  in  the  ‘o’  dimension).  Such  inhomogeneous  transformers  are 
sketched  in  Fig.  6.12-5.  We  set  R  ■  1  in  Eqs.  (6.12-1)  end  (6.12-2) 
and  obtain 

ZQ  -  Z,  -  Z2  -  Z,  (6.12-4) 

The  reflection  coefficients  at  each  junction  are  zero  at  center 
frequency,  and  we  may  add  the  requirement  that  the  rates  of  change  of 
the  three  reflection  coefficients  with  frequency  be  in  the  ratio  1:2:1. 
This  then  leads  to 


(2 


3 A2  +  A* 

*0  (3 


\2n  +  3\* 

*0  |1 


(6.12-5) 
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FIG.  6. 12-5  INHOMOG  ENEOUS  TRANSFORMERS 
WITH  R  ■  1 


Equations  (6.12-2),  (6.12-4),  and  (6.12-5)  then  determine  all  the  wave¬ 
guide  dimensions. 

Example  2— Find  the  'a'  dimensions  of  an  ideal  two-section  quarter- 
wave  transformer  in  rectangular  waveguide  from  o^  »  1.372  inches  to 

a««t  "  1-09  inches  to  have  A  ■  1  and  to  conform  with  Eqs.  (6.12-2), 
(6.12-4),  and  (6.12-5).  Here,  ■  1.918  inches. 

The  solution  is  readily  found  to  be  o{  *  1.226  inches  and  a 2  ■ 

1.117  inches.  In  order  for  the  impedances  to  be  the  same  at  center 
frequency,  as  required  by  Eq.  (6.12-4),  the  'b'  dimensions  have  to  be  in 


the  ratio  *V  6j :  6?:  6 s  ■  1:0.777:0.582:0.  526,  aince  Z  ac  (6/a)  (A.gA). 

The  performance  of  this  transformer  is  shown  in  Fig.  6. 12-6. 

The  performances  of  two  other  transformers  are  also  shown  in  Fig.  6. 12*6, 
both  with  the  same  input  and  output  waveguide  dimensions  as  in  Example  2, 
given  above,,  and  both  therefore  also  with  ft  »  1 .  The  optimum  one- 
section  transformer  has  Z}  ■  Zj  ■  Z„,  from  Eq.  (6.11*3),  but  requires 
\gl  ■  (\g0  +  where  suffix  2  now  refers  to  the  output.  This 

yields  a,  ■  1.157  inches.  The  third,  and  only  V-shaped,  characteristic 
in  Fig.  6.12-6  results  when  the  two  waveguides  are  joined  without  benefit 
of  intermediate  transformer  sections.  The  match  at  center  frequency  is 
ensured  by  the  '6'  dimensions  which  are  again  chosen  so  that  ft  ■  1  at 
center  frequency. 


FIG.  6.12-6  PERFORMANCE  OF  THREE  INHOMOGENEOUS  TRANSFORMERS 
ALL  WITH  R  -  1,  HAVING  NO  INTERMEDIATE  SECTION 
(..  -  0),  ONE  SECTION  (n  >  1),  AND  TWO  SECTIONS 
(n  ■  2),  RESPECTIVELY 
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Trane  former t  with  more  than  two  section*— No  design  equations  have 
been  discovered  for  n  >  2.  If  a  two-section  transformer,  ss  in 
Example  1  of  Sec.  6.12,  does  not  give  adequate  performance,  there  are 
two  ways  open  to  the  designer:  When  the  cutoff  wavelengths  \eo f  the 
input  and  output  waveguides  are  only  slightly  different,  the  transformer 
may  be  designed  as  if  it  were  homogeneous.  In  this  case  the  A.  of  the 
intermediate  sections  may  be  assigned  arbitrary  values  intermediate  to 
the  input  and  output  values  of  the  impedances  are  selected  from  the 

tables  for  homogeneous  transformers  for  a  fractional  bandwidth  based  o. 
the  guide  wavelength,  Eq.  (6.02-1),  of  that  waveguide  which  is  nearest 
to  being  cutoff.  F.ven  though  the  most  dispersive  guide  is  thus  selected 
for  the  homogeneous  prototype,  the  frequency  bandwidth  of  the  inhomogeneous 
transformer  will  still  come  out  less,  and  when  the  spread  in  is  appre¬ 
ciable,  considerably  less.  Thus,  this  method  applies  only  to  transformers 
that  are  nearly  homogeneous  in  the  first  place. 

The  second  method  is  to  design  the  transformer  in  two  parts:  one 
an  inhomogeneous  transformer  of  two  sections  with  R  ■  1,  as  in  Example  2 
of  this  section;  the  other  a  homogeneous  transformer  with  the  required 
R,  preferably  built  in  the  least  dispersive  waveguide. 

Example  3  —  Design  a  quarter-wave  transformer  in  rectangular  wave¬ 
guide  from  ai#  «  1.372  inches  to  aout  *  1.09  inches,  when  R  •  4.  Here, 

■  1.918  inches. 

Selecting  a  three-section  homogeneous  transformer  of  prototype  band¬ 
width  w?  ■  0.30  and  R  ■  4,  in  a  ■  1.372-inch  waveguide,  followed  by  the 
two-section  inhomogeneous  transformer  of  Example  2  of  this  section,  gives 
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The  1 b'  dimensions  may  again  be  obtained  from  Z  cc  (b/a)  (Kg/K),  as 
in  Example  2  of  this  section.  The  performance  of  this  five-section 
transformer  is  shown  in  Fig.  6.12*7.  Its  VSWH  is  less  than  1.0S  over 
s  20*percent  frequency  band,  although  it  comes  within  6  percent  of 
cutoff  at  one  end. 

Where  a  low  VSWH  over  a  relatively  wide  pass  band  is  important,  and 
where  there  is  room  for  four  or  five  sections,  the  method  of  Example  3 
of  this  section  is  generally  the  best. 

SEC.  6.13,  A  NONSYNCHHONOUS  TRANSFORMER 

All  of  the  quarter-wave  transformers  considered  so  far  have  been 
synchronously  tuned  (see  Sec.  6.01);  the  impedance  ratio  at  any  junction 
has  been  less  than  the  output-to*input  impedance  ratio,  R.  It  is  pos¬ 
sible  to  obtain  the  same  or  better  electrical  performance  with  an  ideal 


FIG.  6.12*7  PERFORMANCE  OF  A  FIVE-SECTION 
INHOMOGENEOUS  TRANSFORMER 


SI# 
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nonsynchronous  transformer  of 
shorter  length;  however,  the  im¬ 
pedance  ratios  at  the  junctions 
generally  exceed  A  by  a  large 
factor,  and  for  more  than  two 
sections  such  “ supermatched " 
transformers  appear  to  be  im¬ 
practical.  There  is  one  case  of 
a  nonsynchronous  transformer  that 
is  sometimes  useful.  It  consists 
of  two  sections,  whose  respective 
impedances  are  equal  to  the  out¬ 
put  and  input  impedances,  as 
shown  in  Fig.  6.13-1.  The  whole 
transformer  is  less  than  one-sixth 
wavelength  long,  and  its  performance  is  about  the  same  as  that  of  a 
single-section  quarter-wave  transformer.  It  can  be  shown26  that  the 
length  of  each  section  for  a  perfect  match  has  to  be  equal  to 

1  '  1  \ l/i 

L  •  —  arc  cot  (ft  +  1  +  —  wavelengths  (6.13-1) 

2n  \  ft  / 

which  is  always  less  than  30  electrical  degrees,  and  becomes  30  degrees 
only  in  the  limit  as  ft  approaches  unity.  It  can  ke  shown  further  that, 
for  small  ft,  the  slope  of  the  VSWR  vs.  frequency  characteristic  is 
greater  than  that  for  the  corresponding  quarter-wave  transformer  by  a 
factor  of  2//3  (about  15  percent  greater);  but  then  the  new  transformer 
is  only  two-thirds  the  over-all  length  (A.^/6  compared  to  A.^/4) . 

The  main  application  of  this  transformer  is  in  cases  where  it  is 
difficult  to  come  by,  or  manufacture,  a  line  of  arbitrary  impedance. 
Thus  if  it  is  desired  to  match  a  50-ohm  cable  to  a  70-ohm  cable,  it 
is  not  necessary  to  look  for  a  59. 1-ohm  cable;  instead,  the  matching 
sections  can  be  one  piece  of  50-ohm  and  one  piece  of  70-ohm  cable. 
Similarly,  if  it  is  desired  to  match  one  medium  to  another,  as  in  an 
optical  multilayer  anti  reflection  coating,  this  could  be  accomplished 
without  looking  for  additional  dielectric  materials. 
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FIG.  6.13-1  A  NONSYNCHRONOUS 
TRANSFORMER 
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SEC.  6.14,  INTERNAL  DISSIPATION  LOSSES 


In  Sec.  4.13  a  formula  was  derived  for  the  center-frequency  increase 
in  attenuation  (A LA)0  due  to  dissipation  losses.  Equation  (4.13-11) 
applies  to  lumped-constant  filters  which  are  reflectionless  at  band 
center,  and  also  includes  those  t ransmi ssi on- 1 i ne  filters  which  can  be 
derived  from  the  low-pass  lumped-constant  filters  of  Chapter  4  (see, 
for  example,  Sec.  6.09).  If,  however,  the  filter  has  not  been  derived 
from  a  lumped-constant  prototype,  then  it  is  either  impossible  or 
inconvenient  to  use  Eq.  (4.13-11).  What  is  required  is  a  formula  giving 
the  dissipation  loss  in  terms  of  the  transmission-line  filter  parameters, 
such  as  the  V.  instead  of  the  . 

Define  S  .  as  the  VSWR  at  center  frequency  seen  inside  the  ith  filter 
cavity,  or  transformer  section,  when  the  output  line  is  matched 
(Fig.  6.14-1).  Here  the  numbering  is  such  that  i  ■  1  refers  to  the 
section  or  t ransmi ssion- 1 ine  cavity  nearest  the  generator.  Let 

Ip  I  .  S±—  (*.14-1) 

I  '  I  S,  ♦  1 

be  the  amplitude  of  the  reflection  coefficient  in  the  ith  cavity, 
corresponding  to  the  VSWR  S(.  Let12,27 
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FIG.  6.14-1  VSWR  INSIDE  A  FILTER  OR  TRANSFORMER 
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„  Gros s  Power  Flow 

u .  ■  — 

‘  Net  Power  Flow 

i + 1  py 
i  -  Ip, 1 2 

s *  +  1 

~2S~ 


(6.14-2) 


The  attenuation  of  tranamiasion  linea  or  dielectric  media  is  usually 
denoted  by  CL,  but  it  is  measured  in  various  units  for  various  purposes. 
Let 


a 

a 

a 


4 

A 

0 


attenuation  measured  in  decibels  per  unit  length 
attenuation  measured  in  nepers  per  unit  length 
absorption  coefficient  (used  in  optics13) 


>(6. 14-3) 


The  absorption  coefficient,  aQ,  is  defined  as  the  fraction  of  the 
incident  power  absorbed  per  unit  length.  Thus,  if  P,  is  the  incident 
power  (or  irradiance)  in  the  x-direction,  then 


* i 


ft  • 


dz 


(6.14.4) 


These  three  attenuation  constants,  arf,  aa,  and  a0,  are  related  as 
fol lows: 


<*„  ■  a„/2  nepers 

■  (10  log10  e)afl  ■  4.343a0  decibels  (6.14-S) 

■  (20  log,0  «)#,  "  8.68601,,  decibels 

Denote  the  length  of  the  ith  cavity  or  section  by  l {.  If  each  1,  is 
equsl  to  an  integral  number  of  quarter-wsvelengths,  with  impedance 
maxima  and  minima  at  tha  ends,  as  is  the  case  with  synchronously  tuned, 


SS3 


stepped* impedance  filters  and  transformers  at  center  frequency,  then 
the  dissipation  loss  (if  small)  is  given  by12 


”  I  Po  I  )  2  OLj.l.U.  decibels 

i  •  1 


(1  -  |p0|  )  2  0LHil.Ui  nepers 

»■  l 


(1  -  U0|  )  2 

i  ■  i 

as  a  fraction  of  the  incident  power 


>  (6.14-6) 


where  ]pQ|  is  again  the  reflection  coefficient  amplitude  at  the  input. 

To  calculate  the  dissipation  loss  from  Eq,  (6.14-6),  the  gross-to- 
net  power  flow  ratio,  U has  to  be  determined  from  Eq.  (6.14-  2).  For 
half-wave  filters  this  is  particularly  simple,  since 


S 


i 


(6.14-7) 


where  Z.  is  the  impedance  of  the  line  forming  the  ith  cavity  and 
is  the  output  impedance  of  the  half-wave  filter.  The  half-wave  filter 
impedances,  Z',  can  be  worked  out  as  in  Example  1  of  Sec.  6.07,.  or 
Examples  1  and  2  of  Sec.  6.09,  or  from  Fig.  6.03-1.  Since  the  filter 
or  transformer  is  synchronously  tuned, 
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>  (6.14-8) 
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The  internal  VSWR,  S.,  for  aynchronoua  filters,  can  alto  be  written  in 
the  form 


-l v  v 


±i 


>  1 


i  +  2  i  +  4 


(6.14-9) 


The  highest  suffix  of  any  V  in  this  equation  is  n  +  1. 

Sarrow-Band  Filtert— For  narrow-band  filters  of  large  B  (filters 
with  large  stop-band  attenuation),  Eq.  (6.09-2)  combined  with  the 
formulas7  for  the  g.  (Sec.  4.03)  shows  that  the  V.  increase  toward 
the  center  (compare  Table  6.10-1  or  Fig.  6.10-2).  Therefore,  the 
positive  exponent  must  be  taken  in  Eq.  (6.14-9)  and  hence  throughout 
Eq.  (6.14-8).  Then 

Vim  5.S<-1  <*  ’  1 •  2 . n  +  1)  .  (6.14-10) 


Since  the  output  is  matched  (S^j  *  D*  «nd  from  Eq.  (6.04-10),  the 
maximum  possible  VSWR  (in  the  stop  band)  is 

ft  -  S0(S1SJ. . ,Sn) *  .  (6.14-11) 

With  the  restriction  of  constant  ft,  it  can  be  shown12  that  when  all  the 
ctjl,  products  are  equal,  Eq.  (6.14-6)  gives  minimum  dissipation  loss 
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when  all  the  S,  are  made  equal.  The  internal  are  then  all  equal 

to  each  other,  and  equal  to  the  square  of  I'j  ■  .  Such  a  filter 

(called  a  “periodic  filter")  gives  minimum  band-center  dissipation  loss 
for  a  given  ft  (t.e. ,  for  a  given  maximum  stop-band  attenuation).  (In 
optical  terms,  it  gives  maximum  "contr as t )  General  formulas  including 
filters  of  this  type  have  been  given  by  Mielenzaand  by  Abelfes.29 

Since  the  attenuation,  dn,  and  the  unloaded  Q,  Qu,  are  related  by® 


1 

* 


(6. 14-12) 


therefore  ( AL 4 ) 0  can  be  expressed  in  terms  of  Q  , 

nepers 

► 

"  1  f  j  (  K  <  \2 

■  27.28  (  1  -  I P0 1  2 )  ■"  ~ — “ —  \  ff~)  V i  decibels 

(6.14.13) 

To  relate  this  to  bq.  (4.13-11),  we  must  assume  narrow-band  filters 
with  large  ft.  As  in  Chapter  4  and  Kef.  31,  it  is  convenient  to 
normalize  the  low-pass  filter  prototype  elements  to  g#  *  1.  In 
bq.  (4.13-2)  and  in  Ref.  31,  w  is  the  frequency  fractional  bandwidth, 
related  to  or  (Secs.  6.02  and  6.03)  of  dispersive  waveguide 
filters  by12 


(1  ~  IpJ  2)  IT  L  - - — 
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(6.14-14) 


whichever  is  appropriate.  This  can  be  shown  to  lead,  for  small  » 
and  large  ft,  to 
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l^ftl2)—  (10  lo^l0«)  2  —  dec ibeli| 
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>(6.14-15) 


It  differs  from  Kq.  (4.13-11)  and  Hef.  31  for  the  low-pass  lumped-constant 
filter  by  an  additional  factor 

(1  ~  l^0!2)  *  1/anti  log  C | (L4 ) o | /10]  .  (6.14-16) 

If  this  factor  is  added  to  Kq.  (4.13-11)  or  Kq.  (1)  in  Hef.  31,  they 
also  become  more  accurate.  [For  instance,  multiplying  the  last  column 
in  fable  4.13-2  by  the  factor  in  Kq.  ( 6. 14- 16),  approximates  the  exact 
values  in  the  first  column  for  (L A) more  closely,  reducing  the  error 
by  an  order  of  magnitude  in  every  case.1 

liquation  (6.14-6)  is  the  most  accurate  available  formula  for  the 
dissipation  loss  at  center  frequency  of  a  quarter-wave  or  half-wave 
filter,  and  can  le  applied  to  any  such  filter  directly;  Kq.  (6.14-15) 
is  the  most  accurate  available  formula  for  band-pass  filters  derived 
from  the  low-pass  lumped-constant  filter  prototype  of  Chapter  4. 

Kquation  (6.11-6)  or  (6.14-15)  determines  the  dissipation  loss  at  the 
center  of  the  pass  band.  The  dissipation  loss  generally  stays  fairly 
constant  over  most  of  the  pass  band,  rising  to  sharp  peaks  just 
outside  I  otli  edges,  as  indicated  in  Fig.  6.14*2(a).  V.hen  the  total 
attenuation  (reflection  loss  plus  dissipation  loss)  is  plotted  against 
frequency,  the  appearance  of  the  response  curve  in  a  typical  case  is 
as  shown  in  Fig.  6.  14-2(1*);  the  two  "  dimples”  are  due  to  the  two 
dissipation  peaks  shown  in  Fig.  6.14-2(a). 

The  two  peaks  of  dissipation  loss  near  the  two  band-edges  msy  be 
attributed  to  a  build-up  in  the  internal  fields  and  currents.  Thus  we 
would  expect  the  power-handling  capacity  of  the  filter  to  be  approximately 
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inversely  proportional  to  the  dissi- 
pation  loss,  as  the  frequency 
changes.  An  increase  in  stored 
energy  for  a  matched  filter  is  in 
turn  associated  with  a  reduced 
group  velocity,1* or  increased 
group  delay.  Thus  we  would  expect 
the  group  delay  through  the  filter 
to  he  approximately  proportional 
to  the  dissipation  loss,  as  the 
frequency  changes.  This  has  already 
heen  pointed  out  in  Sec.  4.13.  These 
questions  are  taken  up  further  in 
Sec.  6.15. 


SOrHCKt  J<»ur.  Opt .  Sop .  Am.  Urr  Rrf.  12  by  I..  Young) 

FIG.  6.14-2  ATTENUATION  CHARACTERISTICS 
OF  FILTERS 


of  bandwidth  it ^  *  0.00185). 

1 o8s  if  this  filter  is  constructed 
4.05  dl / 100  ft.  Wave  length  »  KQ  ■ 
1.015  inches. 

The  guide  wavelength  is 


Example  1— The  parameters  of  a 
half-wave  filter  are:  Z'  «  1, 

Z\  -  245.5,  Z'2  -  0.002425,  Z\  - 
455.8,  Z'  *  0.0045,  Z'  -  1.106 


(corresponding  to  a  0.01-dh  pass- 
hand  ripple  for  a  lossless  filter 
Calculate  the  center- frequency  dissipation 
in  waveguide  having  an  attenuation  of 
1.437  inches;  waveguide  width  •  «  ■ 


\  B  »  2.034  inches 


and 


<\0/V*  -  2.00 


The  internal  VSNIta 

Sj  * 

- 

5,  ■ 


are  by  Eq.  (6. 14-7) , 

(ZJ/Z;)  •  222.0 

(z;/z;>  -  455.8 

K*\/7.\)  -  412.5 


S3! 


<*;/*;> 


245.5 

1.0 


(by  definition) 


Summing  these  gives 

4  1  4 

2  IT  -  -  2  S.  -  667.9 

i-i  ‘  2  <-i  • 

Since  the  center-frequency  input  VSUH  is  equsl  to  Z'5  *  1.106, 
therefore 

|p0 1 2  -  0.0025  . 

Hence  from  the  first  of  Eqs.  (6.14-6), 

4  05 

(AL.)  -  0.9975  x  - : -  x  1.017  *  667.9  decibels 

40  100  x  12 

-  2.29  db 


SEC.  6.15,  GROUP  DELAY 

The  slope  of  the  phsse- versus- frequency  curve  of  a  mstched  filter 
is  a  measure  of  the  group  delay  through  the  filter.  This  has  already 
been  discussed  in  Sec.  4.08,  snd  results  for  some  typical  low-pass 
filter  prototypes  with  n  ■  5  elements  are  given  in  Figs.  4.08-1  and 
4.08-2.  In  this  section,  group  delay,  dissipation  loss,  snd  power¬ 
handling  capscity  will  be  examined  in  terms  of  stepped-iapedance  filters, 
such  as  the  qusrter-wsve  trsnsformer  prototype. 

It  can  be  shown31  thst  the  group  delsy  st  center  frequency  /Q 
through  s  hoaogeneous  mstched  qusrter-wsve  trsnsformer  is  given  by 


Wo 


(6. 15-1) 


where  is  the  phase  slope  dtp/dcj  and  may  be  interpreted  as  the  group 
delay  in  the  pass  band.  (The  phase  slope  ■  dtp/Jco  will,  as  usual, 
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be  referred  to  as  the  group  delay  also  outside  the  pass  band,  although 
its  physical  meaning  is  not  clear  when  the  attenuation  varies  rapidly 
with  frequency. ) 

The  group  delay  of  a  half-wave  filter  is  just  twice  that  of  its 
quarter-wave  transformer  prototype;  in  general,  the  gioup  delay  of  any 
matched  stepped-impedance  filter  at  center  frequency  is  given  by33 


/»<* 


o 


(6.15-2) 


Combining  Eq.  (6.15-2)  with  Eq.  (6.14-6)  when  pQ  ■  0  (filter  matched 
at  center  frequency),  and  when  the  attenuation  constants  a  and  guide 
wavelengths  A  are  the  same  in  each  section,  yields 

A La  -  oVVV2/0‘rf  (6.15-3) 


where  a  may  be  measured  in  units  of  nepers  per  unit  length  (a<),  or  in 
units  of  decibels  per  unit  length  (arf),  A LA  being  measured  accordingly 
in  nepers  or  decibels. 

Equation  (6.15*3)  can  also  be  written 


n 

A La  -  —  /Qtrf  nepers  .  (6.15-4) 

*  II 

These  equations  have  been  proved  for  center  frequency  only.  It  can  be 
argued  from  the  connection  between  group  velocity  and  stored  energy31 
that  the  relations  (6.15-3)  and  (6.15-4)  between  dissipation  loss  and 
group  delay  should  hold  fairly  well  over  the  entire  pass  band.  For 
this  reason  the  suffix  0  has  been  left  out  of  Eqs.  (6.15-3)  and  (6.15-4). 
This  conclusion  can  also  be  reached  through  Eqs.  (4.13-2),  (4.13*3)  and 
(4.13-9)  in  Chapter  4. 

Example  1—  Calculate  the  time  delay  (t^)0  at  the  center  frequency  of 
the  filter  in  Example  1  of  Sec.  6.14  from  its  center- frequency 
dissipation  loss,  (ALa)0. 
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From  £q.  (6. 15-3) , 


(\y  ^A)0 

7  0(  t  )  o  *  J  — cycles  st  center  frequency 


2.29 


2.00 


/4.05  x  2.03^, 
\  100  *  12  / 


cycles  at  center  frequency 


668  cycles  at  center  frequency 


Since  K  ■  1,437  inches,  which  corresponds  to  /.  •  8220  Me.  therefore 


668 

8220 


microseconds 


■  81.25  nanoseconds 

Universal  Curves  of  Group  Delay — Curves  will  be  presented  in 
Figs.  6.  15-1  through  6.15-10  which  apply  to  stepped-impedance  transformers 
and  filters  of  large  R  and  small  bandwidth  (up  to  about  w  *  0.4).  They 
were  computed  for  specific  cases  (generally  R  ■  102"  and  •  0.20), 
but  are  plotted  in  a  normalized  fashion  and  then  apply  generally  for 
large  R,  small  v.  The  response  is  plotted  not  directly  against 
frequency,  but  against 


with  c  given  by 


o-  -  pfl » /  *  - 


(6.15-5) 


(6.15-6) 


where  p  is  the  length  of  each  section  measured  in  quarter-wavelengths. 
(Thus  p  ■  1  for  a  quarter-wave  transformer,  and  p  ■  2  for  a  half-wave 
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FIG.  6.15-1  ATTENUATION  CHARACTERISTICS  FIG.  6.15-2  GROUP  DELAY  OF  PERIODIC 

OF  PERIODIC  FILTERS  OF  n  »  1.  FILTERS  OF  n  -  1,  2,  AND 

2,  AND  3  SECTIONS  3  SECTIONS 
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FIG.  6.15-5  ATTENUATION  CHARACTERISTICS  FIG.  6.15-6  TIME  DELAY  CHARACTERISTICS 

OF  FIVE  FILTERS  OF  n  -8  OF  FIVE  FILTERS  OF  n  «8 
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FIG.  6.15-9  ATTENUATION  CHARACTERISTICS  FIG.  6.15-10  GROUP  DELAY  CHARACTERISTICS 

OF  FOUR  PERIODIC  FILTERS  WITH  OF  FOUR  PERIODIC  FILTERS 

UPTOn  -  12  SECTIONS  WITH  UP  TO  n  «  12  SECTIONS 


filter.)  For  maximally  flat  filters,  Eq.  (6.15*6)  with  the  aid  of 
Sec.  6.02  reducea  to 


(6.15-7) 


where  w3>ib  in  Eq.  (6.15-7)  ia  the  3-db  fractional  bandwidth;  while  for 
Tchebyacheff  transformers, 


(6.15-8) 


Similarly  it  can  be  shown33  for  maximally  flat  time-delay  filtera,  that 


a  ■  8 


/ 0<  *->o 


f  2(n! )~[ 

[_( 2»» ) !  J 

r _ 2 _ "I1/- 

[l.3.5.7 . (2«-l)J 


>  (6.15-9) 


and  that  for  equal-element  filtera  ( correaponding  to  periodic  filtera), 


4_  ^ 

TT  V 


(6.15-10) 


It  can  be  deduced  from  Eq.  (6.09-2)  that  the  attenuation  charac- 
teriatica  are  independent  of  bandwidth  or  the  value  of  R  when  plotted 
againat  x,  defined  by  Eq.  (6.15-5).  Similarly,  it  followa  from 
Eqa.  (6.15-1)  and  (6.09-2)  that  the  time  delay  ahould  be  plotted  aa 


y 


(6.15-11) 


ao  that  it  ahould  become  independent  of  bandwidth  and  the  quantity  R 
(still  supposing  small  bandwidth,  large  R), 
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By  using  F.q,  (6.15-7)  through  (6.15-10)  to  obtain  v,  tlie  curves  in 
Figs.  6.15-1  through  6.15-10  cun  Lie  used  ulso  for  lumped-constant  filters. 

These  curves  are  useful  not  only  for  predicting  the  group  delay,  but 
also  for  predicting  the  dissipation  loss  and  (less  accurately)  the  power¬ 
handling  capacity  in  the  pass  band,  when  the  values  of  these  quantities 
at  midband  are  already  known  [as,  for  instance,  by  Eq.  (6.14-6)  or 
(6.14-15)]. 

The  following  filter  types  are  presented:  maximally  flat;  Tchebyscheff 
(0.01  db  ripple,  0.1  db  ripple  and  1.0  db  ripple);  maximally  f lat  time  delay; 
and  periodic  filters.  The  last-named  are  filters  in  which  V'?  *  V .  •  V*, 

r  1  I  n+  1 

for  i  *2,  3,  ...,  n.  [They  correspond  to  low-pass  prototype  filters  in 
which  all  the  ( i  *  1,  2,  ....  n)  in  Fig.  4.04-1  are  equal  to  one  another. 
For  large  H  and  small  bandwidth  periodic  filters  give  minimum  band-center 
dissipation  loss0,51  and  greatest  power  -  handl  i  ng  capacity34  for  a  given 
selectivity.  3 

The  figures  go  in  pairs,  the  first  plotting  the  attenuation  charac¬ 
teristics,  and  the  second  the  group  delay.  Figures  6.15-1  and  6.15-2  are 
for  three  periodic  filters.  The  case  n  *  1  cannot  be  labelled,  as  it  be¬ 
longs  to  aM  types.  The  case  n  «  2  periodic  is  also  maximally  flat.  The 
case  n  «  3  periodic  is  equivalent  to  a  Tchebyscheff  filter  of  about  0.15  db 
ripple. 

Figures  6.15-3  to  6.15-8  are  for  n  *  4,  n  *  8,  and  n  ■  12  sections, 
respectively,  and  include  various  conventional  filter  types.  Figures  6. 15*9 
and  6.15-10  are  for  several  periodic  filters,  showing  how  the  character¬ 
istics  change  from  n  »  4  to  n  ■  12  sections. 

Example  2— Calculate  the  diasipation  loss  at  band-edge  of  the  filter 
in  Example  1  of  Sec.  6.14. 

It  was  shown  in  that  example  that  the  band-center  dissipation  loss  for 
that  filter  is  2.29  db.  Since  this  is  a  Tchebyscheff  0.01-db  ripple  filter 
with  n  ■  4,  we  see  from  Fig.  6.15-4  that  the  ratio  of  band-edge  to  band- 
center  dissipation  loss  is  approximately  0.665/0.535  ■  1.243.  Therefore 
the  band-edge  dissipation  loss  is  approximately  2.29  *  1.243  ■  2.85  db. 

The  application  of  the  universal  curves  to  the  power-handling  capacity 
of  filters  is  discussed  in  Section  15.03. 
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CHAPTER  7 


LOW-PASS  AND  HIGH -PASS  FILTERS  USING  SEMI-LUMPED  ELEMENTS 
OR  WAVEGUIDE  CORRUGATIONS 

SEC.  7.01,  PROPERTIES  OF  THE  FILTERS  DISCUSSED  IN  THIS  CHAPTER 

Unlike  most  of  the  filter  structures  to  be  discussed  in  later 
chapters,  the  microwave  filters  treated  in  this  chapter  consist  entirely 
of  elements  which  are  small  compared  to  a  quarter-wavelength  (at  pass- 
band  frequencies).  In  the  cases  of  the  TEM-mode  filters  treated,  the 
design  is  carried  out  so  as  to  approximate  an  idealized  lumped- element 
circuit  as  nearly  as  pos  ible.  In  the  cases  of  the  corrugated  and 
waffle-iron  low-pass  waveguide  filters  discussed,  the  corrugations  are 
also  small  compared  to  a  quarter-wavelength.  Such  filters  are  a  wave¬ 
guide  equivalent  of  the  common  series-L,  shunt-C,  ladder  type  of  low- 
pass  filter,  but  due  to  the  waveguide  nature  of  the  structure,  it  is 
more  difficult  to  design  them  as  a  direct  approximation  of  a  lumped- 
element,  low-paas  filter.  Thus,  in  this  chapter  the  waveguide  filters 
with  corrugations  are  treated  using  the  image  method  of  design  (Chapter  3) . 

In  Sec.  7.02  will  be  found  a  discussion  of  how  lumped  elements  may 
be  approximated  using  structures  which  are  practical  to  build  for  micro- 
wave  applications.  In  later  sections  the  design  of  filters  in  specific 
common  types  of  construction  are  discussed,  but  using  the  principles  in 
Sec.  7.02  the  reader  should  be  able  to  devise  additional  forms  of  con¬ 
struction  as  may  be  advantageous  for  special  situations. 

Figure  7.01-l(a)  shows  a  coaxial  form  of  low-pass  filter  which  is 
very  common.  It  consists  of  short  sections  of  high- impedance  li,ne  (of 
relatively  thin  rod  or  wire  surrounded  by  air  dielectric)  which  simulate 
scries  inductances,  alternating  with  short  sections  of  very- low-impedance 
line  (each  section  consisting  of  a  metal  disk  with  a  rim  of  dielectric) 
which  simulate  ahunt  capacitances.  The  filter  shown  in  Fig.  7.01-l(a) 
has  tapered  lines  at  the  ends  which  permit  the  enlarging  of  the  coaxial 
region  at  the  center  of  the  filter  so  as  to  reduce  dissipation  loss. 
However,  it  is  more  common  to  build  this  type  of  filter  with  the  outer 
conductor  consisting  of  a  uniform,  cylindrical  metal  tube.  The  popularity 
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of  this  type  of  low-pass  filter  results  f*om  its  simplicity  of  fsbrication 
and  its  excellent  performance  capabilities.  Its  first  spurious  pass  band 
occurs,  typically,  when  the  high- impedance  lines  are  roughly  a  half¬ 
wavelength  long.  It  is  not  difficult  with  this  type  of  filter  to  obtain 
stop  bands  which  arc  free  of  spurious  responses  up  as  far  as  live  times 
the  cutoff  frequency  of  the  filter.  Filters  of  this  type  are  commonly 
built  with  cutoff  frequencies  ranging  from  a  few  hundred  megacycles  up 
to  around  10  Cc.  A  discussion  of  their  design  will  be  found  in  Sec.  7.03, 
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Figure  7,0l-l(b)  shows  a  printed-circuit,  strip-line  filter  which  yds 
equivalent  to  the  fitter  in  Fig.  7.01-1 (a)  in  moat  respects,  but  which  has 
somewhat  inferior  performance  characteristics.  The  great  advantage  of 
this  type  of  filter  is  that  it  is  unusually  inexpensive  and  easy  to  fabri¬ 
cate.  It  usually  consists  primarily  of  two  sh'ets  of  low-loss  dielectric 
material  with  a  photo- etched,  copper-foil,  renter-conductor  [shown  in 
Fig.  7.01- 1(1.)]  sandwiched  in  betweei  ,  an  .ith  copper  foil  or  metal 
plates  on  the  outer  surfaces  of  the  dielectric  pieces  to  serve  as  ground 
planes.  When  this  type  of  circuit  is  used  .lie  dissipation  loss  is  gener¬ 
ally  markedly  higher  than  for  the  filter  in  Fig .  7.01-l(a)  because  of  the 
presence  of  dielectric  material  throughout  the  circuit.  Also,  when  this 
type  of  construction  is  used  it  is  generally  not  possible  to  obtain  as 
large  a  difference  in  impedance  level  between  'he  high-  and  low- impedance 
line  sections  as  ia  readily  feasible  in  the  constroction  shown  in 
Fig.  7.01-l(a).  As  a  result  of  this,  the  attenuation  level  at  frequencies 
well  into  the  stop  band  for  filters  construe  tel  as  shown  in  Fig.  7.01-l(b) 
is  generally  somewhat  lower  than  that  for  filt-:rs  constructed  as  shown  in 
Fig.  7.01-l(a).  Also,  spurious  responses  ir  tne  stop  band  generally  tend 
to  occur  at  lower  frequencies  for  the  construction  in  Fig.  7.01 -1(b). 
Filters  using  this  latter  construction  can  also  be  used  in  the  200-Mc  to 
10-Gc  range.  However,  for  the  high  portion  of  this  range  they  must  be 
quite  small  and  they  tend  to  have  considerable  dissipation  loss.  A  dis¬ 
cussion  of  the  design  of  this  type  of  filter  will  be  found  in  Sec.  7.03. 


Figure  7.01-l(c)  shows  another  related  type  of  printed-circuit  low- 
pass  filter.  The  symbols  L Jt  L t,  C|(  etc.,  indicate  the  type  of  element 
which  different  parti  of  the  circuit  approximate.  Elements  Lf  and  Cj  in 
series  approximate  an  L-C.  branch  which  will  slort-cii cnit  transmission  at 
its  resonant  frequency.  Likewise  for  the  part  of  the  circuit  which  ap¬ 
proximates  L4  and  Cj,  These  branches  then  produce  peaks  of  high  attenu¬ 
ation  at  frequencies  above  the  cutoff  frequency  and  fairly  close  to  it, 
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and  by  ao  doing,  they  increase  the  aharpneas  of  the  cutoff  characteristic. 
Thiis  type  of  filter  is  also  easy  to  fabricate  in  photo-etched,  printed- 
circuit  construction,  but  has  not.  been  used  as  much  as  the  type  in 
Fig  7  .01-l(b) ,  probably  because  it  is  somewhat  more  difficult  to  design 
accurately.  This  type  of  filter  can  also  be  designed  in  coaxial  or  co¬ 
axial  split-block  form  so  as  tc  obtain  improved  performance,  but  such  a 
filter  would,  of  course,  be  markedly  more  costly  to  build.  Discussion 
of  .ie  design  of  filters  such  as  that  in  Fig.  7.01-1  (c)  will  be  found  in 
Sec  7.03. 

The  filter  shown  ir.  Fig.  7.01-l(d)  is  a  waveguide  version  of  the 
filers  in  Figs.  *'.01-  1(a)  and  (b).  In  this  case  the  low-  and  high- 
imp-iiance  section*  of  line  arc  realized  by  raising  and  lowering  the  height 
of  the  guide,  which  ha*  led  to  the  name  "corrugated  waveguide  filter”  by 
whi-h  it  is  commonly  ki  own.  It  is  a  low-pass  filter  in  its  operation,  but 
sin:*’  the  waveguide  has  a  cutoff  frequency,  it  cannot  operate,  of  course, 
to  IX)  as  do  most  low-pass  filters.  This  type  of  filter  can  be  made  to 
have  very  low  pass-hani1  loss  because  of  its  waveguide  construction,  and 
it  it  ri  be  expected  to  have  a  higher  power  rating  than  equivalent  TEM-mode 
filters.  However,  this  type  of  filter  has  disadvanta.es  compared  to, 
say,  the  coaxial  filter  in  Fig.  7 . 01 -1(a)  because  (1)  it  is  larger  and 
more  costly  to  build,  (2)  the  stop  bands  cannot  readily  be  made  to  be 
free  of  spurious  responses  to  as  high  a  frequency  even  for  the  normal 
TEj„  mole  of  propagation,  and  (3)  there  will  be  numerous  spurious  response 
in  the  stop-band  region  for  higher-order  modes,  which  are  easily  excited 
at  frequencies  above  the  normal  TE)f,  operating  range  of  the  waveguide. 

Due  to  the  presence  of  the  corrugations  in  the  guide,  modes  having  vari¬ 
ations  in  the  direction  of  the  waveguide  height  will  be  cut  off  up  to  very 
*.igh  frequenc.es.  Therefore,  TE^.,  modes  will  be  the  only  ones  that  need 
be  considered.  If  the  waveguide  is  excited  by  a  probe  on  its  center  line, 
the  TE2p,  TE40,  and  other  even-order  modes  will  not  be  excited.  In  this 
case,  t.he  first  higher-order  inode  that  will  be  able  to  cause  trouble  is 
the  TEa(J  mode  which  has  a  cutoff  frequency  three  times  that  of  the  TE10 
mode.  In  typical  cases  the  TE}0  mode  might  give  a  spurious  response  at 
about.  2.5  times  the  center  frequency  of  the  first  pass  band.  Thus,  if 
the  TE;J#  mode  is  not  excited,  or  if  a  very  wide  stop  band  is  not  required, 
corrugated  waveguide  filters  will  frequently  be  quite  satisfactory.  The 
only  limitations  on  their  useful  frequency  range  are  those  resulting  from 
considerations  of  aixe  and  esse  of  manufacture.  Filters  of 'this  type  (or 


the  waffle-iron  filters  discussed  below)  are  probably  the  most  practicsl 
forms  of  low-pass  filters  for  frequencies  of  10  Gc  or  higher.  This  type 
of  filter  is  discussed  in  Sec.  7.04. 

Figure  7.01-l(e)  shows  a  waffle-iron  filter  which  in  many  respects 
is  equivalent  to  the  corrugated  waveguide  filter  in  Fig.  7.01-Kd),  but 
it  includes  a  feature  which  reduces  the  problem  of  higher-order  modes 
introducing  spurious  responses  in  the  stop  band.  This  feature  consists 
of  the  fact  that  the  low-impedance  sections  of  the  waveguide  are  slotted 
in  the  longitudinal  direction  so  that  no  matter  what  the  direction  of  the 
components  of  propagation  in  the  waveguide  are,  they  will  see  a  low-pass 
filter  type  of  structure,  and  be  attenuated.  Filters  of  this  type  have 
been  constructed  with  stop  bands  which  are  free  of  spurious  responses  up 
to  three  times  the  cutoff  frequency  of  the  filter.  The  inclusion  of 
longitudinal  slots  makes  them  somewhat  more  difficult  to  build  than  corru¬ 
gated  waveguide  filters,  but  they  are  often  worth  the  extra  trouble. 

Their  characteristics  are  the  same  as  those  of  the  corrugated  waveguide 
filter,  except  for  the  improved  stop  band.  This  type  of  filter  is  dis¬ 
cussed  in  Sec.  7.05. 

Figure  7.01-2  shows  a  common  type  of  high-pass  filter  using  coaxial 
split-block  construction.  This  type  of  filter  is  also  designed  so  that 
its  elements  approximate  lumped  elements.  In  this  case  the  short- 
circuited  coaxial  stubs  represent  shunt  inductances,  and  the  disks  with 
Teflon  spacers  represent  series  capacitors.  This  type  of  filter  has 
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FIG.  7.01-2  A  HIGH-PASS  FILTER  IN  SPLIT-BLOCK 
COAXIAL  CONSTRUCTION 


excellent  cutoff  characterietice  aince  for  a  design  with  n  reactive 
elements  there  is  an  nth-order  pole  of  attenuation  (Sec.  2.04)  at  xero 
frequency.  Typical  filters  of  this  sort  have  a  low-attenuation,  low-VSWB 
pass  band  extending  up  about  an  octave  above  the  cutoff  frequency,  with 
relatively  low  attenuation  extending  up  to  considerably  higher  frequencies. 
The  width  of  the  pass  band  over  which  the  filter  will  simulate  the  response 
of  its  idealized,  lumped  prototype  depends  on  the  frequency  at  which  the 
elements  no  longer  appear  to  be  sufficiently  like  lumped  element.'.  To 
achieve  cutoffs  at  high  microwave  frequencies,  structures  of  this  type 
have  to  be  very  small,  and  they  require  fairly  tight  manufacturing  toler¬ 
ance.  This  makes  them  relatively  difficult  to  construct  for  high  microwave 
frequency  applications.  For  this  reason  they  are  used  most  often  for  cut¬ 
offs  in  the  lower  microwave  frequency  range  (200  to  2000  Me)  where  their 
excellent  performance  and  compactness  has  considerable  advantage,  but  they 
are  also  sometimes  miniaturized  sufficiently  to  operate  with  cutoffs  as 
high  as  5  or  6  Gc.  Usually  at  the  higher  microwave  frequency  ranges  the 
need  for  high-pass  filters  is  satisfied  by  using  wideband  band-pass  filters 
(see  Chapters  9  and  10).  The  type  of  high-pass  filter  in  Fig.  7.01-2  has 
not  been  fabricated  in  equivalent  printed-circuit  form  much  because  of  the 
difficulties  in  obtaining  good  short-circuits  on  the  inductive  stubs  in 
printed  circuits,  and  in  obtaining  adequately  large  series  capacitances. 

SEC  7.02,  APPROXIMATE  MICROWAVE  REALIZATION  OF  LUMPED  ELEMENTS 

A  convenient  way  to  realize  relatively  wide-band  filters  operating  in 
the  frequency  range  extending  from  about  100  Me  to  10,000  Me  is  to  con¬ 
struct  them  from  short  lengths  of  coaxial  line  or  strip  line,  which  approxi¬ 
mate  lumped-element  circuits.  Figure  7.02-1  illustrates  the  exact  T-  and 
^-equivalent  circuits  of  a  length  of  non-dispersi ve  TEM  transmission  line. 
Also  shown  are  the  equivalent  reactance  and  susceptance  values  of  the  net¬ 
works  when  their  physical  length  l  is  small  enough  so  that  the  electrical 
length  col/v  of  the  line  is  less  than  about  v/\  radians.  Here  we  have  used 
the  symbol  a>  for  the  radian  frequency  and  v  for  the  velocity  of  propagation 
along  the  transmission  line. 

For  applications  where  the  line  lengths  are  very  short  or  where  an 
extremely  precise  design  is  not  required,  it  is  often  possible  to  represent 
a  short  length  of  line  by  a  single  reactive  element.  For  example,  inspec¬ 
tion  of  Fig.  7.02-1  shows  that  a  short  length  of  high-Zg  line  terminated 
at  both  ends  by  a  relatively  low  impedance  has  an  effect  equivalent  to  that 


FIG.  7.02-1  TEM-LINE  EQUIVALENT  CIRCUITS 


of  a  series  inductance  having  a  value  off."  Z^l/v  henries.  Similarly, 
a  short  length  of  1 ow-Zfl  line  terminated  at  eit.er  end  by  a  relatively 
high  impedance  has  an  effect  equivalent  to  that  of  a  shunt  capacitance 
C  ■  Y0l,'v  m  farads.  Such  short  sections  of  high-Zfl  line  and  >ow-Z# 

line  are  the  most  common  ways  of  realizing  series  inductance  and  sh 
capacitance,  respectively,  in  TEM-mode  microwave  filter  structures. 

A  lumped-element  shunt  inductance  can  be  realized  in  TEM  transmission 
line  in  several  ways,  as  illustrated  in  Fig.  7.02-2(a),  The  most  con¬ 
venient  way  in  most  instances  is  to  employ  a  short  length  of  high-ZQ  line, 
short-circuited  to  ground  at  its  far  end,  as  shown  in  the  strip-line  ex¬ 
ample.  For  applications  where  a  very  compact  shunt  inductance  is  required, 
a  short  length  of  fine  wire  connected  between  the  inner  and  outer  con¬ 
ductors  can  be  used,  as  is  illustrated  in  the  coaxial  line  example  in 
Fig.  7. 02-2( a) , 
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Also,  a  lumped  element  aeries  capacitance  can  be  realised  approximately 
in  TEM  transmission  lines  in  a  variety  of  ways,  as  illustrated  in 
Fig.  7. 02- 2(b).  Often  the  most  convenient  way  is  by  means  of  a  gap  in  the 
center  conductor.1  Where  large  values  of  aeries  capacitance  are  required 
in  a  coaxial  system  a  short  length  of  lor-ZQI  open-circuited  line,  in 
series  with  the  center  conductor  can  be  used.  Values  of  the  series  capaci¬ 
tance  of  overlapping  atrip  lines  are  also  shown  in  Fig.  7.02-2(b). 

Section  8. OS  presents  some  further  data  on  capacitive  gaps. 

A  lumped-element,  series- resonant ,  shunt  circuit  can  be  realized  in 
strip  line  in  the  manner  shown  in  Fig.  7.02-2(c).  It  is  usually  necessary 
when  computing  the  capacitive  reactance  of  the  low- impedance  (Zfll)  line  in 
Fig.  7.02-2(c)  to  include  the  fringing  capacitance  at  the  end  of  the 
line  and  at  the  step  between  lines.  The  end  fringing  capacitance  can  be 
accounted  for  as  follows.  First,  compute  the  per-uni t- 1 ength  capacitance 

BLOCK  SHORTED 

to  orouno  planes 


T 


TOP  VICW  OK  CENTER  CONOUCTOR  EOUIVMLENT  CIRCUIT 

(STRIP  LINE  I 


(COAXIAL  LINE  I  EQUIVALENT  CIRCUIT 

(OlMENSIONS-INCHCS) 


(0)  SHUNT  INDUCTANCES 


FIG.  7.02-2  SEMI-LUMPED-ELEMENT  CIRCUITS 
IN  TEM  TRANSMISSION  LINE 


358 


dielectric 


*o 


hoc  view 
(coaxial  umei 


EQUIVALENT  CIRCUIT 


r  ^  dielectric, «, 

•ioe  view  equivalent  circuit 


(coaxial  umei  (oimemtioms-imcMet) 


$IOC  View  Of  CARACITOR  ARRROXIMATe  COLH  VALENT  CMCUIT 

fORNCO  RT  OVERLARRING  ( DIMCNSIONI-INCHES) 

STRIR  Limes 


(b)  SERIES  CARACITARCES 


T 

tor  view  of  cemTER  conductor  eouivALCNT  circuit 

(STRIR  Lime) 


(C  )  SCRtCS-RESOrnANT  SHUNT  CIRCUIT 


•lock  shorted 

TO  OROUNO  RLAHES 


TOR  View  Of  center  conouctor 

(STRIR  LINE) 

«>  rarallel-resonant  shunt  circuit 


FIG.  7.02*2  Concluded 


S59 


84.73/e, 

C0l  ■  — - -  wit/inch  (7.02-1) 
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for  the  Z0l  line,  where  e f  is  the  relative  dielectric  constant.  Then 
the  effect  of  the  fringing  capacitances  at  the  ends  of  the  line  can  be 
accounted  for,  approximately,  by  computing  the  total  effective  electrical 
length  of  the  ZQl  line  as  the  measured  length  plus  a  length 

0.450  (C.\ '  \ 

A  l  •  - - - (  — j  inches  (7,02-2) 

Co  l  \  *  / 

added  at  each  end.  In  Kqs.  (7.02-1)  and  (7.02-2),  w  is  the  width  of  the 
strip  in  inches,  and  C /e  is  obtained  from  Fig.  5.07-5,  A  further  re¬ 
finement  in  the  design  of  resonant  elements  such  as  that  in  Fig.  7.02-2(c) 
can  be  made  by  correcting  for  the  junction  inductance  predicted  by 
Fig-  5.07-3;  however,  this  correction  is  usually  quite  small. 

A  lumped-element  paral 1 e I  -  resonant  shunt  circuit  ccn  be  realized  in 
the  manner  shown  in  Fig.  7.02-2(d).  Here  too  it  is  necessary,  when  com¬ 
puting  the  cepacitive  reactance  of  the  low-impedance  ( ZQl )  line,  to  in¬ 
clude  the  fringing  capacitance  at  the  end  of  the  open-circuited  line. 

The  series-resonance  and  para  1 1 ei - resonance  characteristics  of  the 
lumped  elements  of  Figs.  7.02-2(c)  and  7 . 02- 2(d)  can  also  be  approximated 
over  limited  frequency  bands  by  means  of  quarter-wavelength  lines,  re¬ 
spectively,  open-circuited  or  short-circuited  at  their  far  ends.  Formulas 
for  computing  the  characteristics  of  such  lines  are  given  in  Fig.  5.08-1. 

Series  circuits  having  either  the  characteristics  of  lumped  series- 
resonant  circuits  or  lumped  pa ra 1 1  el  -  resonant  circuits  are  very  difficult 
to  realize  in  semi  - 1  umped- form  TF.M  transmission  lines.  However,  they  can 
be  approximated  over  limited  frequency  bands,  in  coaxial  lines,  by  means 
of  quarter  wavelength  stubs  in  series  with  the  center  conductor,  that  are 
either  open-circuited  or  short-circuited  at  their  ends,  respectively. 

Such  stubs  are  usually  realized  as  lines  within  the  center  conductor  in 
a  manner  similar  to  the  first  example  in  Fig.  7.02-2(b). 
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SEC.  7.03,  LOW-PASS  FILTERS  USING  SEMI-LUMPED  ELEMENTS 


The  first  step  in  the  design  of  filters  of  this  type  is  to  select 
sn  sppropriste  lumped- element  design  (usuelly  normalised),  such  as  those 
in  the  tables  of  low-pass  prototypes  in  Secs.  4. OS  to  4.07.  The  choice 
of  the  type  of  the  response  (for  example,  the  choice  between  a  0.1-  or 
O.S-db  ripple  TchebyscHeff  response)  will  depend  on  the  requirements  of 
a  specific  application.  Also,  the  number  n  of  reactive  elements  will  be 
determined  by  the  rate  of  cutoff  required  for  the  filter.  For  Tchebyscheff 
and  maximally  flat  aeries-L,  shunt-C,  ladder  low-pass  filters  the  required 
value  of  n  is  easily  determined  from  the  normalised  attenuation  curves  in 
Sec.  4.03. 

Having  obtained  a  suitable  lumped-element  design,  the  next  step  is 
to  find  a  microwave  circuit  which  approximates  it.  .  Some  examples  will 
now  be  considered. 

An  Exanple  of  a  Simple  L-C  Ladder  Type  of  Lorn-Pass  Filter  —  It  is 
particularly  advantageous  to  design  low-pass  filters  in  coaxial-  or 
printed-circuit  form  using  short  lengths  of  transmission  line  that  act 
as  semi-lumped  elements.  In  order  to  illustrate  the  design  procedure 
for  this  type  of  filter  the  design  of  a  15-element  filter  is  described 
in  this  section.  The  design  specifications  for  this  filter  are  0.1-db 
equal-ripple  insertion  loss  in  the  pass  band  extending  from  sero  frequency 
to  1.971  Gc,  and  at  least  35-dfc  attenuation  at  2.168  Gc.  A  photograph 
of  the  filter  constructed  from  coaxial  elements  using  the  “  split-block” 
coaxial  line  construction  technique  is  shown  in  Fig.  7.03-1. 

The  form  of  the  15-element  low-pass  prototype  chosen  for  this  filter 
has  a  series  inductsnce  as  the  first  element,  as  illustrated  in  the 
schematic  of  Fig.  7.03-2(a).  At  the  time  this  filter  was  designed  the 
element  values  in  Table  4.05-2(b)  were  not  available,  but  the  element 
values  for  filters  containing  up  to  10  elements  as  listed  in  Table  4. 05-2(a) 
were  available.  Therefore,  the  15-element  prototype  was  approximated  by 
using  the  nine-element  prototype  in  Table  4.05-2(a),  augmented  by  re¬ 
peating  three  times  esch  of  the  two  middle  elements  of  the  nine-element 
filter.  Comparison  of  these  values  with  the  more  recently  obtained  exact 
values  from  Table  4.05-2(b)  shows  that  the  end  elements  of  the  filter 
are  about  1.2  percent  too  small  and  that  the  error  in  the  element  values 
increases  gradually  toward  the  center  of  the  filter  so  that  the  center 
element  is  about  4.2  percent  too  small.  These  errors  are  probably  too 
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FIG.  7.03-1  A  MICROWAVE  LOW-PASS  FILTER 
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small  to  be  of  significance  in  most  applications.  It  should  be  noted 
that  since  tables  going  to  n  »  IS  ere  now  available,  good  designs  for 
even  larger  n's  can  be  obtained  by  augmenting  n  *  14  or  n  *  IS  designs, 
in  the  above  manner. 

The  schematic  of  the  lumped-constant  prototype  used  in  the  design 
of  the  actual  filter  is  shown  in  Fig.  7.03*2(a).  This  filter  is  scaled 
to  operate  at  a  50-ohm  impedance  level  with  an  angular  band-edge  fre¬ 
quency  u,  of  12.387  *  10*  radians  per  second.  The  values  of  the  in¬ 
ductances  and  capacitances  used  in  the  lumped-constant  circuit  are 
obtained  from  the  low-pass  prototype  by  means  of  Eqa.  (4.04-3)  and 
(4.04-4).  That  is,  all  inductances  in  the  low-pass  prototype  are  mul¬ 
tiplied  by  50/(12.387  *  10*)  and  all  capacitances  are  multiplied  by 
1/(50  *  12.387  *  10*).  Sometimes,  instead  of  working  with  inductance 
in  henries  and  capacitance  in  farads,  it  is  more  convenient  to  work  in 
terms  of  reactance  and  susceptance.  Thus,  a  reactance  cnJLj  for  the 
prototype  becomes  simply  (^xLk  ■  )  (f>  „//?  J,)  for  the  actual  filter, 

where  R'0  is  the  resistance  of  one  of  the  prototype  terminations  and  AQ 
is  the  corresponding  resistance  for  the  seeled  filter.  Also,  the  shunt 
ausceptances  co'Cj  for  the  prototype  become  e UjC4  ■  (o>* Ck  )  (fl  j/fl  „ )  for  the 
scaled  filter.  This  latter  approach  will  be  utilized  in  the  numerical 
procedures  about  to  be  outlined. 

The  semi-lumped  realisation  of  a  portion  of  the  filter  is  shown  in 
Fig.  7 . 03- 2(b).  It  is  constructed  of  alternate  sections  of  high- 
impedance  (Zh  »  150  ohms)  and  low- impedance  (Z,  *  10  ohms)  coaxial  line, 
chosen  so  that  the  lengths  of  the  high-impedance  line  would  be  approxi¬ 
mately  one-eighth  wavelength  at  the  equal-ripple  band-edge  frequency  of 
1.971  Gc.  The  whole  center  conductor  structure  is  held  rigidly  aligned 
by  dielectric  rings  (er  ■  2.54)  surrounding  each  of  the  low-impedance 
lengths  of  line.  The  inside  diameter  of  the  outer  conductor  was  chosen 
to  be  0.897  inch  so  that  the  2.98-Uc  cutoff  frequency  of  the  first 
higher-order  mode  that  can  propagate  in  the  low-impedance  sections  of 
the  filter  is  well  above  the  1.971-Gc  band-edge  frequency  of  the  filter. 
The  values  of  the  inductances  and  capacitances  in  the  lumped-constant 
circuit,  Fig.  7.03-2(a),  are  realised  by  adjusting  the  lengths  of  the 
high-  and  low-impedance  lines  respectively. 

At  discussed  is  Sac.  $.03,  tin  first  higher  aede  css  aacar  vhaa  /  ■  7.31(0  ♦  chars  /  is  is  0* 
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The  exact  equivalent  circuit  of  the  semi-lumped  realization  of  the 
first  three  end  elements  of  the  filter  are  shown  in  Fig.  ?.03-2(c).  In 
this  figure  C^0  is  the  fringing  capacity  at  the  junction  of  the  50-ohm 
terminating  line  and  the  150-ohm  line  representing  the  first  element  in 
the  filter,  aa  determined  from  Fig.  5.07-2.  Similarly,  Cj  is  the  fringing 
capacitance  at  each  junction  between  the  10-ohm  and  150-ohm  lines  in  the 
filter.  It  is  also  determined  from  Fig.  5.07-2,  neglecting  the  effect 
on  fringing  due  to  the  dielectric  spacers  in  10-ohm  lines.  The  veloc  ity 
of  prop  gation  v k  of  a  wave  along  the  150-ohm  line  is  equal  to  the  veloc¬ 
ity  of  light  in  free  apace  while  the  velocity  of  propagation  v,  along  the 
10-ohm  line  is  vK/\ fT~r. 

Some  of  the  150-ohm  lines  in  this  filter  attain  electrical  lengths 
of  approximately  50  electrical  degrees  at  the  band-edge  frequency  oj .. 

For  lines  of  this  length  it  has  been  found  that  the  pass-band  bandwidth 
is  most  closely  apr-oximated  if  the  reactances  of  the  lumped-constant 
inductive  elements  at  frequency  are  matched  to  the  exact  inductive 
reactance  of  the  transmission  line  elements  at  frequency  using  the 
formulas  in  Fig.  7.02-1.  The  inductive  reactance  of  the  10-ohm  lines 
can  also  be  included  as  a  small  negative  correction  to  the  lengths  of 
the  150-ohm  lines.  Following  this  procedure  we  have 
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The  capacitance  of  each  shunt  element  in  the  low-pass  filter  in 
Fig.  7.03-2(a)  is  realised  as  the  sum  of  the  capacitance  of  a  short 
length  of  10-ohm  line,  plus  the  fringing  capacitances  between  the  10-ohm 
line  and  the  adjacent  150-ohm  lines,  plus  the  equivalent  150-ohm-line 
capacitance  as  lumped  at  the  ends  of  the  adjacent  150-ohm  lines.  Thus, 
we  can  determine  the  lengths  of  the  10-ohm  lines  by  means  of  the 
relations 
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In  Eqe.  (7.03*1)  above,  the  first  tern  in  each  equation  on  the  right 
is  the  major  one,  and  the  other  terms  on  the  right  represent  only  small 
corrections.  Thus,  it  is  convenient  to  start  the  computations  by  neg¬ 
lecting  all  but  the  first  term  on  the  right  in  each  of  Eqs.  (7.03-1), 
which  makes  it  possible  to  solve  immediately  for  preliminary  values  of 
the  lengths  Ij,  l Jt  15,  etc.,  of  the  series-inductive  elements.  Having 
approximate  values  for  l I5,  etc.,  it  is  then  possible  to  solve 
each  of  Eqs.  (7.03-2)  for  the  lengths  l2,  l K,  1(,  etc.,  of  the  capacitive 
elements.  Then,  having  values  for  i2,  l < ,  1(,  etc.,  these  values  may 
then  be  used  in  the  correction  terms  in  Eqs.  (7.03-1),  and  Eqs.  (7.03-1) 
can  then  be  solved  to  give  improved  values  of  the  inductive  element 
lengths  l),  l$,  etc. 

The  iterative  process  described  above  could  be  carried  on  to  insert 
the  improved  values  of  l j,  IJ(  2},  etc.,  in  Eq.  (7.03-2)  in  order  to  re¬ 
compute  the  lengths  2J(  I6,  etc.  However,  this  is  unnecessary  because 

the  last  two  terms  on  the  right  in  each  of  Eqs.  (7.03*2)  are  only  smell 
correction  terms  themselves,  and  a  small  correction  in  than  would  have 
negligible  effect  on  the  computed  lengths  of  the  capacitor  elements. 

The  reactance  or  susceptance  form  of  Eqs.  (7.03-1)  and  (7.03-2)  is 
convenient  because  it  gives  numbers  of  moderate  site  and  avoids  the 
necessity  of  carrying  multipliers  such  as  10”**.  The  velocity  of  light 
is  v  ■  1.1803  *  1 0 1  °/v/c  r  inches  per  second,  so  that  the  ratios  « l/vk 
and  ul/vk  are  of  moderate  sise. 

The  effect  of  the  discontinuity  capacitances  and  Ykl  j/2vfc  at 
the  junction  between  the  50-ohm  lines  terminating  the  filter  and  the 
150-ohm  lines  comprising  the  first  inductive  elements  of  the  filter  can 
be  minimised  by  increasing  the  length  of  the  150-ohm  lines  by  a  small 
amount  1#  to  simulate  the  series  inductance  and  shunt  capacitance  of  a 
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ahort  length  of  50-ohm  line.  The  necessary  line  length  lfl  can  be 
determined  from  the  relation 
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Figure  7.03-3(a)  shows  the  dimensions  ol  the  filter  determined  using 
the  above  procedures,  while  Fig.  7.03-3(b)  shows  the  measured  response 
of  the  filter.  It  is  seen  that  the  maximum  pass-band  ripple  level  as 
determined  from  V.-ittH  measurements  is  about  0.12  db  over  most  of  the  pass 
hand  while  rising  to  0.2  db  near  the  edge  of  the  pass  band.  It  is 
believed  that  the  discrepancy  between  the  measured  pass-band  ripple 
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FIG.  7.03-3(c)  A  POSSIBLE  PRINTED-CIRCUIT  VERSION 

OF  THE  LOW-PASS  FILTER  IN  FIG.  7.03-3(«) 
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level  and  the  theoretical  0.1-dh  level  is  caused  primarily  by  the  fact 
that  the  approximate  prototype  low-pass  filter  was  used  rather  than  the 
exact  prototype  as  given  in  Table  4 . 05 -2(b) .  The  actual  pass-band  at¬ 
tenuation  of  the  filter,  which  includes  the  effect  of  dissipation  loss 
in  the  filter,  rises  to  approximately  0.35  dh  near  the  edge  of  the  pass 
band.  This  behavior  is  typical  and  is  explained  by  the  fact  that  d<p/dc*)' , 
the  rate  of  change  of  phase  shift  through  the  low-pass  prototype  filter 
as  a  function  of  frequency,  is  more  rapid  near  the  pass-band  edge,  and 
this  leads  to  increased  attenuation  as  predicted  by  Eq.  (4.13-9).  A  more 
complete  discussion  of  this  effect  is  contained  in  Sec.  4.13. 

This  filter  was  found  to  have  some  spurious  responses  in  the  vicinity 
of  7.7  to  8.5  Gc,  caused  by  the  fact  that  many  of  the  150-ohm  lines  in  the 
filter  were  approximately  a  half-wavelength  long  at  these  frequencies.  No 
other  spurious  responses  were  observed,  however,  at  frequencies  up  through 
jf-band.  In  situations  where  it  is  desired  to  suppress  these  spurious 
responses  it  is  possible  to  vary  the  length  and  the  diameter  of  the  high- 
impedance  lines  to  realize  the  proper  values  of  series  inductance,  so 
that  only  a  few  of  the  lines  will  be  a  half-wavelength  long  at  any  fre¬ 
quency  within  the  stop  band. 

The  principles  described  above  for  approximate  realization  of  low- 
pass  filters  of  the  form  in  Tig.  7.03-2(a)  can  also  be  used  with  other 
types  of  filter  constructions.  For  example,  Fig.  7.03-3(c)  shows  how  the 
filter  in  Fig.  7.02-3(a)  would  look  if  realized  in  printed-circuit,  strip- 
line  construction.  The  shaded  area  is  the  copper  foil  circuit  which  is 
photo-etched  on  a  sheet  of  dielectric  material.  In  the  assembled  filter 
the  photo-etched  circuit  is  sandwiched  between  two  slabs  of  dielectric, 
and  copper  foil  or  metal  plates  on  the  outside  surfaces  serve  as  the 
ground  planes.  The  design  procedure  is  the  same  as  that  described  above, 
except  that  in  this  case  the  line  impedances  are  determined  using 
Fig.  5.04-1  or  5.04-2,  and  the  fringing  capacitance  Cf  in  Eq.?.  (7.03-2) 
is  determined  using  Fig.  5.07-5.  It  should  be  realized  that  in 
Fig.  5.07-5  is  the  capacitance  per  unit  length  from  one  edge  of  the 
conductor  to  one  ground  plane.*  Ihus,  Cf  in  Eqs.  (7.03-2)  is  C^"2Cyl?(, 
where  If,  is  the  width  of  the  low-impedance  line  sections  [Fig.  7.03-3(c)].- 
The  calculations  then  proceed  exactly  as  described  before.  The  relative 
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advantage*  and  diaadvantagea  of  printed- 
circuit  vs.  coaxial  conatruction  are 
diacuaaed  in  Sec.  7.01. 

Low-Pass  Filters  Designed  from 
Prototypes  Having  Infinite  Attenuation 
at  Finite  Frequencies — The  prototype 
filter*  tabulated  in  Chapter  4  all  have 
their  frequencies  of  infinite  attenuation 
(see  Secs.  2.02  to  2.04)  at  u  ■  The 
corresponding  microwave  filters,  such  as 
the  one  just  discussed  in  this  section, 
are  of  a  form  which  is  very  practical  to 
build  and  commonly  used  in  microwave  en¬ 
gineering.  However,  it  is  possible  to 
design  filters  with  an  even  sharper  rate 
of  cutoff  for  a  given  number  of  reactive 
elements,  by  using  structures  giving  in¬ 
finite  attenuation  at  finite  frequencies.  Figure  7.03*4  shows  a 
Tchebyscheff  attenuation  characteristic  of  this  type,  while  Fig.  7.03-5 
shows  a  filter  structure  which  can  give  such  a  characteristic.  Note  that 
the  filter  structure  has  series-resonant  branches  connected  in  shunt, 
which  short  out  transmission  at  the  frequencies  and  ,  and  thus 
give  the  corresponding  infinite  attenuation  points  shown  in  Fig.  7.03-4. 
In  addition  this  structure  has  a  second-order  pole  of  attenuation  at 
a)  •  00  since  the  and  oj.j  branches  have  no  effect  at  that  frequency, 
and  the  inductances  Llt  L J(  and  Li  block  transmission  by  having  infinite 
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FIG.  7.03-5  A  FILTER  STRUCTURE  WHICH  IS  POTENTIALLY 
CAPABLE  OF  REALIZING  THE  RESPONSE  IN 
FIG.  7.03-4 


FIG.  7.03-4  TCHEBYSCHEFF  FILTER 
CHARACTERISTIC  WITH 
INFINITE  ATTENUATION 
POINTS  AT  FINITE 
FREQUENCIES 
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series  reactance,  while  C'6  shorts  out  transmission  by  having  infinite 
shunt  susceptance  (see  Sec.  2.04). 

Filters  of  the  form  in  Fig.  7.03-5  having  Tchebyscheff  responses 
such  as  that  in  Fig.  7.03-4  arc  mathemal ical ly  very  tedious  to  design. 
However,  Saal  and  Ulbrich2  have  tabulated  element  values  for  many  cases. 
If  desired,  of  course,  one  may  obtain  designs  of  this  same  general  class 
by  use  of  the  classical  image  approach  discussed  in  Secs.  3.06  and  3.08. 
Such  image  designs  are  sufficiently  accurate  for  many  less  critical 
appl icat ions. 
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FIG.  7.03-6  A  STRIP-LINE  PRINTED-CIRCUIT  FILTER  WHICH  CAN 
APPROXIMATE  THE  CIRCUIT  IN  FIG.  7.03-5 


Figure  7.03-6  shows  how  the  filter  in  Fig.  7.03-5  can  be  realized, 
approximately,  in  printed-circuit,  strip-line  construction.  Using  this 
construction,  low -loss  dielectric  sheets  are  used,  clad  on  one  or  both 
sides  with  thin  copper  foil.  The  circuit  is  photo-etched  on  one  side  of 
one  sheet,  and  the  printed  circuit  is  then  sandwiched  between  the  first 
sheet  of  dielectric  and  a  second  sheet,  as  shown  at  the  right  in  the 
figure.  Often,  the  ground  planes  consist  simply  of  the  copper  foil  on  the 
outer  sides  of  the  dielectric  sheets. 

The  L’ s  and  C' a  shown  in  Fig.  7.03-6  indicate  portions  of  the  strip¬ 
line  circuit  which  approximate  specific  elements  in  Fig.  7.03-5.  The 
various  elements  are  seen  to  be  approximated  by  use  of  short  lengths  of 
high-  and  low- impedance  lines,  and  the  actual  dimensions  of  the  line 
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elements  are  computed  as  discussed  in  Sec.  7.02.  In  order  to  obtain  best 
accuracy,  the  shunt  capacitance  of  the  inductive  line  elements  should  be 
compensated  for  in  the  design.  Hy  Fig,  7.02*l(c)  the  lengths  of  the 
i nduct i ve- 1 ine- el emen t s  can  be  computed  by  the  equation 
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and  the  resulting  equivalent  capacitive  susceptance  at  each  end  of  the 
pi -equ i va I en t  circuit  of  inducti ve- I ine-element  k  is  then 
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where  is  the  cutoff  frequency,  7. k  is  the  characteristic  impedance  of 
indue t i ve - I i ne- e I  emeu t  k,  l k  is  the  length  of  the  line  element,  and  v  is 
again  the  velocity  of  propagation.  Now,  for  example,  at  the  junction  of 
the  inductive  line  elements  for  f. , ,  /-  2 ,  and  L  3  in  Fig.  7.03-6  there  is 
an  unwanted  total  equivalent  capacitive  susceptance  of  “lCL  ■  ul  1  + 
r<Jl  ^ '■n'  2  +  3  due  to  the  three  inductance  line  elements.  The  un¬ 
wanted  susceptance  can  be  compensated  for  by  correcting  the  sus¬ 

ceptance  of  the  shunt  branch  formed  by  Lg  and  so  that 

Bt  -  o>,rt  +  B*  (7.03-5) 


where  B g  is  the  susceptance  at  frequency  of  the  branch  formed  by  Lg 
and  C2  in  Fig.  7.03-5,  and  Bg  is  the  susceptance  of  a  “compensated”  shunt 
branch  which  has  Lg  and  Cg  altered  to  become  Lg  and  C *  in  order  to  com¬ 
pensate  for  the  presence  of  C. Solving  Eq.  (7.03-5)  for  a>jC|  and 
gi  ves 
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where 


w,tjW,Cj  .  (7.03-8) 

Then  the  shunt  brsnch  is  redesigned  using  the  compensated  values  L J  end 
C J  which  should  be  only  slightly  different  from  the  original  values 
computed  by  neglecting  the  capacitance  of  the  inductive  elements. 

In  filters  constructed  as  shown  in  Fig.  7.03-6  (or  in  filters  of 
any  analogous  practical  construction)  the  attenuation  at  the  frequencies 
4  and  (see  Fig.  7.03-4)  will  be  finite  as  a  result  of  losses  in 
the  circuit.  Nevertheless,  the  attenuation  should  reach  high  peaks  at 
these  frequencies,  and  the  response  should  have  the  general  form  in 
Fig.  7.03-4,  at  least  up  to  stop-band  frequencies  where  the  line  elements 
are  of  the  order  of  a  quarter-wavelength  long. 

Example  —  One  of  the  designs  tabulated  in  Ref.  2  gives  normalized 
element  values  for  the  circuit  in  Fig.  7.03-5  which  are  as  follows: 
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This  design  has  a  maximum  pass-band  reflection  coefficient  of  0.20 
(0.179  db  attenuation)  and  a  theoretical  minimum  stop-band  attenuation 
of  38.1  db  which  is  reached  by  a  frequency  u>'  ■  1.194  &>[.  As  an  example 
of  how  the  design  calculations  for  such  a  filter  will  go,  calculations 
will  be  made  to  obtain  the  dimensions  of  the  portions  of  the  circuit  in 
Fig.  7.03-6  which  approximate  elements  L j  to  £}.  The  impedance  level  is 
to  be  scaled  so  that  Z#  >  50  ohms,  and  so  that  the  un-normal  iced  cutoff 
frequency  is  /,  ■  2  Gc  or  Wj  ■  (2^)2  x  10*  ■  12.55  x  10*  radians/sec. 

A  printed-circuit  configuration  with  a  ground-plane  spacing  of 
6  ■  0.25  inch  using  dielectric  with  ( r  ■  2.7  is  assumed.  Then,  for  the 
input  and  output  line  *  1.64  (50)  *  82,  and  by  Fig.  5.04*1, 

1%/b  ■  0.71,  and  a  width  F#  »  0.71  (0.25)  ■  0.178  inch  is  rsquirad. 
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Now  v  ■  1.1803  *  I0lt//Tr  inches/aec 
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For  inductor  tj,  *  oj'L' (Z0/ZJj)  ■  1(0. 8214)  (50)/l  ■  41.1  ohm*. 

Aaauming  a  line  impedance  of  Zj  ■  118  ohaa,  /e^Zj  ■  193,  and  Fig.  5.04-1 
call*  for  a  line  width  of  Vj  •  0.025  inch.  Then  the  length  of  the 
tj- inductive  eleaent  ia 

v  41  1 

l.  ■  —  ain-1  — —  ■  0.573  ain'1  —7—  ■  0.204  inch 

*  «■>,  Zt  118 


The  effective,  unwanted  capacitive  auaceptance  at  each  end  of  thia 
inductive  line  ia 
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After  some  experimentation  it  is  found  that  in  order  to  keep  the 
line  element  which  realixea  L t  froa  being  extremely  abort,  it  ia  deairable 
to  uae  a  lower  line  impedance  of  Zj  ■  90  ohaa,  which  givoa  a  atrip  width 
of  Fj,  -  0.055  inch.  Then  ■  wJtj(Z#/Z')  ■  19.95  and 


K  ■  — 


v 

w, 


u>,L 


ain 


n 

Z . 


19.95 

0.573  ain  *  - 

90 


0.128 


inch 


Even  a  lower  value  of  Z}  might  be  deairable  in  order  to  further  lengthen 
(j  ao  that  the  large  capacitive  piece  realising  C}  in  Fig.  7.03-6  will  be 
further  removed  from  the  L j  and  Lt  lines.  However,  we  shall  proceed  with 
the  semple  calculations.  The  effective  unwanted  capacitance  auaceptance 
at  each  end  of  l ,  ia 


W1  1 


1  h  — 

2  V  zt 


0.128 

2(0.573)90 


0.0012 


mho 
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Similar  calculations  for  /-  3  give  l  3  •  0.302  inch  and 
ojj (C„)  3  «  0.0022  mho,  where  £3  is  taken  to  be  118  ohms  as  was  Zl.  Then 
the  net  unwanted  susceptance  due  to  line  capacitance  at  the  junction  of 
,  L 2 ,  and  L}  is 

a'\C‘L  *  +  +  (rJj  "  0.0049  mho 

Now  -  wjC'fZ'/ZJ  «  1(1. 0841/50  »  0.0217  mhos.  Then  by  Eq.  (7.03-8) 

^  -  19.45(0.0217)  •  0.422  , 


and  by  Eq.  (7.03-6)  the  compensated  value  for  oijCj  is 


a ;,C'  «  0.217  -  0.0049  [1  -  0.  422]  -  0.0189  mho 


Now  the  compensated  value  for  is 


1  *'  2 


»  22. 3  ohms 


“»•/  cUjCJ 


Then  the  compensated  value  for  the  length  l2  of  the  line  for  L2  is 


22.3 

l,  •  0.573  sin"1  -  »  0.144  inch 

2  90 


To  realize  C  we  assume  a  line  of  impedance  Z c  *  30.5  ohms  which  calls 
for  a  strip  width  of  *  0.362  inch.  This  strip  should  have  a  capacitive 
susceptance  of  ait  Cj  -  w,(Cw)j  -  0.0189  -  0.0012  »  0.0177  mho.  Neglecting 
end- fringing,  this  will  be  obtained  by  a  strip  of  length 


lct  -  [cu,q  -  «,(<:„),]  zCi  — 

•  0. 0177(30. 5 ) (0. 573)  -  0.309  inch 
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To  correct  for  the  fringing  capacitance  at  the  enda  of  this  atrip  we 
firat  use  Eq.  (7.02-1)  to  obtain  the  line  capacitance 


C 


84.73/e7  _  84,73(1.64) 

Z.  "  30.5 

c2 


4.55  mit  per  inch 


Then  by  Fig.  5.07-5,  ■  0.45,  and  by  Eq.  (7.02-2)  we  need  to  subtract 

about 


A!  • 


0.450irer 


0.450(0.362) 

4755 


(2.7X0.45) 


0.0435  inch 


from  each  end  of  the  capacitive  strip,  realizing  C'  in  order  to  correct 
for  end- f r i ng i ng.  The  corrected  length  of  the  strip  is  then 
lc  -  2 A /  «  0.222  inch.  This  calculation  ignores  the  additional 
fringing  from  the  corners  of  the  strip  (Fig.  7.03-6),  hut  there  ap¬ 
pear  to  be  no  satisfactory  data  for  estimating  the  corner- f ringing.  The 
corner- fringing  will  be  count er - ba 1 anc ed  in  some  degree  by  the  loss  in 
capacitance  due  to  the  shielding  effect  of  the  line  which  realizes  L2. 

In  this  manner  the  dimensions  of  the  portions  of  the  circuit  in 
Fig.  7.03-6  which  are  to  realize  L  ,,  Lj,  Cj.  an*i  *n  Fig-  7.03-5  are 
fixed.  It  would  be  possible  to  compensate  the  length  of  the  line 
realizing  Ll  so  as  to  correct  for  the  fringing  capacitance  at  the  junction 
between  L j  and  (Fig.  7.03-6),  but  in  this  case  the  correction  would  be 
very  small  and  difficult  to  determine  accurately. 

SEC.  7.04,  LOW- PASS  CORRUGATED- WAVEGUIDE  FILTER 

A  low-pass*  corrugated-waveguide  filter  of  the  type  illustrated 
schematically  in  Fig.  7.04-1  can  be  designed  to  have  a  wide,  well-matched 


That  ia  the  filter  ia  lew-paaa  ia  utan  txtapt  for  the  cutoff  effect  of  the  waveguide. 
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FIG.  7.04-1  A  LOW-PASS  CORRUGATED  WAVEGUIDE  FILTER 


pass  band  and  a  wide,  high- attenuation  stop  band,  for  power  propagating 
in  the  dominant  TE10  mode.  Because  the  corrugations  are  uniform  across 
the  width  of  the  waveguide  the  characteristics  of  this  filter  depend 
only  on  the  guide  wavelength  of  the  TK||0  modes  propagating  through  the 
filter,  and  not  on  their  frequency.  Therefore,  while  this  type  of  filter 
can  be  designed  to  have  high  attenuation  over  a  particular  frequency  band 
for  power  propagating  in  the  TE]0  mode,  it  may  offer  little  or  no  attenu¬ 
ation  to  power  incident  upon  it  in  the  TE20  or  TEJ0  modes  in  this  same 
frequency  band,  if  the  guide  wavelengths  of  these  modes  falls  within  the 
range  of  guide  wavelengths  which  will  give  a  pass  band  in  the  filter 
response. 

A  technique  for  suppressing  the  propagation  of  the  higher-order  TEn0 
modes,  consisting  of  cutting  longitudinal  slots  through  the  corrugations, 
thus  making  a  "waffle-iron”  filter,  is  described  in  Sec.  7.05.  However, 
the  procedure  for  designing  the  unslotted  corrugated  waveguide  filter 
will  be  described  here  because  this  type  of  filter  is  useful  in  many  ap¬ 
plications,  and  an  understanding  of  design  techniques  for  it  is  helpful 
in  understanding  the  design  techniques  for  the  waffle-iron  filter. 

The  design  of  the  corrugated  waveguide  filter  presented  here  follows 
closely  the  image  parameter  method  developed  by  Cohn.1,4  When  6  <  l  the 
design  of  this  filter  can  be  carried  out  using  the  lumped-element  proto¬ 
type  approach  described  in  Sec.  7.03;  however,  the  present  design  applies 
for  unrestricted  values  of  b.  Values  of  l'  are  restricted,  however,  to 
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be  greater  than  about  6'/ 2  so  that  the  fringing  fields  at  either  end 
of  the  line  sections  of  length  l'  will  not  interact  with  each  other. 

Figure  7.04-2  illustrates  the  image  parametera  of  this  type  of 
filter  as  a  function  of  frequency.  The  pass  band  extends  from  /  ,  the 
cutoff  frequency  of  the  waveguide,  to  / j,  the  upper  cutoff  frequency 


(XjM>)  (Xg*Xq,)  (Xg'XggB)  tXg"  Xg|) 


FIG.  7.04-2  IMAGE  PARAMETERS  OF  A  SECTION  OF  A 
CORRUGATED  WAVEGUIDE  FILTER 


of  the  first  pass  band  of  the  filter.  At  the  infinite  attenuation  fre¬ 
quency,  /„,  the  image  phase  shift  per  section  changes  abruptly  from  180 
to  360  degrees.  The  frequency  f2  is  the  lower  cutoff  frequency  of  the 
second  pass  band.  The  normalized  image  admittance  yt  of  the  filter  is 
maximum  at  ff  (where  the  guide  wavelength  X.  ■  ®)  and  zero  at  /t  (where 

\  "\l>- 

The  equivalent  circuit  of  a  single  half-section  of  the  filter  is 
illustrated  in  Fig.  7.04-3.  For  convenience  all  admittances  are  normalized 
with  reaped  to  the  waveguide  characteristic  admittance  of  the  portions  of 
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FIG.  7.04-3  NORMALIZED  EQUIVALENT 
CIRCUIT  OF  A  WAVEGUIDE 
CORRUGATED  FILTER 
HALF-SECTION 
y0 1  and  y02  or*  normalized 
characteristic  admittances 
and  y}  is  the  normalised 
image  admittance 


the  filter  of  height  b  and  width  a.  Thus,  the  normalized  characteristic 
admittance  of  the  terminating  lines  are  b/bf,  where  b  and  bf  are  defined 
in  Fig.  7.04- 1. 

The  half-section  open-  and  short-circuit  susceptances  are  given  by 

,  i  r  Trf' 

b,,  -  j  i«n  —  +  t>n 


(7.04-2) 


(7.04-3) 


(7.04-4) 


S 


Tlie  susreptances  marked  oc  are  evaluated  with  the  ends  of  the  wires  on 
the  right  in  Fig.  7.01-3  left  open  -  r  i  rcu  i  ted ,  while  the  susceptanres 
marked  sc  are  evaluated  with  the  ends  of  the  wires  on  the  right  all 
shorted  together  at  the  tenter  line. 


When  8  $  0.15,  the  shunt  susceptance  B(J  is  given  accurately  by  the 
equal ion 


2b 


e  2 


—  (In  -  -  0.  338  + 

A  \  .S 


Z 


»*i 


tanh 


kvlF 


-  1 


>  “  0.09  —  (7.04-5) 
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and  the  series  susceptance  has  the  value 


2vklF 

.  -i  r  sell  - 

2b  \  b 


I  ,  s  - 

el  K 


i  *  i 


where 


The  normalized  image  admittance  yf  *  /y"0 is 


yt 


and  the  image  propagation  constant  for  a  full  section  is 

y  ■  a  +  jfi  ■  2  tanh' 


.-1 P- 

i  >.» 


(7.04-6) 


(7.04-7) 


su 


or 


( 7. 04-8a) 


where  6 '  ■  2nl‘/k  is  the  electrical  length  of  the  low- impedance  linos 
of  length  l'.* 

The  attenuation  per  section  of  a  corrugated  filter  can  be  computed 
by  use  of  Eq.  (7.04-8a)  (for  frequencies  where  the  equivalent  circuit  in 
fig-  7.04-3  applies).  However,  once  the  image  cutoff  frequency  of  the 
sections  has  been  determined,  with  its  corresponding  guide  wavelength 
\(1,  the  approximate  formula 

A.  j 

o  -  17.372  cosh"1  db/aection  (7.04-8b) 

A. 

C 

is  convenient,  where  is  the  guide  wavelength  at  a  specified  stop-band 
frequency.  Equation  (7.04-8b)  is  based  on  Eq.  (3.06-7)  which  is  for 
lumped- element  filters.  Thus,  Eq.  (7.04-8b)  assumes  that  the  corrugations 
are  small  compared  to  a  wavelength.  Note  that  a  section  of  this  filter  is 
defined  as  the  region  from  the  center  of  one  tooth  of  the  corrugation  to 
the  center  of  the  next  tooth.  The  approximate  total  attenuation  is,  of 
course,  a  times  the  number  of  sections. 

Equations  (7.04-7)  and  (7.04-8a)  can  be  interpreted  most  easily  with 
the  aid  of  Fig.  7.04-4,  which  shows  a  sketch  of  the  quantities  in  these 
equations  as  a  function  of  reciprocal  guide  wavelength.  It  is  seen  that 
the  image  cutoff  frequency  }l  at  which  y {  ■  0,  is  determined  by  the 
condition  that 

O' 

tan  — 

i  >  j.  ^ 

b.r  — - —  ■  o  (7.04-9) 


The  aqaatioaa  «aed  kir*  lor  y/  mi  y  art  eaaaatially  the  hm  aa  aqaatioaa  which  eaa  be  foaad  ia 
Table  3.03*1.  Their  validity  far  the  caaa  ia  Fi|.  7,04-3,  where  there  ara  aora  tkaa  taa  taraiaala  oa 
tha  right,  eaa  ka  prerad  by  aaa  of  Bartlett 'a  Bieectioa  Tkeorea.* 
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FIG.  7.04-4  GRAPH  OF  QUANTITIES  WHICH  DETERMINE  CRITICAL  FREQUENCIES 
IN  CORRUGATED-WAVEGUIDE  FILTER  RESPONSE 


The  infinite  attenuation  frequency  /„  ia  determined  by  the  condition 
that 

6;e  -  b\t  .  (7.04-10) 

Finally,  the  image  cutoff  frequency  ft  at  the  upper  edge  of  the  first 
atop  band  ia  determined  from  the  condition  that 


&’ 

cot  ~ 

6;c - - -  -  0  .  (7.04-11) 

Design  Procedure— One  can  design  corrugated  waveguide  filters  by 
means  of  Eqs.  (7.04-1)  to  (7.04-11),  using  computed  values  of  6'(  and  6' 
or  the  values  plotted  by  Cohi^  for  l/b  »  1/tt,  1/2 v,  and  1/4*7.  Alterna¬ 
tively  one  can  use  the  values  of  ^'|(and6^(  derived  from  the  equivalent 
circuit  of  a  waveguide  E-plane  T-junction  as  tabulated  by  Marcuvit^  for 
l/b1  ■  1.0.  However,  it  is  generally  easier  to  use  the  design  graphs 
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(Fig*.  7.04-5,  7.04-6,  and  7.04-7)  prepared  by  Cohn,7  which  are  accurate 
to  within  a  few  percent  for  S  <  0.20.*  In  uaing  theae  graph*  the  firat 
atep  ia  to  apecify  /  ,  f x,  and  fm.  The  width  a  ia  then  fixed,  aince 


a 


5.9 


(7.04-12) 


where  a  is  measured  in  inches  and  (/  )  in  gigacycles.  Values  of  A.  . 

'  UC  I  * 

and  A.<(6  measured  in  inches  are  then  calculated  in  the  uaual  way  froai  the 
relation 


K 


*■ 


using  n  ■  1  and  n  ■  ®. 


(7.04-13) 


SOURCE:  Prec.  IRE  (See  Ref.  7  by  S.  B.  Cohn) 

FIG.  7.04-5  DESIGN  GRAPH  GIVING  THE  PARAMETER  b 
USED  IN  SEC.  7.04 


*  It  till  be  note!  that  nee  of  Ceba'e  graph*  kyptetea  the  «ae  of  Ega.  (7.04-S)  eat  (T.04-O,  whieh  oere 
eeetrete  far  I  ■  0.1S. 
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SOURCE:  Proe.  IRE  (Saa  Raf.  7  by  S.  B.  Coha) 


FIG.  7.04-4  DESIGN  GRAPH  GIVING  THE  PARAMETER  G 
USED  IN  SEC.  7.04 
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SOURCE:  Proe.  IRE  (Sat  Rat.  7  Sy  S.  B.  Coho) 


FIG.  7.04-7  INFINITE-ATTENUATION- 
WAVELENGTH  CURVE 
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The  next  etep  in  the  filter  design  ie  to  choose  s  convenient  vslue 
of  l/b.  Using  this  vslue  of  l/b  snd  the  value  of  one  then  enters 

Fig.  7.04-S  and  detersiines  b/k snd  bt/kfl,  thus  fixing  the  vslues  of 
b,  b 0 ,  and  1.  Here  bt  is  the  terminating  guide  height  which  will  natch 
the  filter  as  approaches  infinity.  Then  one  determines  the  design 
parameter  G  from  Fig.  7.04-6  in  terns  of  l/b  and  6/A^j.  Finally,  one 
assumes  a  value  of  8  ■  0.20  and  calculates  l'  from  the  relation 


-  —  In  7  +  0.215 
v  $ 


(7.04-14) 


If  l'/b'  is  less  than  0.5,  a  different  value  of  5  should  be  used. 

The  image  admittance  in  the  pass  band  of  "he  filter,  normeliaed  to 
a  guide  of  height  b,  is  given  to  very  good  approximation  by 


where  is  the  guide  wavelength  at  frequency  / j.  In  order  that  a 

perfect  match  to  the  filter  be  achieved  at  some  frequency  fm  (for  which 
kf  *  b.fm),  the  height  bf  of  the  terminating  guide  may  be  adjusted  so  that 


b 


r 


(7.04-16) 


If  b0  »  0.7  bT  a  fairly  good  over-all  match  in  the  pass  band  is  obtained. 
The  amount  of  mismatch  can  be  estimated  by  use  of  Eq.  (7.04-15)  and 
Fig.  3.07-2,  where  the  absciasa  of  Fig.  3.07-2  is  a  ■  yjbT/b.  A  superior 
alternative  for  achieving  a  wide-band  match  is  to  use  transforming  end 
sections  as  described  in  Sec.  3.08.  In  this  case,  one  sets  6#  «  6f,  both 
for  the  interna]  sections  and  for  the  transforming  end  sections.  However, 
the  interna]  sections  are  designed  to  hsve  a  cutoff  at  while  the 

transforming  end  sections  are  designed  to  hsve  their  cutoff  at  about 

\i/l-3. 
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An  explicit  relation  for  4>A|(S  in  terms  of  l/b  is  also  presented 
in  Fig.  7.04-7,  which  is  often  useful  in  design  work. 

Unfortunately  Cohn's7  simplified  design  procedure  does  not  enable 
one  to  specify  /2.  However,  it  is  generally  found  that  /2  is  only  about 
20^  higher  in  frequency  than  /B.  Therefore,  it  is  wise  in  any  design 
situation  to  place  fx  quite  near  the  upper  edge  of  the  prescribed  stop 
band. 

The  length  l‘/2  of  the  1 ow- impedance  line  of  height  b';  connecting 
to  the  terminating  line  of  height  bT,  must  be  reduced  by  an  amount  A l' 
to  account  for  the  discontinuity  susceptance  R  of  the  junction.  This  is 
illustrated  in  Fig.  7.04-1.  The  amount  of  A/'  that  the  line  should  be 
decreased  in  length  is  given  by  the  expression 


Ai* 


2n  bT  Y0 


(7.04-17) 


where  Eg  is  the  characteristic  admittance  of  the  terminating  line.  The 
appropriate  value  of  [(A.  /6j.)  (B/Y^)]  is  easily  determined  from  Fig.  5.07-11. 

Two  examples  of  this  procedure  as  applied  to  the  design  of  waffle- 
iron  filters  will  be  presented  in  the  next  section. 

SF.C,  7.05,  LOW-PASS  WAFFLE-IRON  FILTERS 
II AV INC.  VERY  WIDE  STOP  RANDS 

This  section  describes  the  design  of  low-pass  corrugated  waveguide  fil¬ 
ters  containing  longitudinal  slots  cut  through  the  corrugations.  *  These  types 
of  filter,  known  as  waffle-iron  filters,  have  wide,  wel  1  matched  pass  bands 
and  wide,  high-attenuation  stop  bands  which  can  be  made  to  be  free  of  spurious 
responses  for  all  modes.  Several  specific  designs  will  be  discussed. 

Figure  7.05-1  is  a  drawing  of  a  waffle-iron  filter,  illustrating  the 
metal  islands,  or  bosses  (from  which  it  derives  its  name)  lying  between 
the  longitudinal  and  transverse  slots.  In  these  filters  it  is  essential 
that  the  center- to-center  spacing  of  the  bosses  be  no  greater  than  a  half 
of  a  free-space  wavelength  at  the  highest  required  stop-band  frequency. 
Under  these  conditions  the  waffle-iron  structure  is  essentially  isotropic 
and  has  the  same  characteristics,  at  a  given  frequency,  for  TE.VI  waves 
• 

Thin  typo  of  filttr  orijinotod  by  S.  B.  Cohn. 
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FIG.  7.05-1  DETAILS  OF  A  TYPICAL  WAFFLE-IRON 
FILTER 


propagating  through  it  in  any  direction.  Thus,  since  any  TE>0  mode  can 
be  resolved  into  TEM  waves  traveling  in  different  directions  through  the 
filter  it  is  seen  that  the  properties  of  the  waffle-iron  filter  for  TE<# 
modes  are  functions  of  frequency  only.  This  is  in  contrast  to  the  un¬ 
slotted  corrugated  waveguide  filters  described  in  Sec.  7.04,  whose  response 
properties  involve  guide  dimensions  and  mode  numbers  also,  and  are  functions 
of  guide  wavelength. 

Incident  modes  having  horizontal  compo: enta  of  electric  field  can 
excite  slot  modes  that  will  propagate  through  the  longitudinal  slots  in 
the  filter  at  frequencies  where  the  slot  height  b  is  greater  than  one  half 
a  free  space  wavelength.  Usually  these  modes  are  troublesome  only  at  the 
highest  stop-band  frequencies.  However,  when  unslotted  step  transformers 
are  used  to  match  the  waffle-iron  filters  to  waveguide  of  the  standard 
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f-Ht» 

.i_fUT_rui_rLn' 
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_  height,  the  reduced  height  of  the  stepped 

I  I  j  transformers  effectively  suppresses  the 

I _  j-  i  incident  modes  with  horizontal  components 

|  j  1  .  «  ^ 

!  j  |  •  *  of  electric  field  which  could  otherwise 

l  I  I  <  excite  slot  modes  in  the  filters. 

1  !  J 

l  I  ■*'  Design  Utilizing  Cohn's  Corrugated 

— 1 — Filter  Data  —  Waffle-iron  filters  can  be  de- 

- 1 - »-l  signed  approximately  using  the  technique 

(•)  described  in  Sec.  7.04  if  the  guide  wave¬ 

length  A  used  there  is  everywhere  replaced 
by  the  free-space  wave  length  A,.  As  an 

^  fl  —  W 

I»  >|^n  «|  <  *  illustration  we  will  consider  the  design  of 

fc-jL  IJT-TLrLTLr  ~ f  Waffle-Iron-Filter-1,  used  with  WR-650  wave- 

TlTUlJlJLnJ-t  guide  of  width  a  ■  6.5  inches.  We  use  the 
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notation  in  Sec.  7.04  and  that  shown  in 
(Si 

Fig.  7.05-2,  and  choose  /,  ■  2.02  Gc 

(A,  •  5.84  inches),  •  5.20  Gc 
FIG.  7.05-2  A  SINGLE  FILTER  *  ,  .  *  *  ,  .  .. 

SECTION  OF  A  *  2.27  inches),  so  that  a^/a^  ■  2.57. 

WAFFLE-IRON  Letting  1/6  •  0.318  -  1/n,  we  find  from 

FILTER  Fig.  7.04-5  that  6,,/A,  -  0.077,  and 

6/A,  ■  0.275,  so  that  6„  »  0.450  inch, 

6  ■  1.607  inches  and  1  ■  0.511  inch.  Referring  to  Fig.  7.04-6  we  find 

the  design  parameter  C  to  be  3.85.  Now,  we  make  the  assumption  that  we 

want  five  bosses  across  the  a  ■  6.5-inch  width  of  the  filter  so  thst 

l  +  l'  *  6.5/5  *  1.3  inches  and  1'  ■  0.789  inch.  From  various  trial 

designs,  it  has  been  found  that  for  a  3:  1  stop-band  width,  five  bosses 

is  about  optimum  in  terms  of  giving  convenient  dimensions.  For  narrower 

stop-band  widths  more  bosses  can  be  used.  Substituting  the  values  of  G 

and  1'  into  Eq.  (7.04-16)  we  i nd  that  6  ■  b' /b  •  0.176  and  since 

6  ■  1.607  inches,  6’  ■  0.2B2  inch. 

The  presence  of  the  longitudinal  slots  through  the  filter  has  the 
effect  of  decreasing  the  capacitance  per  unit  length  of  the  low* impedance 
lines.  This  decrease  in  capacitance  can  be  compensated  for  by  decreasing 
the  dimension  6’  for  an  unslotted  filter  to  6".  The  ratio  6"/6'  is  given 
approximately  by 
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FIG.  7.05-2  A  SINGLE-FILTER 
SECTION  OF  A 
WAFFLE-IRON 
FILTER 


6*  I*  2  l  T  /V  6'\  In  A*  (Ib'/b't 

6'  "  1  +  V  +  rr  (l  +  l')  ta"  \6'  1/  + 


(7.05-1) 


III 


Solving  the  above  equation  gives  b“/b'  «  0.81.  However,  the  filter 
described  here  has  the  edges  of  the  bosses  rounded  with  a  0.0625* inch 
radius  to  increase  its  power-handling  capacity,  and  this  rounding  further 
decreases  the  capacitance  of  the  low- impedance  lines.  Therefore,  b’/b' 
was  chosen  to  be  0.75,  yielding  a  value  of  6*  *  0.210  inch. 

The  height  of  the  unslotted  terminating  guide  bf  necessary  to  match 
this  filter  at  some  pass-band  design  frequency  /  is  related  to  6#,  the 
height  to  give  s  match  when  -*  ®,  by 


In  order  to  maintain  a  reasonably  good  match  across  the  band,  /  should 

^  * 

not  be  too  close  to  /,;  typically,  fm  •  0.7  fx  is  desirable.  For  the  best 
wide-band  match,  matching  end  sections  should  be  used,  as  will  be  described 
in  a  following  example.  Using  /  ■  1.3  Gc,  Eq.  (7.05-2)  predicts 

bf  «  0.555  inch.  Step  transformers  were  used  at  each  end  to  match  t.  .a 
guide  of  height  br  to  standard  guide. 

The  attenuation  per  section  in  the  stop-band  region  just  above  the 
pass  band  can  be  estimated  by  use  of  Eq.  (7.04-8b),  with  and  A.fl 
replaced  by  A.  and  Aj. 

Figure  7.05-3  shows  the  measured  insertion  loss  of  this  filter  in 
the  stop  band.  It  is  seen  to  be  everywhere  greater  than  60  db  from  2.2 
to  5.7  Gc .  The  VSWR  in  the  1 .25-to-l .40-Gc  required  pass  band  of  this 
filter  was  less  than  1.08  and  the  attenuation  was  less  than  0.1  db.  As 
will  be  discussed  at  the  end  of  this  section,  a  broader  band  of  good 
impedance  match  could  have  been  obtained  if  the  filter  had  been  constructed 
to  start  and  end  in  the  center  of  a  boss  [i.e.  ,  at  plane  A-A  in 
Fig.  7 . 05 -2(a)]  instead  of  in  the  center  of  a  row  of  teeth  [i.e.,  in  the 
plane  of  one  of  the  dotted  lines  in  Fig.  7.05-2(a)]. 

Detign  Vaing  the  T-Junction  Equivalent  Circuit  of  Marcuv its  — Though 
the  method  described  above  is  usually  easier,  waffle-iron  filters  can 
also  be  designed  using  the  equivalent  circuit  of  a  waveguide  T-junction 
as  given  by  Mercuviti*  when  i/6 '  <  1,  for  arbitrary  values  of  8  ■  b'/b, 
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SOI'BCK:  Tfchniral  Note  2,  Contrail  AF  30(602 F2392,  SRI 
(Se»*  H**f.  H  by  Ku***nf  Sharp) 

FIG.  7.05-3  MEASURED  INSERTION  LOSS  OF  WAFFLE-IRON 
FILTER  I 

so  long  as  l'  b'  is  greater  than  about  05.  Cohn’s  graphs  apply  only 
when  1/6’  >  1,  so  if  1'6’  <  1,  the  use  of  Marcuviti’s  data  is  the  most 
convenient.  In  order  to  illustrate  this  procedure  we  will  now  describe 
the  design  of  Waff le - Iron-Fi Iter  -  II ,  used  with  WR-112  waveguide  of  width 
a  ■  1.122  inch.  It  has  a  pass  band  extending  from  7.1  to  8.6  Gc  and  a 
stop  band  with  greater  than  40-db  attenuation  extending  from  14  to  26  Gc. 
This  filter  could  also  be  designed  by  the  technique  described  above  but 
the  alternate  procedure  is  presented  here  for  completeness. 

Figure  7.05-4  illustrates  the  bottom  half  of  a  single  section  of  the 
waffle-iron  filter  together  with  its  equivalent  circuit.  The  part  of  the 
equivalent  circuit  representing  the  junction  of  the  series  stub  with  the 
main  transmission  line  of  characteristic  impedance  Z#  is  taken  from 
Marcuvits’s  Fig.  6.1-2.  (The  parameter  labeled  6/A.(  on  Marcuvits's 
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curvet*  in  hie  Fige.  6.1-4  to  6.1-14  should  in  reality  he  26/X.^. )  The 
normalised  image  impedance  of  a  filter  section  is 


while  the  image  attenuation  constant  y  *  a  +  j/3  per  section  is  related 
to  the  bisected  aection  open-  and  short-circuit  impedance  Z and  by 


(»>  (c) 

FIG.  7.05-4  FULL-FILTER  SECTION  -  CROSS  SECTION 
OF  WAFFLE-IRON  FILTER  AND 
EQUIVALENT  CIRCUIT 
At  (c)  the  equivalent  circuit  has  boon  bisected 
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(7.05-4) 


tanh 


(a  +  iP) 

. I 
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where 


t  iH  fi_LL' 

2  *  K  2 


(7.05-5) 
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2v  b  -  6' 

T  2 


+  rf' 


(7.05-6) 


and  the  remaining  parameters  are  as  indicated  in  Fig.  7.05-4.  In  applying 
Eqa.  (7.05-3)  and  (7.05-4)  it  has  been  found  that  <£/</>'  «  1  ii  nearly 
optimum.  Values  of  *  2  are  to  be  avoided  because  they  cause  the 

filter  to  have  a  narrow  spurious  pass  band  near  the  infinite  attenuation 
frequency  fm. 

The  design  of  this  filter  proceeded  by  a  trial  and  error  technique 
using  Eq.  (7.05-4)  to  determine  the  dimensions  to  yield  approximately 
equal  attenuations  at  14  and  26  Gc .  In  this  design  the  curves  for  the 
equivalent-circuit  element  values  for  series  T-junctions  in  Marcuvitz* 
were  extrapolated  to  yield  equivalent-circuit  parameters  for  l' /b  »  1.17, 
and  was  replaced  by  A.  The  choice  of  dimensions  was  restricted  to 
some  extent  in  order  to  have  an  integral  number,  n,  of  bosses  across  the 
width  of  the  guide.  The  value  of  a  was  chosen  to  be  7.  The  calculated 
attenuation  per  section  was  calculated  to  be  7.6  db  at  14  Gc  and  8.8  db 
at  26  Gc.  The  total  number  of  sections  along  the  length  of  the  filter 
was  chosen  to  be  7  in  order  to  meet  the  design  specifications.  Reference 
to  Eq.  (7.05-1)  showed  that  b"  was  within  5  percent  of  b',  so  b*  ■  b '  was 
used.  The  final  dimensions  of  the  filter  obtained  by  this  method  are 
those  shown  in  Fig.  7.05-1. 

The  normalized  image  impedance  Zj/Z#  of  the  filter  was  computed  from 
Eq.  (7.05-3)  to  be  2.24  at  7.9  Gc.  Thus,  it  is  expected  that  the  height 
bT  of  the  terminating  guide  should  be 


bT  • 


(7.05-7) 
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or  0.036  *  2.24  ■  0.080  inch.  Experimentally,  it  was  determined  that 
the  optimum  value  for  b T  is  0.070  inch  at  7.9  Gc. 

This  filter  was  connected  to  standard  WH-112  waveguide  by  means  of 
smooth  tapered  transitions  which  had  a  VSWR  of  less  than  1.06  over  the 
frequency  band  from  7.1  to  8.6  Gc ,  when  they  were  placed  back-to-back. 

The  measured  insertion  loss  of  the  filter  and  transitions  in  the  stop 
band  was  less  than  0.4  db  from  6.7  to  9.1  Gc  while  the  VSWH  was  less  than 
1.1  from  7  to  8.6  Gc.  The  measured  stop-band  attenuation  of  the  filter 
is  shown  in  Fig.  7.05-5,  and  it  is  seen  to  agree  quite  closely  with  the 
theoretical  analysis. 


FIG.  7.05-5  STOP-BAND  ATTENUATION  OF 
WAFFLE-IRON  FILTER  II 


No  spurious  responses  were  measured  on  either  of  the  above  described 
filters  in  the  stop  band  when  they  were  terminated  by  centered  waveguides. 
However,  if  the  terminating  waveguides  are  misaligned  at  each  end  of  the 
filter,  it  is  found  that  spurious  transmissions  can  occur  when  \  <  26. 
These  spurious  responses  are  caused  by  power  propagating  through  the 
longitudinal  slots  in  the  filter  in  a  mode  having  a  horizontal  component 
of  electric  field.  Thus,  it  is  seen  to  be  essential  to  accurately  align 
the  waveguides  terminating  waffle-iron  filters  if  maximum  atop-band  width 
is  desired. 

A  Third  Example  with  Special  End-Sectiont  to  Improve  Impedance 
Hatch — As  a  final  example,  the  design  of  a  low-pass  waffle-iron  filter 
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having  integral  longitudinally  alotted  step  transformers  will  be  deacribed. 
This  filter  is  designed  to  be  terminated  at  either  end  with  WR-51  wave* 
guide.  The  pass  band  of  the  filter  extends  from  IS  to  21  Gc  and  the  atop 
band  which  has  greater  than  40-db  attenuation,  extenda  from  30  to  63  Gc. 

A  photograph  of  this  filter  is  shown  in  Fig.  7. 05-6,  illustrating  the 
split-block  construction,  chosen  ao  that  the  four  parts  of  the  filter  would 
be  easy  to  machine.  _ 

The  longitudinal  slots  in  the  stepped  transformers  necessitate  that 
the  design  of  this  filter  be  different  than  those  described  previously. 

This  occurs  because  these  slots  allow  modes  incident  on  the  transformers 
such  as  the  TEj t  or  TMj j  to  set  up  the  previously  described  slot  modes, 
having  horizontal  electric  fields,  which  propagate  through  the  filter  when 
6  ^  A./2.  Thus,  it  is  necessary  in  the  design  of  this  filter  to  choose 
b  *  \2  at  the  highest  stop-band  frequency  of  63  Gc.  In  the  design  pre¬ 
sented  here,  6  ■  0.0803  and  / j  ■  24.6  Gc  (A.j  ■  0.480  inch).  It  was  de¬ 
cided  to  use  5  bosses  across  the  width  of  the  guide  with  l  »  0.0397  inch 
and  l'  »  0.0623  inch.  Referring  to  Fig.  7.04-5  we  find  60  ■  0.021  inch, 
and  from  Fig.  7.04-6  we  find  the  design  parameter  G  ■  7.  Substituting  in 
Eq.  (7.04-16)  we  find  8  *  0.139  or  b'  *  0.0113  inch.  We  find  the  reduction 
in  gap  height  due  to  the  presence  of  the  longitudinal  slots  from  Eq.  (7.05-1), 
which  predicts  6"  6'  «0.77  or  6*  «  0.0087  inch. 

The  height  bT  of  a  para  1 le  1 -plate  terminating  guide  that  will  give  a 
match  at  18  Gc  is  determined  from  Eq.  (7.04-16-  to  be  0.031  inch.  The 
actual  height  of  the  longitudinally  slotted  lines  used  in  this  design  is 
bj.  ■  0.030  inch. 

In  order  to  further  improve  the  match  of  this  filter  over  the  oper¬ 
ating  band,  transforming  end  sections  were  used  at  either  end  having  the 
same  values  of  b,  b",  and  1,  but  with  l'  reduced  from  0.0623  inch  to 
0.040  inch.  This  reduction  in  the  value  of  l'  causes  the  end  sections  to 
have  a  low-frequency  image  admittance  about  14  percent  lower  than  that  of 
the  middle  sections  and  an  image  cutoff  frequency  about  14  percent  higher 
than  that  of  the  middle  sections.  Figure  7.05-7  shows  a  sketch  of  the 
image  admittance  of  the  middle  and  end  sections  of  the  filter  normalized 
to  the  admittance  of  a  parallel-plate  guide  of  height  b  ■  0.0803  inch. 

The  image  phase  shift  of  the  end  sections  is  90  degrees  at  21  Gc  (the  upper 
edge  of  the  operating  band)  and  not  greatly  different  from  90  degrees  over 
the  rest  of  the  operating  band.  The  approximate  admittance  level  of  the 
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FIG.  7.05-6  PHOTOGRAPHS  OF  WAFFLE-IRON  FILTER  III  HAVING  15-to-21-Ge 
PASS  BAND  AND  30-te-63-Gc  STOP  BAND 
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FIG.  7.05-7  SKETCH  OF  NORMALIZED  IMAGE 
ADMITTANCE  vs.  FREQUENCY  OF 
MIDDLE-  AND  END-SECTIONS  OF 
WAFFLE-IRON  FILTER  III 


filter  is  transformed  to  closely  approximate  the  normalized  terminating 
admittance  yT  •  2.68  over  the  operating  bend,  as  indicated  in  the  figure 
A  more  general  discussion  of  this  matching  technique  is  presented  in 

Sec.  3.08. 

The  discontinuity  capacity  at  the  junction  between  each  end  section 
and  the  terminating  line  was  compensated  for  by  reducing  the  length  of 
each  end  section  by  0.004  inch  as  predicted  by  Eq.  (7.04-17). 

Quarter-Wave  Transformers  with  Longitudinal  Slots — Quarter-wave 
transformers,  some  of  whose  sections  contained  longitudinal  slots,  were 
designed  for  Waffle-Iron  Filter  III  using  the  methods  presented  in 
Chapter  6.  If  there  were  no  longitudinal  slots  in  any  of  the  steps  of 
the  transformers  the  appropriate  transformation  ratio  to  use  in  the 
design  of  the  transformers  would  be  the  ratio  of  the  height  of  the  termi 
nating  guide,  which  is  0.255  inch,  to  the  height  of  the  guide  which 
properly  terminates  the  filter,  which  in  this  case  is  0.030  inch.  Thus, 
the  transformation  ratio  would  be  0.255/0.030  s  8.5. 
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If  the  filters  and  the  step  transformers  are  made  from  the  same 
piece  of  material  it  is  difficult  to  machine  longitudinal  slots  in  the 
main  body  of  the  filter  without  machining  them  in  the  step  transformers 
at  the  end  also.  However,  this  difficulty  can  be  avoided  if  the  step 
transformers  are  made  as  inserts  or  as  removable  sections.  Alternately, 
the  step  transformers  can  be  designed  to  include  longitudinal  slots. 

The  presence  of  the  longitudinal  slots  would  tend  to  increase  the 
transformation  ratio  about  8  percent  since  the  impedance  of  a  slotted 
transformer  step  is  slightly  lower  than  that  of  an  unslotted  step.  The 
procedure  used  to  calculate  the  impedance  of  a  slotted  waveguide  is  ex¬ 
plained  in  detail  later  in  this  section.  Qualitatively,  however,  it  can 
be  seen  that  the  impedance  of  a  slotted  waveguide  tends  to  be  increased 
because  the  capacity  betweer  the  top  and  bottom  of  the  waveguide  is  re¬ 
duced.  On  the  other  hand,  the  slots  also  reduce  the  guide  wavelength 
which  tends  to  decrease  the  waveguide  impedance.  Ordinarily  it  is  found 
that  the  net  result  of  these  two  competing  effects  is  that  the  impedance 
of  a  longitudinally  slotted  waveguide  is  less  than  that  for  an  unslotted 
waveguide . 


The  present  design  was  carried  out  including  the  presence  of  the 
slots;  however,  it  is  believed  that  in  future  designs  they  may  well  be 
neglected  in  the  design  calculations.*  The  ratio  of  guide  wavelengths 
at  the  lower  and  upper  edge  of  the  operating  band  of  the  transformers  was 
chosen  to  be  2.S0,  which  allowed  ample  margin  to  cover  the  2.17  ratio  of 
the  guide  wavelengths  at  the  lower  and  upper  edges  of  the  operating  band 
of  the  filter.  The  maximum  theoretical  pass-band  VSWR  is  1.023,  and  five 
A.^/4  steps  were  used. 

The  procedure  used  to  account  for  the  presence  of  the  longitudinal 
slots  in  the  step  transformers  it  as  follows: 


One  assumes  that  the  impedance  Z#j  of  the  longitudinally  slotted 
guide  is 


Z 


•  i 


(7.05-8) 


'  CilnUimi  hsv«  ahesa  that  at  laast  ia  aaaa  eases  the  eerreetieas  far  tha  grasasaa  af  the  elats  le 
taita  aeall. 
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where  Za(®)  is  the  impedance  of  the  slotted  waveguide  at  infinite 
frequency  and  K  is  the  cutoff  wavelength  of  the  slotted  waveguide. 

Both  Zfl(®)  and  K/K(  are  functions  of  the  guide  height  /».,  which  is  taken 
as  the  independent  variable  for  the  purpose  of  plotting  curves  of  these 
quantities.  [if  Fig.  7 . OS -2(b)  is  interpreted  as  a  cross  section  of 
the  longitudinally  slotted  transformers,  h.  corresponds  to  6".] 

First  Zfl(®)  is  calculated  for  several  values  of  h  <  6  [where  6  is 
again  as  indicated  in  Fig.  7.05-2(b)]  by  considering  TEM  propagation  in 
the  longitudinal  direction.  Since  the  line  is  uniform  in  the  direction 
of  propagation 

84.73  10‘,a 

Z„(®)  ■  - — -  ohms  (7.05-9) 

where  CQ  is  the  capacitance  in  farads  per  inch  of  length  for  waveguide  a 
inches  wide.  The  capacitance  Cg  can  be  expressed  as 

Cg  -  C„+Ca  .  (7.05-10) 

Here  the  total  paral le  1 -plate  capacitance  of  the  longitudinal  ridges 

of  the  waveguide  of  width  a  is  given  approximately  by 

C  -  0.225  *  1 0“ 1  a  (— - 1  —  farads/inch  .  (7.05-11) 

"  V  +  ij  h. 

The  total  discontinuity  capacitance  Cd  of  the  2a  step  discontinuities 
across  the  width  of  the  guide  is  given  approximately  by 


(2«)  x  0.225  *  10‘12 

77  h 


(7.05-12) 
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farads/inch 


The  cutoff  wavelength,  \c,  of  a  rectangular  waveguide  with  longitudinal 
slots  is  then  calculated  from  the  condition  of  transverse  resonance  for 
the  values  of  h(  used  above.  For  this  calculation  it  is  necessary  to 
consider  the  change  in  inductance  as  well  as  the  change  in  capacitance 
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for  waves  propagating  in  a  direction  perpendicular  to  the  longitudinal 
slots,  back  and  forth  across  the  guide  of  width  a. 

We  will  use  static  values  of  capacitance  and  inductance,  and  to  be 
specific,  consider  that  the  waves  propagating  back  and  forth  across  the 
width  of  the  guide  are  bounded  by  magnetic  walla  transverse  to  the 
longitudinal  axis  of  the  guide  and  spaced  a  distance  v  inches  apart. 

The  capacitance  per  slice  u>  wide,  per  inch  of  guide  width  (transverse 
to  the  longitudinal  axis  of  the  guide),  is 


farads/inch 


(7.05-13) 


The  inductance  per  inch  of  the  same  slice  is  approximately 
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0.032  x  10"‘ 


(lb  +  l'b') 
w(l  +  I') 


henries/inch  (7.05-14) 


where  all  dimensions  are  in  inches.  A  new  phase  velocity  in  the  trans¬ 
verse  direction  is  then  calculated  to  be 


v 


s 


inches/ second 


The  new  cutoff  wavelength  is  now 
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inches 
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where  v  is  the  plane-wave  velocity  of  light  in  air— i.*., 

1.1803  x  1010  inches/second. 

A  graph  of  vs.  h  is  then  made  using  Eq.  (7.05-8),  and  from  thia 
graph  the  guide  height,  ht,  is  obtained  for  each  Zt  of  the  stepped  trans¬ 
former,  and  also  for  the  optimum  filter  terminating  impedance,  all  as 
previously  calculated.  Finally,  new  values  of  step  length  are  calculated 
at  the  middle  of  the  pass  band  for  each  slotted  step  using  the  values  of 
K  computed  from  the  new  values  of  \(  by  means  of  the  relation 
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Figure  7.05-8  shows  a  dimensioned  drawing  of  the  filter.  The  lengths 

of  the  terminating  guides  at  each  end  of  the  filter  were  experimentally 
adjusted  on  a  lower  -  frequency  scale  model  of  this  filter  for  best  pass- 
band  match.  By  this  procedure  a  maximum  pass-band  VSWR  of  1.4,  and  a 
maximum  pass-band  attenuation  of  0.7  db  was  achieved.  The  stop-band 
attenuation  of  this  filter  as  determined  on  the  scale  model  is  shown  in 
Fig.  7.  05-9.  The  circled  points  within  the  stop  band  represent  spurious 
transmission  through  the  filter  when  artificially  generated  higher-order 
modes  are  incident  upon  it.  These  higher-order  modes  were  generated  by 
twisting  and  displacing  the  terminating  waveguides.  The  freedom  from 
spurious  responses  over  most  of  the  stop  band  in  Fig.  7.05-9,  even  when 
higher-order  modes  were  deliberately  excited,  shows  that  this  waffle-iron 
filter  does  effectively  reflect  all  modes  incident  upon  it  in  its  stop 
band. 

A  Simple  Technique  for  Further  Improving  the  Pass-Band  Impedance 
Match — In  the  preceding  examples  step  transformers  were  used  to  match 
standard  waveguide  into  waveguide  of  the  proper  height  needed  to  give  a 
reasonably  good  match  into  the  waffle-iron  filter  structure.  In  Waffle- 
Iron  Filter  III,  besides  a  step  transformer,  additional  end  sections  de¬ 
signed  by  the  methods  of  Sec.  3.08  were  used  to  further  improve  the 
impedance  match.  As  this  material  is  being  prepared  for  press  an  ad¬ 
ditional  design  insight  has  been  obtained,  and  is  described  in  the 
following  paragraphs.  This  insight  can  improve  pass-band  performance 
even  more,  when  used  in  conjunction  with  the  previously  mentioned 
techniques. 

Waffle-iron  filters  starting  with  half -capacitances  (half-teeth)  at 
either  end,  as  used  in  the  examples  so  far,  are  limited  in  the  bandwidth 
of  their  pass  band.  The  reason  for  this  is  the  change  of  image  impedance 
with  frequency.  This  variation  is  shown  in  Fig.  3.05-1  for  ZJT  and  Zjw. 
The  waffle-iron  with  half-teeth  presents  an  image  impedance  whose 

value  increases  with  frequency.  (The  image  admittance  then  decreases 
with  frequency,  as  indicated  in  Fig.  7.05-7.)  However,  the  characteristic 
impedance  Z#  of  rectangular  waveguide  decreases  with  frequency  as 


499 


401 


FIG.  7.05-8  SKETCH  OF  WAFFLE-IRON  FILTER  III  GIVING  DIMENSIONS 


A-IISt-rftt-41 


FIG.  7.05-8  Concluded 


FIG.  7.05-9  MEASURED  PERFORMANCE  OF  SCALE  MODEL  OF 
WAFFLE-IRON  FILTER  III  SHOWING  EFFECT  OF 
ARTIFICIALLY  GENERATED  HIGHER  MODES 
The  mlf  factor  wot  3.66 


indicated  by  Z#  »■  /I  -  (ft/f)2  whe  re  ft  is  the  cutoff  frequency  of  the 
waveguide.  Thus,  while  it  is  possible  to  match  the  image  impedance  Z 
of  the  filter  to  the  characteristic  impedance  Z#  of  the  waveguide  at  one 
frequency,  Z and  Z0  diverge  rapidly  with  frequency,  resulting  in  a 
relatively  narrow  pass  band. 

By  terminating  the  filter  with  a  half  T-section,  the  image  impedance 
Zj r  (Fig.  3. OS-1)  runs  parallel  to  the  waveguide  impedance  ZQ  over  a  sub¬ 
stantial  frequency  band;  then  by  matching  ZJT  to  Z#  at  one  frequency, 
they  stay  close  together  over  a  relatively  wide  frequency  band.  Such  a 
filter*  has  been  built  and  is  shown  in  Fig.  7. 05-10.  This  L-band,  five- 
section  filter  has  circular  (instead  of  square)  teeth  to  improve  the 
power -hand ling  capacity  by  an  estimated  factor*  of  1.4.  The  dimensions 
of  this  filter,  using  the  notation  of  Fig.  7.05-2,  were:  b  ■  1.610  inches, 
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SOURCE:  Qutrttrly  Pi-ogrea*  Rtport  l,  Contract  AF  30(602 >-2734 
(Sae  Rtf.  9  by  Leo  Young) 

FIG.  7.05-10  EXPLODED  VIEW  OF  WAFFLE-IRON  FILTER  WITH  ROUND  TEETH 
AND  HALF-INDUCTANCES  AT  THE  ENDS 

6*  ■  0.210  inch,  a  «  6.S00  inches,  center-to-center  spacing  ■  1.300  inches, 
tooth  diameter  ■  0.893  inch,  edge  radius  of  the  rounded  teeth  is 
B  ■  0.063  inch.  This  filter  is  in  fact  based  on  the  Waffle-Iron  Filter  I 
design,  whose  stop-band  performance  is  shown  in  Fig.  7.05-3. 

The  new  filter  (Fig.  7.05-10)  had  a  stop-band  performance  which  almost 
duplicates  Fig.  7.05-3  (after  allowance  is  made  for  the  fact  that  it  has 
five  rather  than  ten  sections),  showing  that  neither  the  tooth  shape 
(round,  not  square),  nor  the  end  half-sections  (half-T,  not  half-tr)  affect 
the  stop-band  performance. 

In  the  pass  band,  the  filter  (Fig.  7.05-10)  was  measured  first  with 

6. 500-  inch-by-0. 375-inch  waveguide  connected  on  both  sides.  The  VSWR  was 
less  than  1.15  from  1200  to  1640  megacycles.  (It  was  below  1.08  from 
1250  to  1460  megacycles).  The  same  filter  was  then  measured  connected  to 

6. 500- inch-by-0. 350-inch  waveguide,  and  its  VSWR  remained  below  1.20  from 
1100  to  1670  megacycles  (as  compared  to  1225  to  1450  megacycles  for  1.2 
VSWR  or  less  with  Waffle-Iron  Filter  I).  Thus  the  VSWR  remains  low  over 
almost  the  whole  of  L-band. 
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The  eatinated  power -hand ling  capacity  of  the  filter*  in  Fig.  7. 05-10 
is  over  two  Mgawatta  in  air  at  atmospheric  pressure.  This  power -hand ling 
capacity  was  later  quadrupled  by  paralleling  four  such  filtera  (Chapter  IS) . 

SEC.  7.06,  LOW-PASS  FILTERS  FROM  QUARTER-WAVE 
TRANSFORMER  PROTOTYPES 

This  section  is  concerned  with  the  high- impedance,  low-impedance 
short-line  filter,  which  is  the  most  common  type  of  microwave  low-pass 
filter,  and  which  has  been  treated  in  Sec.  7.03  in  terms  of  an  approxi¬ 
mately  lumped -constant  structure  (Fig.  7.03-1).  Such  an  approximation 
depends  on: 

(1)  The  line  lengths  being  short  compared  to  the  shortest 
pass-band  wavelength 

(2)  The  high  impedances  being  very  high  and  the  low  ones 
very  low  —  i.e.,  the  impedance  steps  should  be  large. 

There  is  then  a  close  correspondence  between  the  high-impedance  lines 
of  the  actual  filter  and  series  inductances  of  the  lumped -constant  proto¬ 
type,  on  the  one  hand,  and  the  low-impedance  lines  and  shunt  capacitances, 
on  the  other. 

There  is  another  way  of  deriving  such  a  transmission-line  low-pass 
filter,  which  is  exact  when: 

(1)  All  line  lengths  are  equal  (and  not  necesaarily 
vanishingly  short) 

(2)  When  the  step  discontinuity  capacities  are  negligible. 

When  either  of  these,  or  both,  are  not  satisfied,  approximations  have  to 
be  made,  as  in  the  design  from  the  lumped -constant  prototype.  Which  one 
of  the  two  prototypes  is  more  appropriate  depends  on  which  of  the  two 
sets  of  conditions  (1)  and  (2)  above  are  more  nearly  satisfied.  Whereas 
the  lumped-constant  prototype  (Sec.  7.03)  is  usually  the  more  appropriate 
design  procedure,  the  method  outlined  in  this  section  gives  additional 
insight,  especially  into  the  stop-band  behavior,  and  into  the  spurious 
pass  bands  beyond. 

This  second  way  of  deriving  the  short-line  low-pass  filter  can  best 
be  understood  with  reference  to  Fig.  7.06-1.  In  Fig.  7.06-l(a)  is  shown 
a  quarter-wave  transformer  (Chapter  6)  with  its  response  curve.  Each 
section  is  a  quarter-wave  long  at  a  frequency  inside  the  first  pass  band, 
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FIG.  7.06-1  CONNECTION  BETWEEN  QUARTER-WAVE 
TRANSFORMERS  (a)  AND  CORRESPONDING 
LOW-PASS  FILTERS  (b) 


called  the  band  center,/,,-  The  "  low-pass  filter"  is  sketched  in 
Fig.  7.06-l(b).  Its  physical  characteristics  differ  from  the  quarter- 
wave  transformer  in  that  the  impedance  steps  are  alternately  up  and  down, 
instead  of  forming  a  monotone  sequence;  it  is  essentially  the  same 
structure  as  the  " half-wave  filter"  of  Chapter  9.  Each  section  is  a 
half-wave  long  at  a  frequency  /„  at  the  center  of  the  first  band-pass 
pass  band.  However,  note  that  there  is  also  a  low- pass  pass  band  from 
/  »  0  to  /j,  and  that  the  stop  band  above  /^  is  a  number  of  times  as  wide 
a r,  tue  low-pass  pass  band.  The  fractional  bandwidth  of  the  spurious  pass 
band  at  /„  for  the  low-pass  filter  has  half  the  fractional  pass-band 
1-t.iuwidth,  v,  of  the  quarter-wave  transformer.  The  VSWBs  F(  of  the 
corresponding  steps  in  the  step-transformer  and  in  the  low-pass  filter 
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are  the  sane  for  both  structures,  the  VSWRa  here  being  defined  as  equal 
to  the  ratio  (taken  so  as  to  be  greater  than  one)  of  the  inpedaneea  of 
adjacent  lines. 

Low-pass  filters  are  generally  made  of  non-diapersive  lines  (such 
as  strip  lines  or  coaxial  lines),  will  be  treated  as  such  here.  If  wave¬ 
guides  or  other  dispersive  lines  are  used,  it  is  only  necessary  to  re¬ 
place  normalized  frequency  ///#  by  normalized  reciprocal  guide,  wsvelength 
\g#Af.  Since  the  low-paas  filter  sections  are  a  half-wavelength  long  at 
/  ■  /„ ,  the  over-all  length  of  a  low-pass  filter  of  n  sections  is  at  most 
nw/ 8  wavelengths  at  any  frequency  in  the  (low-pass)  pass  band,  this  being 
its  length  at  the  low-pass  hand-edge,  fl  ■  w/#/4.  Note  that  the  smaller  w 
for  the  step-transformer  is  chosen  to  be,  the  larger  the  size  of  the  stop 
band  above  /t  will  be  for  the  low-pasa  filter,  relative  to  the  size  of  the 
low-paas  pass  band. 

Exact  solutions  for  Tchebyscheff  quarter-wave  transformers  and  half¬ 
wave  filters  have  been  tabulated  up  to  n  ■  4  (Sec.  6.04);  and  for  maxi¬ 
mally  flat  filters  up  to  n  ■  8  (Sec.  6.05);  all  other  cases  have  as  yet 
to  be  solved  by  approximate  methods,  such  as  are  given  in  Secs.  6.06  to 
6.09. 

The  low-pass  filter  (as  designed  by  this  method)  yields  equal  line 
lengths  for  the  high-  and  low-impedance  lines.  When  the  impedance  steps, 
V(,  are  not  too  large  (as  in  the  wide-band  examples  of  Sec.  6.09),  then 
the  approach  described  in  this  section  can  be  quite  useful.*  Corrections 
for  the  discontinuity  capacitances  can  be  made  as  in  Sec.  6.08  If  large 
impedance  steps  are  used,  as  is  usually  desirable,  the  discontinuity 
effects  become  dominant  over  the  transmission-line  effects,  and  it  is 
usually  more  straightforward  to  use  lumped -element  prototypes  as  was  done 
for  the  first  example  in  Sec.  7.03. 

SEC.  7.07,  HIGH-PASS  FILTERS  USING  SEMI-LUMPED  ELEMENTS 

High-pass  filters,  having  cutoff  frequencies  up  to  around  1.5  or 
possibly  2.0  Gc  can  be  easily  constructed  from  semi-lumped  elements.  At 
frequencies  above  1.5  or  2.0  Gc  the  dimensions  of  semi-lumped  high-pass 


'  It  rtnK  ba  Mid  that  aeal I  Ipdaw  atari  iawlr  a  raUtivaly  Haiti!  asaast  af  attasaatias.  Am, 
aaall  atari  dll  ba  tfaairad  aaly  ia  aartaia  meet"  aitsatiaaa. 
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filter*  become  ao  small  that  it  is  uauslly  easier  to  use  other  types  of 
structures.  The  wide-band  band-pasa  filters  discussed  in  Chapters  9  wnd 
10  are  good  candidates  for  many  such  applications. 

In  order  to  illustrate  the  design  of  a  semi -lumped -element  high-pass 
filter  we  will  first  describe  the  general  technique  for  designing  a 
lumped-element  high-pass  filter  from  a  lumped -element  low-pass  prototype 
circuit.  Next  we  will  use  this  technique  to  determine  the  dimensions  of 
a  split-block,  coaxial-line  high-pass  microwave  filter  using  semi-lumped 
elements . 

Lumped-Element  High-Past  Filters  from  Low-Pass  Prototype  Filters  — The 
frequency  response  of  a  lumped -e lement  high-pass  filter  can  be  related  to 
that  of  a  corresponding  low-pass  prototype  filter  such  as  that  ahown  in 
Fig.  4.04-l(b)  by  means  of  the  frequency  transformation 


(ti 


Ci) 


(7.07-1) 


In  this  equation  a>'  and  u  are  the  angular  frequency  variables  of  the  low- 
and  high-pass  filters  respectively  while  wj  and  are  the  corresponding 
band-edge  frequencies  of  these  filters.  It  is  seen  that  this  transfor¬ 
mation  has  the  effect  of  interchanging  the  origin  of  the  frequency  axis 
with  the  point  at  infinity  and  the  positive  frequency  axis  with  the  nega¬ 
tive  frequency  axis.  Figure  7.07-1  shown  a  sketch  of  the  response,  for 
positive  frequencies,  of  a  nine-element  low-pass  prototype  filter  together 
with  the  response  of  the  analogous  lumped -e lement  high-pass  filter  obtained 
by  means  of  the  transformation  in  Eq.  (7.07-1). 

Equation  (7.07-1)  also  shows  that  any  inductive  reactance  co'L '  in  the 
low-pass  prototype  filter  is  transformed  to  a  capacitive  reactance 

L' /co  ■  -l/(o€)  in  the  high-pass  filter,  and  any  capacitive  susceptance 
cd'C'  in  the  low-pass  prototype  filter  is  transformed  into  an  inductive 
susceptance  "WjwJ C'/«  *  -1  /(<*£)  in  the  high-pass  filter. 

Thus,  any  inductance  L '  in  the  low-pass  prototype  filter  is  replaced 
in  the  high-pass  filter  by  a  capacitance 
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(7.07-2) 
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(a)  (b) 


FIG.  7.07-1  FREQUENCY  RESPONSE  OF  A  LOW-PASS 
PROTOTYPE  AND  OF  A  CORRESPONDING 
HIGH-PASS  FILTER 


Likewise  any  capacitance  C'  in  the  low-pass  prototype  is  replaced  in  the 
high-pass  filter  by  an  inductance 


L 


(7.07-3) 


Figure  7.07-2  illustrates  the  generalised  equivalent  circuit  of  a 
high-pass  filter  obtained  from  the  low-pass  prototype  in  Fig.  4.04-l(b) 
by  these  methods.  A  dual  filter  with  an  identical  response  can  be  ob¬ 
tained  by  applying  Eqs.  (7.07-2)  and  (7.07-3)  to  the  dual  low-pass  proto¬ 
type  in  Fig.  4.04-l(a).  The  impedance  level  of  the  high-pass  filter  nay 
be  scaled  as  discussed  in  Sec.  4.04. 

Design  of  a  Semi-Lumped-Element  High-Pass  Filter— In  order  to  illus¬ 
trate  the  technique  for  designing  a  semi  -  lumped -e lement  high-pass  filter 
we  will  consider  the  design  of  a  nine-element  h  igh  -pass  filter  with  a 
pass-band  ripple  LAf  of  0.1  db,  a  cutoff  frequency  of  1  Gc  (&>j  ■  2v  *  10*), 
that  -will  operate  between  50-ohm  terminations.  The  first  step  in  the 
design  is  to  determine  the  appropriate  values  of  the  low-pass  prototype 
elements  from  Table  4.05-2(a).  It  should  be  noted  that  elements  in  this 
table  are  normalized  so  that  the  band-edge  frequency  wj  »  1  and  the  termi¬ 
nation  element  g0  ■  1.  The  values  of  the  inductances  and  capacitances  for 
the  high-pass  filter  operating  between  1-ohm  terminations  are  then 
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FIG.  7.07-2  HIGH-PASS  FILTER  CORRESPONDING  TO  THE  LOW-PASS 
PROTOTYPE  IN  FIG.  4.04-l(b) 

Frequencies  o>|'  and  Wj  ora  dafinad  in  Fig.  7.07-1.  A  dual 
lot*  of  Hilt  filter  eon*  (ponding  to  tha  low -past  filter  in 
Fig.  4.04-1(e)  it  else  posdble 
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»- 35ft- til 


FIG.  7.07-3  DRAWING  OF  COAXIAL  LINE  HIGH-PASS  FILTER  CONSTRUCTED 
FROM  SEMI-LUMPED  ELEMENTS  USING  SPLIT-BLOCK 
CONSTRUCTION 
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determined  using  the  formulas  in  Fig.  7.07-2,  upon  setting  co j  ■  1, 
o>j  ■  In  *  10*,  and  using  the  gg  values  selected  from  Table  4.05-2(a). 

In  order  to  convert  the  above  design  to  one  that  will  operate  at  a 
50-ohm  impedance  level  it  is  necessary  to  divide  all  the  capacitance 
and  conductance  values  obtained  by  50  and  to  multiply  all  the  inductance 
values  obtained  by  50.  When  this  procedure  is  carried  through  we  find 
that  Cj  ■  Cj  ■  2.66  mi f,  Lt  ■  ■  5.51  ityth,  Cs  »  C?  ■  1.49  Ayxf, 

■  L6  ■  4.92  nyih,  and  f's  ■  1.44  pytf. 

A  sketch  showing  a  possible  realization  of  such  a  filter  in  coaxial 
line, "‘'using  split-block  construction,  is  shown  in  Fig.  7.07-3.  Here  it 
is  seen  that  the  series  capacitors  are  realized  by  means  of  small  metal 
disks  utilizing  Teflon  (ef  “  2.1)  as  dielectric  spacers.  The  shunt  in¬ 
ductances  are  realized  by  short  lengths  of  ■  100-ohm  line  short- 
circuited  at  the  far  end.  In  determining  the  radius  r  of  the  metal 
disks,  and  the  separation  a  between  them,  it  in  assumed  that  the  parallel- 
plate  capacitance  is  much  greater  than  the  fringing  capacitance,  so  that 
the  capacitance  C  of  any  capacitor  is  approximately 

nr * 

C  •  «  0.225  -  rtuf  (7.07-4) 

* 

where  all  dimensions  are  measured  in  inches.  The  lengths  1  of  the  short- 
circuited  lines  were  determined  by  means  of  the  formula 

L  -  0.0847  Z01  nyxh  (7.07-5) 

where  Z„  is  measured  in  ohms  and  i  is  measured  in  inches.  Equation  (7. 07-4) 
is  adapted  from  one  in  Fig.  7.02-2(b),  while  Eq.  (7.07-5)  is  adapted  from 
one  in  Fig.  7.02-l(a). 

The  dimensions  presented  in  Fig.  7.07-3  must  be  regarded  as  tentative, 
because  a  filter  having  these  particular  dimensions  has  not  been  built  and 
tested.  However,  the  electrical  length  of  each  of  the  lines  in  the  filter 
is  very  short — even  the  longest  short-circuited  lines  forming  the  shunt 
inductors  have  an  electrical  length  of  only  19.2  degrees  at  1  Gc.  There¬ 
fore,  it  is  expected  that  this  semi  -  lumped-constant  filter  will  have  very 
close  to  the  predicted  performance  from  low  frequencies  up  to  at  least 
2.35  Gc,  where  two  of  the  short-circuited  lines  are  an  eighth-wavelength 
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long  and  have  about  11  percent  higher  reactance  than  the  idealized 
lumped -constant  design.  Above  this  frequencv  some  increase  in  pass- 
band  attenuation  will  probably  be  noticed  (perhaps  one  or  two  db)  but 
not  a  really  large  increase.  At  about  S  Gc  when  the  short-circuited 
lines  behave  as  open  circuits,  the  remaining  filter  structure  formed 
from  the  aeries  capacitors  and  the  short  lengths  of  series  lines  has  a 
pass  band,  so  that  the  attenuation  should  be  low  even  at  this  frequency. 
However,  somewhere  between  5  Gc  and  9  Gc  (where  the  sho *t -circuited 
lines  are  about  180  degrees  long)  the  attenuation  will  begin  to  rise 
very  rapidly. 

SEC.  7.08,  l.OW-PASS  AND  HIGH-PASS 

IMPEDANCE -MATCHING  NETWORKS 

Some  microwave  loads  which  can  be  approximated  by  an  inductance  and 
a  resistance  in  series,  or  by  a  capacitance  and  a  conductance  in  para  el, 
can  be  given  a  satisfactory  broadband  impedance  match  by  use  of  low-pass 
matching  networks.  Having  L  and  B,  or  C  and  G  to  represent  the  load,  the 
decrement 

B  G 

8  ■  — —  or  -  (7.08-1) 

o)jL  ojjC 

is  computed,  where  oij  is  the  pass-band  cutoff  frequency  above  which  a 
good  impedance  match  is  no  longer  required.  Though  the  prototype  filter 
to  be  used  in  designing  the  matching  network  may  have  a  considerably 
different  impedance  level  and  cutoff  frequency  wj ,  it  must  have  the  same 
decrement  8.  Thus,  having  computed  8  from  the  given  microwave  load  ele¬ 
ments  and  required  cutoff  frequency  ,  an  appropriate  impedance¬ 
matching-network  prototype  filter  can  be  selected  from  the  computed  value 
of  8  and  the  charts  of  prototype  element  values  in  Sec.  4.09.  Having 
selected  a  satisfactory  prototype  filter,  the  impedance-matching  network 
can  be  designed  by  scaling  the  prototype  in  frequency  and  impedance  level 
and  by  using  the  semi - lumped-e lement  realization  techniques  discussed  in 
Sec.  7.03.  As  was  illustrated  in  Fig.  4.09-1,  the  microwave  load  to  be 
matched  provides  the  microwave  circuit  elements  corresponding  to  the 
prototype  elements  g0  and  g{,  the  microwave  impedance-matching  network 
corresponds  to  the  prototype  elements  gt  through  gR,  and  the  microwave 
driving-source  resistance  or  conductance  corresponds  to  6„+i' 
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Though  low-pass  microwave  impedance -matching  structures  are  quite 
practical  for  some  applications,  they  do,  nevertheless,  have  some  inherent 
disadvantages  compared  to  the  band-pass  impedance -matching  networks  dis¬ 
cussed  in  Secs.  11.08  to  11.10.  One  of  these  disadvantages  is  that  a  good 
impedance  match  all  the  way  from  dc  up  to  microwave  frequencies  is  rarely 
really  necessary.  As  was  discussed  in  Sec.  1.03,  allowing  energy  to  be 
transmitted  in  frequency  bands  where  energy  transmission  is  not  needed 
will  detract  from  the  efficiency  of  transmission  in  the  band  where  good 
transmission  is  really  needed.  Thus  if  the  decrement  computed  using 
Fq .  (7.08-1)  is  found  to  be  so  small  that  Fig.  4.09-3  indicates  an  un¬ 
acceptable  amount  of  pass-band  attenuation,  the  possibility  of  using  a 
band-pass  matching  network  instead  should  be  considered.  If  a  band-pass 
transmission  characteristic  is  usable,  better  performance  can  be  obtained. 

Another  disadvantage  of  low-pass  impedance -match ing  networks  is  that 
the  designer  is  not  free  to  choose  the  driving  source  resistance.  For  a 
given  H-l  or  G  -G  load  circuit  and  a  given  cutoff  frequency  ,  the  charts 
in  Sec.  4. 01)  will  lead  to  matching  networks  which  must  use  the  driving 
source  resistances  (or  conductances)  specified  by  the  charts,  if  the  pre¬ 
dicted  performance  is  to  be  obtained.  In  many  microwave  applications, 
adjustments  of  the  d r i v i ng - source  impedance  Irvel  will  not  be  convenient. 

In  such  cases  the  use  of  band-pass  impedance -matching  networks  is  again 
recommended  since  in  the  case  of  hand-pass  filters,  impedance- leve I  trans¬ 
formations  are  easily  achieved  in  the  design  of  the  filter,  without 
affecting  the  transmission  characteristic. 

High-pass  impedance-matching  networks  have  basically  the  same  dis¬ 
advantages  as  low- pass  impedance-matching  networks.  Nevertheless  they 
are  of  practical  importance  for  some  applications.  Loads  which  can  be 
approximated  by  a  capacitance  and  resistance  in  series,  or  by  an  inductance 
and  conductance  in  parallel  can  be  given  a  high-pass  impedance  match  by 
using  the  methods  of  this  book.  In  this  case  the  decrement  is  computed  by 
use  of  the  formula 


8  ■  (liyCR  or  atjLG  (7.08-2) 

where  in  this  case  o>j  is  the  cutoff  frequency  for  the  desired  high-pass 
matching  characteristic.  Knowing  8,  the  (l/))|||  values  for  various  numbers 
of  matching  elements  are  checked  and  a  prototype  is  then  selected,  as  dis¬ 
cussed  in  Sec.  4.09.  [Again,  if  the  values  of  (£4),,,  for  the  computed 
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value  of  5  are  too  large,  the  possibility  of  hand-pass  matching  should 
be  considered.]  The  low-pass  prototype  is  then  transformed  to  a  high- 
pass  filter  as  discussed  in  Sec.  7.07,  and  its  frequency  scale  and 
impedance  level  are  adjusted  so  as  to  conform  to  the  required  coj  value 
and  the  specified  microwave  load.  If  the  cutoff  frequency  gj t  is  not 
too  high,  it  should  be  practical  to  realize  the  microwave  impedance¬ 
matching  structure  by  use  of  the  semi- lumped -element  high-pass  filter 
techniques  discussed  in  Sec.  7.07. 


SRC.  7.09,  I.OW- PASS  TIME -DF.I  AY  NETWORKS 

Most  of  the  primary  considerations  in  the  design  of  low-pass  time- 
delay  networks  have  been  previously  discussed  in  Secs.  1.05,  4.07,  and 
4.08.  The  maximally  flat  time-delay  networks  tabulated  in  Sec.  4.07 
were  seen  to  give  extremely  flat  time-delay*  characteristics,  but  at  the 
expense  of  having  an  attenuation  characteristic  which  varies  considerably 
in  the  operating  hand.  Maximally  flat  time-delay  networks  also  are  un- 
symmetrical,  which  makes  their  fabrication  more  difficult.  In  Sec.  4.08 
it  was  noted  that  Tchebyscheff  filters  with  small  pass-band  ripple  should 
make  excellent  time-delay  networks  for  many  practical  applications.  As 
was  discussed  in  Sec.  1.05,  the  amount  of  time  delay  can  be  increased 
considerably  for  a  given  circuit  complexity  by  using,  where  possible,  a 
band-pass  rather  than  a  low-pass  structure  for  the  delay  network  (see 
Secs.  1.05  and  11.11).  High-pass  delay  networks  are  also  conceivable, 
but  they  would  not  give  much  delay,  except,  possibly,  near  cutoff. 

Example  ~ As  an  example  of  the  initial  steps  in  the  design  of  a  low- 
pass  time-delay  network,  let  us  suppose  that  a  time  delay  of  about 
7.2  nanoseconds  is  required  from  frequencies  of  a  few  megacycles  up  to 
200  Me.  From  considerations  such  as  those  discussed  in  Sec.  4.08,  let  us 
further  suppose  that  it  has  been  decided  to  use  a  0.1 -db  ripple  Tchebyscheff 
filter  with  a  cutoff  of  /t  ■  250  Me,  as  the  delay  network.  From 
F.q .  (4.08-3),  the  low-frequency  time  delay  of  a  corresponding  normalized 
prototype  filter  with  a  cutoff  of  ■  1  radian/sec  is 


'  it 


Wj 


7 .2(10"* 12^(0.25)10* 

1 


11.3  seconds 


Hart  tiaa  4«Uy  it  uhh4  t*  iaply  (reap  tiaa  Mty  (Sac.  1.95). 
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By  Eq.  (4.08-2)  and  Fig.  4.13-2,  this  nominal  time  delay  will  be  achieved 
by  a  0.10-db  ripple  filter  having  n  *  13  reactive  elements.  Hence,  an 
n  •  13,  L tT  ■  0.10  db  prototype  should  be  selected  from  Table  4.05-2(b). 
The  actual  microwave  filter  is  then  designed  from  the  prototype  aa  dis¬ 
cussed  in  Sec.  7.03.  If  desired,  thia  filter  could  be  designed  to  be  a 
few  inches  long,  while  it  would  take  approximately  7  feet  of  air-filled 
coaxial  line  to  give  the  same  time  delay. 
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CHAPTER  8 


BAND -PASS  FILTERS 

(A  GENERAL  SUMMARY  OF  BAND-PASS  FILTERS,  AND  A  VERSATILE 
DESIGN  TECHNIQUE  FOR  FILTERS  WITI1  NARROW  OR  MODERATE  BANDWIDTDS) 

SEC.  8.01,  A  SUMMARY  OF  THE  PROPERTIES  OF  THE  RAND-PASS  OR  PSEUDO 
HIGH-PASS  FILTERS  TREATED  IN  CHAPTERS  8,  9,  AND  10 

This  chapter  is  the  first  of  a  sequence  of  four  chapters  concerning 
band-pass  filter  design.  Chapters  8,  9,  and  10  deal  with  the  design  theory 
and  specific  types  of  microwave  filters,  while  Chapter  11  discusses  various 
experimental  and  theoretical  techniques  which  are  generally  helpful  in  the 
practical  development  of  many  kinds  of  band-pass  filters  and  impedance¬ 
matching  networks.  This  present  chapter  (Chapter  8)  utilizes  a  design  point 
of  view  which  is  very  versatile  but  involves  narrow-band  approximations  which 
limit  its  usefulness  to  designs  having  fractional  bandwidths  typically  around 
0.20  or  less.  The  design  procedure  utilized  in  Chapter  9  makes  use  of  step 
transformers  as  prototypes  for  filters,  and  the  procedures  given  there  are 
useful  for  either  narrow  or  wide  bandwidths.  Chapter  10  uses  yet  another 
viewpoint  for  design,  and  the  method  described  there  is  also  useful  for 
either  narrow  or  wide  bandwidths.  The  procedures  in  Chapter  9  are  most  ad¬ 
vantageous  for  filters  consisting  of  transmission  lines  with  lumped  discon¬ 
tinuities  placed  at  intervals,  while  the  methods  in  Chapter  10  are  most 
advantageous  when  used  for  filters  consisting  of  lines  and  stubs  or  of 
para  11  el -coupled  resonators. 

In  this  chapter  the  general  design  point  of  view  is  first  described  in 
a  qualitative  way,  then  design  equations  and  other  data  for  specific  types 
of  filters  are  presented,  and  finally  the  background  details  of  how  the 
design  equations  for  specific  filters  were  derived  are  presented. 

Chapters  9  and  10  also  follow  this  pattern  as  far  as  is  possible. 

It  is  recognized  that  some  designers  may  have  little  interest  in  filter 
design  theory,  and  that  they  may  only  wish  to  pick  out  one  design  for  one 
given  job.  To  help  meet  this  need,  Table  8.01-1  has  been  prepared.  It  sum¬ 
marizes  the  more  significant  properties  of  the  various  types  of  filters 
discussed  in  Chapters  8,  9,  and  10,  and  tells  the  reader  in  which  sections 
design  data  for  a  given  type  of  filter  can  be  found. 
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Table  a. 01-1 

StMIARY  OF  BAND-PASS  AND  PSEUDO  HIGH-PASS  FILTERS  IN  CHAPTERS  8,  9,  AND  10 


STRIP-LINE  (OR  COAXIAL)  AND  SEMI -LUMPED -ELEMENT  FILTERS 


Typical  RaiMilar  atSidiu  Filter  Propartiaa 

|  ^  ^SPB  K  H-  ^ A  ^USB  decreases  with  increasing  w.  (1.^  )USB  »»  usually 

aitaabla  for  a  »  0.20  or  laaa,  but  it  ia  uaually  only  S  or  10  db  for 
e  *  0.70-  Haa  firat-order  pola  of  attenuation  at  a  ■  0.  Dielectric 
aupport  required  for  reaonatora.  Coupling  gaps  may  becoaw  quite 
[— 1  email  for  *  much  larger  than  0.10.  which  preaenta  tolerance  consider- 

ationa.  See  Sec.  8. OS  far  deaigna  with  >  about  0.20  or  leas.  See 
Chapter  9  for  deaigna  haring  larger  v,  or  for  designs  with  vary  sea 11 
lAr  (0.01  db,  for  example),  or  for  designs  for  high-pass  applications. 
Coaxial  filters  of  this  type  are  widely  used  as  paaudo  high-pass 


STRIP  LINE 


filters. 

cjjpg  «  3mq.  (t4)ugB  decreases  with  increasing  e,  but  for  given  e  and 
"O’  ^USB  will  be  larger  than  for  Filter  1  above.  Hes  multiple- 
order  pole  of  attenuation  at  u  *  0.  Inductive  stubs  can  provide  me- 
chanical  support  for  resonator  structure  so  that  dielectric  is  not  re¬ 


quired.  For  given  e  and  a»#  capacitive  coupling  gaps  are  larger  than 
for  Filter  1  above.  See  Sec.  8.08  for  designs  with  e  «  0.30-  See 
Chapter  9  for  designs  hsving  larger  e,  or  for  designs  with  very  small 
L4f  (0.01  db,  for  exaaple),  or  for  designs  for  high-pass  applications. 


ci^pg  ■  3a^.  Haa  firat-order  pole  of  attenuation  at  a  ■  0  and  at  o>  ■ 
2oig.  However,  ia  prone  to  have  narrow  spurious  pass  bands  near  2o>q 
due  to  slightest  nietaniag.  Dielectric  support  material  required. 
Very  attractive  structure  for  printed  circuit  fabrication,  when 
•  «  0.15*  See  Sec.  8.09-1  for  a«  0.1$.  See  Sec.  10.02  for  designs 
having  larger  t,  or  for  designs  for  high-pass  applications. 


Table  8.01*1  Continued 


Typical  (tea 


SMOftT-cincijif  blocks 
STSIP  LINE 


STRIP-LINE  (OR  COAXIAL)  AND  SEMI-LUMPED  ELEMENT  FILTERS 


Filter  Prapartita 


aSPB  *  3V  ^a*  first-order  pole  of  attenuation  at  tu  »  0  and  at 
u  *  2'*>0.  However,  is  prone  to  narrow  spurious  pass  bands  near 
due  to  slightest  mistiming.  Short-circuit  blocks  provide  mechanical 
support  for  resonators.  Suitable  for  values  of  »  from  around  0.01 
to  0.70  or  more.  See  Sec.  10.02. 


^SPR  *  3V  "*“  1* rst-order  pole  of  attenuation  at  &>  *  0  and  at  tu  * 
2u'0.  However,  is  prone  to  narrow  spurious  pass  bands  near  2tUg  due 
to  slightest  mistuninp.  short-circuits  at  ends  of  stubs  provide  me¬ 
chanical  support  for  structure.  Suitable  for  values  of  »  from  around 
0.40  to  0.70  or  more,  see  Sac.  10.03.  Also  see  Sec.  10.05  for  case 
where  series  stubs  are  added  at  ends  to  give  poles  of  attenuation  at 
additional  frequencies. 


structure  in  coaxial  form  with  series  stubs  fabricated  within  center 


conductor  of  main  line 
ation  at  <u  *  0  and  at  ' 


iq.pg  ■  3cuq.  Has  first-order  pole  of  attenu¬ 


ation  at  m  *  0  and  at  u  *  2<ufl.  However,  is  prone  to  narrow  spurious 
pass  bands  near  2<Uq  due  to  slightest  mistuning.  Structure  requires 
dielectric  support  material.  Suitable  for  values  of  e  around  0.60 
or  more.  See  Sec.  10.03. 


*  2uq,  and  also  has  a  pass  band  around  w  ■  0.  Has  poles  of  at¬ 
tenuation  above  and  below  &>g  at  frequencies  um  and  (2o>g  -  o>0),  where 
may  be  specified.  Hequires  dielectric  material  for  support.  Can 
conveniently  be  fabricated  by  printed  circuit  means.  Little  restric¬ 
tion  on  *  if  can  be  chosen  appropriately.  See  Sec.  10.04. 
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Table  8.01  Continued 


STRIP-LINE  (OR  COAXIAL)  AND  SEMI -LUMPED- ELEMENT  FILTERS 


Interdigital  Filter.  *  3uq.  Ilai  multiple-order  polea  of  at¬ 

tenuation  at  u  ■  0  and  u  *  2u^.  Can  be  fabricated  without  uaing 
dielectric  aupport  Material.  Spacinga  between  reaonator  elenenta 
are  relatively  large  which  relaxea  mechanical  tolarancea.  Structure 
ia  very  compact.  See  Seca.  10.06  and  10.07  for  equationa  for  de- 
aigna  with  w  ranging  from  email  valuer  up  to  large  valuea  around 
0.70  or  arare. 


STRIP  LINE 


STRIP  LINE 

II 


Comb-line  filter.  Reaonator  length  I  dependa  on  aaraunt  of  capaci¬ 
tive  loading  uaed.  <^pB  *  AQ/(21)  ao  filter  can  be  deeigned  for 

very  broad  upper  atop  band.  Polea  of  attenuation  at  ai  *  0  and  u  * 
UqAq/(4I).  Extremely  compact  atructure  which  can  be  fabricated 
without  dielectric  aupport  material.  Unloaded  Q’ a  of  reaonatore 
aomewhat  leaa  than  thoae  for  Filter  9  for  aome  atrip-line  croea- 
aection.  See  Sec.  8.13  for  deaigna  having  w  up  to  about  0.1S. 


Filter  with  quarter-wave-coupled  resonatora.  Reaonatore  any  be 
cavitiea,  reaonant  irieea,  or  lumped-element  reaonatora.  See 
Sec.  8.08  for  deaign  data  ueeful  when  w  ia  around  0.05  or  leaa. 


ncsoNeroai 

lumped  elements 


Table  8.01-1  Concludtd 


STRIP-LINE  (OR  COAXIAL)  AND  SEMI -LUMPED- ELEMENT  FILTERS 


Filter  Prop«rti«a 

12 

Lumped- element  circuit  for  use  a*  ■  guide  for  deaign  of  aemi-lumped- 
element  microwave  filtera.  See  Sec.  8.11  for  designs  with  w  «•'  0.20. 

P  P... 

lumped  elements 

13 

Lumped-element  circuit  for  uae  as  a  guide  for  design  of  semi-lusgied- 
element  microwave  filters.  See  Sec.  8.11  for  designs  with  »  ■  0.20. 

;.i  o  c 

LUMPED  ELEMENTS 

•AVEGU1DE  AND  CAVITY  FILTERS 

★ 

' — 1 - 1 - 1 - 

- 1 - 1 - 1 - 

WAVEGUIDE 

‘“SPR  occurs  when  A^  is  about  A^.1 2;  however,  when  higher-order  modes 
can  propagate,  the  upper  stop  hand  end  second  pass  band  may  be  dis¬ 
rupted.  decreases  with  increasing  a^.  Vaveguide  resonators 

give  relatively  low  dissipation  loss  for  gi  ven  w^.  See  Secs.  8.06  and  8.07 
for  designs  with  w^  about  0.20  or  leas,  see  Chapter  9  for  designs 
having  larger  w^,  or  for  designs  with  very  small  L Ar  (0.01  db,  for 
example),  or  lor  designs  for  high-pass  applications. 

15  X 

«X|° 
u— H 

"tt — n — 

_ U _ LJ _ 

M  M 

4 

WAVEGUIDE 

Uae  of  A(0/4  couplings  gives  irises  which  are  ail  nearly  the  same. 

If  a  disassembly  joint  is  placed  in  the  middle  of  each  A<9/4  coupling 
region,  resonators  may  be  easily  tested  individually.  occurs 

when  A  is  about  A(0/2;  however,  when  higher-order  grades  can  propa¬ 
gate  the  upper  stop  band  and  second  pass  band  may  be  disrupted. 

^A^USB  d*er****a  ** th  increasing  v^.  Aaveguide  resonators  give 
relatively  low  dissipation  loss  for  given  w^.  Satisfactory  for  de¬ 
signs  having  e^  about  0.05  or  leas.  See  Sec.  8.08. 
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The  filters  whose  properties  are  summarized  in  Table  8.01*1  are 
suitable  for  a  wide  range  of  applications.  Some  are  suitable  for  either 
narrow-  or  wide-band  band-pass  filter  applications.  Also,  since  it  is 
difficult,  if  not  impossible,  tc  build  a  microwave  high-pasa  filter  with 
good  pass-band  performance  up  to  many  times  the  cutoff  frequency,  pseudo 
high-pass  fil  ters,  which  are  simply  wideband  band-pass  filters,  provide 
some  of  the  most  practical  means  for  fabricating  filters  for  microwave 
high-pass  applications.  Thus,  many  of  the  filters  in  Table  8.01-1  should 
also  be  considered  as  potential  microwave  high-pass  filters. 

Although  most  of  the  fi  1  ters  in  Table  8.01-1  are  ictured  in  atrip-line 
form,  many  of  them  could  be  fabricated  equally  well  in  coaxial  form  or  in 
split-block  coaxial  form  (Fig.  10.05-3).  One  of  the  filter  properties  which 
is  of  interest  in  selecting  a  particular  type  of  band-pass  filter  structure 
is  the  frequency  at  which  the  second  pass  band  wi 1 1  be  centered.  In  Table  8. 01-1, 
this  frequency  is  designated  as  fi>spB,  and  it  is  typically  two  or  three  times 
o>0,  the  center  frequency  of  the  first  pass  band.  However,  in  the  case  of 
Filter  8  in  Table  8.01-1,  <^SPB  can  be  made  to  be  as  much  as  five  or  more 
times  ajq.  Filter  10  is  also  capable  of  very  broad  stop  bands. 

All  of  the  fi Iters  in  Table  8.01-1  have  at  least  one  frequency,  w,  where 
they  have  infinite  attenuation  (or  where  they  would  have  infinite  attenuation 
if  it  were  not  for  the  effects  of  dissipation  loss).  These  infinite  attenuation 
points,  known  as  poles  of  attenuation  (see  Sec.  2. 04) ,  may  be  of  first  order  or  of 
multiple  order;  the  higher  the  order  of  the  pole  of  attenuation,  the  more  rapidly 
the  attenuation  wi  1 1  ri se  as  oj  approaches  the  frequency  of  the  pole.  Thus,  the 
presence  of  first-order  or  multiple-order  poles  of  attenuation  at  frequencies  u 
are  noted  in  Table  8. 01- 1  as  a  guide  towards  indicating  what  the  relative  strength 
of  the  stop  band  will  be  in  various  frequency  ranges.  Four  of  the  filters  in 
Table  8.01-1  (Filters  1,  2,  14,  and  15)  have  no  poles  of  attenuation  in  the  stop- 
band  region  above  the  pass-band  center  cu0,  and  the  attenuation  between  the  first 
and  second  pass-bands  levels  off  at  a  value  of  (£j)USb  decibels.  As  is  mentioned 
in  Table  8.01-1,  thevalueaofU^Jygg  will  in  such  cases  be  influenced  by  the 
fractional  bandwidth  w  of  the  filter.  Also,  it  should  be  noted  that  the  filters 
which  have  a  first-order  pole  of  attenuation  in  the  stop  band  above  a>„  may  be 
liable  to  spurious  responses  close  to  this  pole  if  there  is  any  mistuning. 

Another  consideration  in  choosing  a  type  of  filter  for  a  given  job  is  the 
unloaded  Q’  a  obtainable  with  the  resonator  structures  under  consideration. 
Waveguide  or  cavity  resonators  will,  of  course,  give  the  best  unloaded^'*,  and 
hence  will  result  in  filters  with  minimum  insertion  loss  for  a  given  fractional 
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bandwidth.  However,  waveguide  resonators  have  the  disadvantage*  of  being 
relatively  bulky  and  of  being  useful  over  only  a  limited  frequency  range  because 
of  the  possibility  of  higher-order  modes.  Thus,  where  wide  pass  bands  or  wide 
stop  bands  are  required,  strip-line,  coaxial,  or  semi  -  lumped-element  filters 
are  usually  preferable.  If  strip- line  or  coaxial  cons  true tui ons  are  used ,  the 
presence  of  dielectric  material,  which  may  be  requi red  for  mechanical  support  of 
the  structure ,  wi  1 1  tend  to  fur ther  decrease  the  resonator  Q's  obtainable.  For 
this  reason,  it  is  in  many  cases  noted  in  Table  8.01-1  whether  or  not  the  specific 
structure  can  be  fabricated  wi thout  the  use  of  dielectric  support  material. 

The  filter  structures  marked wi  th  stars  in  Table  8. 01 -  1  are  f i 1  ter  types 
which  represent  attractive  compromise  choices  for  many  applications.  However, 
they  are  by  no  means  necessari  ly  the  best  choices  in  all  respects ,  and  spec  ial  con¬ 
siderations  may  dictate  the  use  of  some  of  the  unstarred  types  of  filters  listed  in  the  table. 

Filter  1  in  table  8. 01-1  was  starred  because,  in  coaxial  form,  it  provides  a 
very  runted  and  convenient,  way  for  manufacturing  pseudo  high-pass  filters. 
Commercial  coaxial  high-pass  1 1 Iters  are  most  commonly  of  this  form. 

Filter  3  in  lahle  8.01-1  has  been  starred  because  it  is  extremely  easy 
to  design  and  fabricate  in  printed-circuit  construction  when  the  fractional 
bandwidth  is  around  0.15  or  less.  However,  its  stop-hand  characteristics 
and  its  resonator  <J'  s  are  inferior  to  those  that  can  be  obtained  with  some 
of  the  other  types  of  strip-line  or  coaxial  filters  in  the  table. 

Filter  9  was  starred  bee  ause  i  t  i  s  easy  to  desi  gn  for  anywhere  from  small  to 
large  fractional  handwidths,  it  is  compact,  and  it  has  strong  stop  bands  on  both  sides  of  a)g. 

Filter  10  was  starred  because  of  its  compactness  and  ease  of  design, 
and  because  it  is  capable  of  a  very  broad  upper  stop  band. 

Filter  11  was  starred  because  it  is  the  simplest  and  most  commonly  used 
type  of  waveguide  filter.  Within  the  single-mode  frequency  range  of  the 
waveguide,  such  filters  generally  give  excellent  performance. 

SEC.  8.02,  GENEHAL  PHINC1PLES  OF  COUPLED- HESONATOH  FILTEHS* 

In  this  section  we  will  discuss  the  operation  of  coupled- resonator  fil¬ 
ters  in  qualitative  terms.  For  the  benefit  of  those  readers  who  are  concerned 


Tba  point  of  view  uaad  hornin  in  that  dua  to  S.  B.  Cohn,  Heaavar,  Karain  hit  point  of  via*  baa  btan  raatatod 
ia  oora  panaral  tarn,  and  it  ban  baan  nppiiad  ta  additional  typta  of  filter  atructaraa  not  treated  by  Cabs. 
Sana  othar  point*  of  yie*  aad  aarliar  eoatribatioaa  are  liatad  in  Bafaraacaa  2  to  S. 
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primarily  with  practical  design,  rather  than  with  theory,  this  qualita¬ 
tive  discussion  will  be  followed  by  design  data  for  specific  types  of 
filters.  Details  of  the  derivation  of  the  design  equations  will  be  found 
in  Sec.  8. 14. 

In  the  design  procedures  of  this  chapter,  the  lumped-element  proto¬ 
type  fi  Iter  designs  discussed  and  tabulated  in  Chapter  4  will  be  used  to 
achieve  band-pass  filter  designs  having  approximately  the  same  Tchebyscheff 
or  maximally  flat  response  properties.  Thus,  using  a  lumped-element  proto¬ 
type  having  a  response  such  as  the  Tchebyscheff  response  shown  in  Fig.  8.02-l(a), 
the  corresponding  band-pass  filter  response  will  also  be  Tchebyscheff  as 
shown  in  Fig.  8.02-l(b).  As  suggested  in  Fig.  8.02-Kb),  the  multiple 
resonances  inherent  in  transmission-line  or  cavity  resonators  generally 
give  band-pass  microwave  filters  additional  pass  bands  at  higher  frequencies. 

Figure  8.02-2(a)  shows  a  typical  low-pass  prototype  design,  and 
Fig.  8 . 02 -2(b)  shows  a  corresponding  band-pass  filter  design,  which  can 
be  obtained  directly  from  the  prototype  by  a  low-pass  to  band-pass  trans¬ 
formation  to  be  discussed  in  Sec.  8.04.  In  the  equations  for  the  band¬ 
pass  filter  element  values,  the  g;  are  the  prototype  filter  element  values, 
cl)'  and  ojJ  are  for  the  prototype  f i  1  ter  response  as  i ndi ca ted  i n  Fi g .  8.02-l(a) 
for  a  typical  Tchebyscheff  case,  and  w,  co0 ,  Wj  ,  and  a>2  apply  to  the  corre¬ 
sponding  band-pass  filter  response  as  indicated  in  Fig.  8 . 02 -1(b).  Of 
course,  the  filter  in  Fig.  8 . 02 -2(b)  would  not  have  the  higher  frequency 
pass  bands  suggested  in  Fig.  8. 02-1 (b)  because  it  is  composed  of  lumped 
elements. 


FIG.  8.02-1  LOW-PASS  PROTOTYPE  RESPONSE  AND  CORRESPONDING 
BAND-PASS  FILTER  RESPONSE 
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FIG.  8.02*2(o)  A  LOW-PASS  PROTOTYPE  FILTER 
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FIG.  8.02-2(b)  BAND-PASS  FILTERS  AND  THEIR  RELATION  TO  LOW-PASS  PROTOTYPES 
Frequencies  <  j,  . and  •  2  are  defined  in  Fig.  8.02*1,  ang  g0,  g,,  ...,  gn+) 
are  defined  in  Fig.  8.02- 2(a) 


NOTE:  Adapted  from  Final  Report,  Contract  OA-36-039  SC-64625,  SRI; 
reprinted  in  Pro e.  IKE  (aaa  Ref.  1  bp  S,  B.  Cohn). 


FIG.  8.02-2(c)  THE  BAND-PASS  FILTER  IN  FIG.  8.02-2(b)  CONVERTED  TO  USE 
ONLY  SERIES  RESONATORS  AND  IMPEDANCE  INVERTERS 
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The  filter  atructure  in  Fig.  8 . 02 -2(b)  conaiata  of  aeriea  reaonatora 
alternating  with  ahunt  reaonatora,  an  arrangement  which  ia  difficult  to 
achieve  in  a  practical  microwave  atructure.  In  a  microwave  filter,  it  ia 
much  more  practical  to  uae  a  atructure  which  approximatea  the  circuit  in 
Fig.  8.02-2(c),  or  ita  dual.  In  this  structure  all  of  the  resonators  are 
of  the  same  type,  and  an  effect  like  alternating  series  and  shunt  resona- 
tors  ia  achieved  by  the  introduction  of  "impedance  inverters,  ”  which  were 
defined  in  Sec.  4.12,  and  are  indicated  by  the  boxes  in  Fig.  8.02-2(c). 

The  band-pass  filter  in  Fig.  8.02-2(c)  can  be  designed  from  a  low-pass 
prototype  as  in  Fig.  8.02-2(a)  by  first  converting  the  prototype  to  the 
equivalent  low-pass  prototype  form  in  Fig.  4.12-2(a)  which  uses  only 
series  inductances  and  impedance  inverters  in  the  filter  structure.  Then 
a  low-pass  to  band-pass  transformation  can  be  applied  to  the  circuit  in 
Fig.  4.12-2(a)  to  yield  the  band-pass  circuit  in  Fig.  8.02-2(c).  Practical 
means  for  approximate  realization  of  impedance  inverters  will  be  discussed 
in  Sec.  8.03  following. 

Since  lumped-circuit  elements  are  difficult  to  construct  at  microwave 
frequencies,  it  is  usually  desirable  to  realize  the  resonators  in 
distributed-element  forms  rather  than  the  lumped-element  forms  in 
Figs.  8 . 02 -2(b) ,  (c).  As  a  basis  for  eatablishing  the  resonance  proper¬ 
ties  of  reaonatora  regardless  of  their  form  it  is  convenient  to  specify 
their  resonant  frequency  and  their  slope  parameter.  For  any  resonator 
exhibiting  a  series-type  resonance  (case  of  zero  reactance  at  )  the 
reactance  slope  parameter 


sc 


wo  dX 


ohms 


(8.02-1) 


applies,  where  X  is  the  reactance  of  the  resonator.  For  a  simple  series 
L-C  resonator,  Eq.  (8.02-1)  reduces  to  *  *  oj#L  ■  l/(w#C).  For  any  reso¬ 
nator  exhibiting  a  shunt-type  reaonator  (case  of  zero  susceptance  at  o>#) 
the  susceptance  slope  parameter 


^0  dB 
2  du 


mhos 


(8.02-2) 


428 


applies  where  B  is  the  susceptance  of  the  resonator.  For  a  shunt  L-C 
resonator,  Eq.  (8.02-2)  reduces  to  b  •  1/(oj#L).  Note  that  in 

Fig.  8.02-2(b)  the  properties  of  the  lumped  resonators  have  been  defined 

in  terms  of  susceptance  and  reactance  slope  parameters.  The  slope  paraa- 
eters  of  certain  transmission-line  resonators  were  discussed  inSec.  5.08 
and  are  summarized  in  Fig.  5.08-1-  Any  resonator  having  a  series-type 
resonance  with  a  reactance  slope  parameter  sc  and  series  resistance  A  has 
a  Q  of 

Q  a  T  '  (8.02-3) 

n 

Likewise,  any  resonator  having  a  shunt-type  resonance  with  a  susceptance 
alope  parameter  and  a  shunt  conductance  G  has  a  Q  of 

K 

Q  -  —  •  (8.02-4) 

Cjr 

Figure  8.02-3(a)  shows  a  generalized  circuit  for  a  band-pass  filter 
having  impedance  inverters  and  series-type  resonator  characteristics  as 
indicated  by  the  resonator- reactance  curve  in  Fig.  8 . 02- 3(b).  Let  us 
suppose  that  a  band-pass  filter  characteristic  is  desired  like  that  in 
Fig.  8.02-l(b),  and  the  filter  is  to  be  designed  from  a  low-pass  proto¬ 
type  having  a  response  like  that  in  Fig.  8.02-l(a)  and  having  prototype 
parameters  g0,  gj,  ....  gmfl,  and  m J.  The  resonator  slope  parameters 

s,-1 ,  *2 . for  the  band-pass  filter  may  be  selected  arbitrarily  to 

be  of  any  size  corresponding  to  convenient  resonator  designs.  Likewise, 
the  terminations  A4,  Hg ,  and  the  fractional  bandwidth  w  may  be  specified 
as  desired.  The  desired  shape  of  response  is  then  insured  by  specifying 

the  impedance-inverter  parameters  K0l,  Klt . Kn  „  +  ,  as  required  by 

Eqs.  (2)  to  (4)  in  Fig.  8.02-3-  If  the  resonators  of  the  filter  in 
Fig.  8.02-3(a)  were  each  comprised  of  a  lumped  L  and  C,  and  if  the  im¬ 
pedance  inverters  were  not  frequency  sensitive,  the  equations  in 
Fig.  8.02-3  would  be  exact  regardless  of  the  fractional  bandwidth  w  of 
the  filter.  However,  since  the  inverters  used  in  practical  cases  are 
frequency  sensitive  (see  Sec.  8.03),  end  since  the  resonators  used  will 
generally  not  be  lumped,  in  practical  cases  the  equations  in  Fig.  8.02-3 
represent  approximations  which  are  best  for  narrow  bandwidths.  However, 
in  some  cases  good  results  can  be  obtained  for  bandwidths  as  great  as 
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(a)  A  GENERALIZED,  IAN0-PASS  FILTER  circuit  using  IMREOANCC  inverters 


(b)  REACTANCE  OF  jtk  RESONATOR 


'**0  dx,  (,,,)1 


*  Meant anre  Slope  Parameter 


(2)  <3> 


fractional  »  ^ _ ^1 

bandwidth  or  ^  r.>. 


where  wj ,  .y,  0|,  and  ..’j  are  defined  in  Fig.  8.02-1,  and  gg,  g^,  ....  are 

as  defined  in  Sec.  4.04  and  Ki g.  8.02-2(a). 

For  Experimental  Determination  of  Couplings  (4*  Discussed  m  Chapter  it) 
Kxternal  if' s  are: 
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Coupling  coefficients  are: 
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FIG.  8.02-3  GENERALIZED  EQUATIONS  FOR  DESIGN  OF  BAND-PASS  FILTERS 
FROM  LOW-PASS  PROTOTYPES 

Cos*  of  filtors  with  resonators  having  sorios-typo  resonances.  The 
K-inverters  represent  the  couplings 


(«l  A  GENERALIZED,  SAND— MSS  FILTER  CIRCUIT  USING  ADMITTANCE  INVERTERS 
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where  tuj  and  Uj  are  defined  in  Fig.  8.02-1,  and  g#,  gj,  ....  gB+l  are 

aa  defined  in  Sec.  4.04  and  Fig.  8.02-2(a). 

for  E*ptri»tntal  Dtttrmintt ton  of  Coupling*  (4*  Dio cut  ltd  in  Chmpttr  11) 


External  Q't  are: 
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FIG.  8.02-4  GENERALIZED  EQUATIONS  FOR  DESIGN  OF  BAND-PASS  FILTERS 
FROM  LOW-PASS  PROTOTYPES 

Cass  of  filtsrs  having  resonators  with  only  shunt-type  resonances.  The 
J-inverters  represent  the  couplings 
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20  percent  when  half-wavelength  resonators  are  used,  and  when  quarter- 
wavelength  resonators  are  used,  good  results  can  he  obtained  in  some 
cases  for  bandwidths  approaching  40  percent. 

Equations  (6)  to  (8)  in  Fig.  8.02-3  are  forms  which  are  particularly 
convenient,  when  the  resonator  couplings  are  to  be  adjusted  by  experimental 
procedures  discussed  in  Chapter  11.  The  external  (j,  (ijf  )A,  is  the  (j  of 
llesonator  i  coupled  by  the  Inverter  Koi  to  the  termination  tiA-  The  ex¬ 
ternal  ij,  (IJt  )g  is  the  corresponding  >)  of  resonator  n  coupled  by  Kn  B  +  1 
to  /ig.  'I  lie  expression  for  l  lie  coupling  coefficients  is  a  general¬ 

ization  of  the  usual  definition  of  coupling  coefficient.  For  lumped- 
element  resonators  with  inductive  couplings  If  (  -  .1  /  +  j  /v  L  L}  +  (  where 

Lj  and  L’jti  are  self  inductances  and  V ^  is  the  mutual  inductance.  Uy 

specifying  the  coupling  coefficients  between  resonators  and  the  external 
y’s  of  the  end  resonators  as  indicated  in  Kjs.  (6)  to  (8)  in  Fig.  8.02-3, 
the  response  of  the  tilter  is  fixed.  liquations  (2)  to  (1)  and  Eqs.  (6) 
to  (8)  are  equivalent. 

The  hand-pass  filter  in  Fig.  tt.02-4(a)  uses  nilnittnnce  inverters  and 
shunt - type  resonator  characteristics  as  indicated  by  the  resonator- 
susceptancr  curve  in  Fig.  8 . 02 -  4(b).  Admittance  inverters  are  in  principle 
the  same  as  impedance  inverters,  hut  for  convenience  they  are  here  character¬ 
ized  bv  an  admittance  parameter,  J >  ;+i>  instead  of  an  impedance  parameter, 

A;  ;+1  (see  Sec.  1.12).  The  equations  in  Fig.  8.02-4  are  duals  of  those  in 
Fig.  8.02-3,  and  the  same  general  principles  discussed  in  the  preceding 
paragraphs  apply. 

In  the  discussions  to  follow  A-inverter  impedance  parameters  will  be 
used  whenever  the  resonators  have  a  series-type  resonance,  and  ./-inverter 
admittance  parameters  will  he  used  whenever  the  resonators  have  a  shunt- 
type  resonance. 

SEC.  8.03,  PRACTICAL  REALIZATION  OF  K-  AND  J- INVERTERS 

One  of  the  simplest  forms  of  inverters  is  a  quarter- wavelength  of 
transmission  line.  Observe  that  such  a  line  obeys  the  basic  impedance- 
inverter  definition  in  Fig.  4.12-l(a),  and  that  it  will  have  an  inverter 
parameter  of  K  •  Z0  ohms  where  Z0  is  the  characteristic  impedance  of  the 
line.  Of  course,  a  quarter-wavelength  of  line  will  also  serve  as  an 
admittance  inverter  as  can  he  seen  from  Fig.  4.12-l(b),  and  the  admittance 
inverter  parameter  will  be  J  *  Y0  where  F#  is  the  characteristic  admittance 
of  the  line. 


Although  its  inverter  properties  ere  reletively  narrow-band  in 
nature,  a  quarter-wavelength  line  can  be  used  satisfactorily  as  an  im¬ 
pedance  or  admittance  inverter  in  narrow-band  filters.  Thus,  if  we  have 
six  identical  cavity  resonators,  and  if  we  connect  them  by  lines  which 
are  a  quarter-wavelength  long  at  frequency  o>#,  then  by  properly  adjusting 
the  coupling  st  each  cavity  it  is  possible  to  achieve  a  six  resonator 
Tchebyscheff  response  such  as  that  in  Fig.  8.02-l(b).  Note  that  if  the 
resonators  all  exhibit,  say,  series-type  resonances,  and  if  they  were 
connected  together  directly  without  the  impedance  inverters,  they  would 
simply  operate  like  a  single  series  resonator  with  a  3lope  parameter  equal 
to  the  sum  of  the  slope  parameters  of  the  individual  resonators.  Some 
sort  of  inverters  between  the  resonators  are  essential  in  order  to  obtain 
a  multiple- resonator  response  if  all  of  the  resonators  are  of  the  same 
type,  i.e.,  if  all  exhibit  a  series-type  resonance  or  all  exhibit  a  shunt- 
type  resonance. 

Besides  a  quarter-wavelength  line,  there  are  numerous  other  circuits 
which  operate  as  inverters.  All  necessarily  give  an  image  phase  (see 
Sec.  3.02)  of  some  odd  multiple  of  ±90  degrees,  and  many  have  good  invert¬ 
ing  properties  over  a  much  wider  bandwidth  than  does  a  quarter-wavelength 
line.  Figure  8.03-1  shows  four  inverting  circuits  which  are  of  special 
interest  for  use  as  A-inverters  (i.e.,  inverters  to  be  used  with  series- 
type  resonators).  Those  shown  in  Figs.  8.03-(a),(b)  are  particularly 
useful  in  circuits  where  the  negative  L  or  C  can  be  absorbed  into  adjacent 
positive  series  elements  of  the  same  type  so  as  to  give  a  resulting  cir¬ 
cuit  having  all  positive  elements.  The  inverters  shown  in  Figs.  8 . 03- 1 (c ) , (d) 
are  particularly  useful  in  circuits  where  the  line  of  positive  or  negative 
electrical  length  <p  shown  in  the  figures  can  be  added  to  or  subtracted  from 
adjacent  lines  of  the  same  impedance.  The  circuits  shown  at  (a)  and  (c) 
have  an  over-all  image  phase  shift  of  ~90  degrees,  while  those  at  (b)  and 
(d)  have  an  over-all  image  phase  shift  of  ±90  degrees.  The  impedance- 
inverter  parameter  A  indicated  in  the  figure  is  equal  to  the  image  imped¬ 
ance  (see  Sec.  3.02)  of  the  inverter  network  and  is  analogous  to  the 
characteristic  impedance  of  a  transmission  line.  The  networks  in 
Fig.  8.03-1  are  much  more  broadband  inverters  than  is  a  quarter-wavelength 
line. * 


la  (ha  aaaaa  al  Pig*.  0.03-1 (a  ), (4 ),  tkia  stataaaat  aaaaaaa  that  t*/Zg|  <<  1  which  ia  cattily 
the  cats  ia  tha  practical  applicative  of  thaaa  eircaita. 
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FIG.  8.03-1  SOME  CIRCUITS  WHICH  ARE  PARTICULARLY 
USEFUL  AS  K-INVERTERS  (inverter*  To  Be 
Used  with  Series-Type  Resonators) 


Figure  8.03-2  shows  four  inverting  circuits  which  are  of  special 
interest  for  use  as  ./-inverters  (i.e.,  inverters  to  be  used  with  shunt- 
type  resonators).  These  circuits  will  be  seen  to  be  the  duals  of  those 
in  Fig.  8.03-1,  and  the  inverter  parameters  J  are  the  image  admittances 
of  the  inverter  networks. 

Figure  8.03-3  shows  two  more  circuits  which  operate  as  inverters. 
These  circuits  are  useful  for  computing  the  impedance-inverting  proper¬ 
ties  of  certain  types  of  discontinuities  in  transmission  lines.  Examples 
will  be  cited  in  Secs.  8.05  and  8.06.  Figure  8.03-4  shows  yet  another 
form  of  inverter  composed  of  transmission  lines  of  positive  and  negative 
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FIG.  8.03-2  SOME  CIRCUITS  WHICH  ARE  PARTICULARLY 
USEFUL  AS  J-INVERTERS  (Inv.rt.r.  to  bo  Usod 
with  Shunt-Typo  Rosonotors) 


characteristic  admittance.  The  negative  admittances  are  in  practice 
absorbed  into  adjacent  lines  of  positive  admittance. 

Numerous  other  circuits  will  operate  as  impedance  or  admittance  in¬ 
verters,  the  requirements  being  that  their  image  impedance  be  real  in 
the  frequency  band  of  operation,  and  that  their  imrge  phase  be  some  odd 
multiple  of  ifr/2-  For  any  symmetrical  inverter,  these  conditions  will 
be  satisfied  if 


(8.03-1) 
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FIG.  8.03-3  TWO  CIRCUITS  WHICH  ARE 

USEFUL  FOR  REPRESENTING 
THE  INVERTER  PROPERTIES 
OF  CERTAIN  DISCONTINUITIES 
IN  TRANSMISSION  LINES 


FIG.  8.03-4  AN  ADMITTANCE  INVERTER 
FORMED  FROM  STUBS  OF 
ELECTRICAL  LENGTH  6 


where  ) me  is  the  input  reactance  of  the  circuit  when  cut  in  half  and 
the  cut  wires  are  left  open-circuited,  while  (X,„)  is  the  corresponding 

*'*  it 

reactance  when  the  cut  wires  are  shorted  together. 

SEC.  8.04,  USE  OF  LOW-PASS  TO  BANU-PASS  MAPPINGS 

The  response  of  s  low-pass  prototype  circuit  such  ss  either  of  those 
in  Fig.  4.04-1  can  be  related  exactly  to  the  response  of  a  corresponding 
band-pass  filter  as  shown  in  Fig.  8 . 02 - 2(b)  by  a  well  known  low-past  to 
band-pats  napping 


Cl)'  1  /  Cl)  _  \ 

Wj  W  \O)0  CO  ) 


(8.04-1) 
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where  w  ie  the  frectional  bandwidth 


» 


O), 


(8.04-2) 


U0  ■  /W2W1 


(8.04-3) 


and  o>'  and  wj  refer  to  the  low-pass  filter  response  as  indicated  in 
Fig.  8 . 02 -1(a)  while  oj,  <u#,  ojj ,  and  e^2  refer  to  the  corresponding  band¬ 
pass  filter  response  as  shown  in  Fig.  8 . 02 -  1(b).  Mappings  of  this  sort 
are  particularly  useful  in  determining  the  number  of  resonators  needed 
to  meet  given  attenuation  requirements.  For  example,  suppose  that  an 
audio* frequency  filter  of  the  form  in  Fig.  8.02-2(b)  was  desired  with  a 
1.0-db  Tchebyscheff  ripple  from  fl  *  2  kc  to  f2  *  4  kc  and  with  at  least 
50-db  attenuation  at  1.5  kc.  It  is  then  desired  to  know  how  many  reso¬ 
nators  will  be  required  to  do  the  job.  Using  the  mapping  Eq.  (8.04-1) 


f  7  ~  f  l  4-2 

gf  m  -  =  —  '  ■  •  '  — 

kCV*j  vf2f  l  v  (4)  (2) 


/«  ■  *f2f i  *  2.825  kc ,  and  we  wish,  50-db  attenuation  or  more  at  f  * 

1.5  kc.  Then  the  low-pass  prototype  must  have  at  least  50-db  attenua¬ 
tion  for 

o>*  1  /  1.5  2.825\ 

-  *  - - *  “1.914 

0.707  \2.825  1.5  / 

The  minus  sign  in  the  above  result  occurs  because,  mathematically, 
the  portion  of  the  band-pass  filter  response  below  o>0  in  Fig.  8 . 02 - 1(b) 
maps  to  negative  valuea  of  the  low-pass  filter  frequency  variable  co' , 
while,  mathematically,  the  low-pass  filter  response  in  Fig.  8.02-l(a)  for 
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negative  value*  of  eo'  ia  a  mirror  image  of  its  reaponae  for  positive 
values  of  co.  For  our  preaent  purpoaes  we  may  ignore  the  minus  sign. 

The  chart  shown  in  fig.  4.03-8  shows  the  cutoff  characteristics  of 
filters  with  1.0-db  Tchebyscheff  ripple.  Using  this  chart  we  see  that 
an  n  *  6  reactive  element  prototype  will  give  54.5  db  attenuation  for 
W I  *  1.914  (i.e.,  | oj '/«■>/ I  -  1  «  0.914)  as  required,  and  n  »  5 
elements  will  give  only  43  db  attenuation.  Thus,  the  corresponding  band¬ 
pass  filter  with  fx  •  2  kc  and  /2  ■  4  kc  will  require  n  ■  6  resonators  in 
order  to  meet  the  attenuation  requirement  at  /  *  1.5  kc. 

The  varioua  microwave  filter  structures  about  to  be  discussed  approxi¬ 
mate  the  performance  of  the  filter  in  Fig.  8.02-2(b)  very  well  for  narrow 
bandwidths,  but  their  rates  of  cutoff  will  differ  noticeably  from  that 
for  the  filter  in  Fig.  8 . 02- 2(b)  when  the  bandwidth  becomes  appreciable 
(more  than  five  percent  or  so).  However,  in  most  cases  in  this  chapter, 
approximate  mappings  will  be  suggested  which  are  more  accurate  than 
Eq.  (8.04-1)  for  the  given  structure.  In  many  cases  the  suggested  mappings 
give  very  accurate  results  for  filters  with  bandwidths  as  great  as 
20  percent  or  somewhat  more.  Though  the  mapping  functions  will  be  some¬ 
what  different  from  Eq.  (8.04-1),  they  are  used  in  exactly  the  same  way 
for  determining  the  required  number  of  resonators  for  a  given  application. 

SEC.  8.05,  CAPACITIVE- GAP- COUPLED  TRANSMISSION 
LINE  FILTERS 

Figure  8.05*1  presents  design  relations  for  coupled- resonator  filters 
consisting  of  transmission-line  resonators  which  are  approximately  a  half¬ 
wavelength  long  at  the  midband  frequency  t»0,  and  which  have  series- 
capacitance  coupling  between  resonators.  In  this  case  the  inverters  are 
of  the  form  in  Fig.  8.03-2(d).  These  inverters  tend  to  reflect  high 
impedance  levels  to  the  ends  of  each  of  the  half-wavelength  resonators, 
and  it  can  be  shown  that  this  causes  the  resonators  to  exhibit  a  shunt- 
type  resonance  (see  Sec.  8.14).  Thus,  the  filters  under  consideration 
operate  like  the  shunt- resonator  type  of  filter  whose  general  design 
equations  were  shown  in  Fig.  8.02*4. 

If  the  capacitive  gaps  operate  like  purely  series  capacitances,  then 
the  susceptance  of  the  capacitive  couplings  can  be  computed  by  use  of 
Eqs.  (1)  to  (4)  in  Fig.  8.05-1,  and  the  electrical  distance  between  the 
series  capacitance  discontinuities  is  obtained  by  Eq.  (5).  However,  in 
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where  gg,  gj,  ....  g^  are  as  defined  in  Fig.  4.04-1,  o>'  is  defined  in 
Fig.  8.02- 1(a).  and  »  is  the  fractional  bandwidth  defined  below.  Hie 
J 1  are  admittance  inverter  parameters  and  is  the  characteristic 

admittance  of  the  line. 


Assuming  the  capacitive  gaps  act  as  perfect,  series-capacitance  discon¬ 
tinuities  of  susceplance  *  +j  as  in  Fig.  f) . 03- 2(d ) 


and 

[tan-1  ♦  tan"1  radians  < 5 ) 

where  the  P ^  and  9*  are  evaluated  at  oig. 

For  the  construction  in  Figs,  8 . 05-3 ( a ) . ( b ) ;  determine  the  gap  apacinga  A 
from  the  J *  ;+1/F0  values  and  Figs.  8.05-3(a),  (b);  determine  the 
values  from  the  a’ s  and  Fig.  B .  05- 3(c);  then 


where  the  ^  +j  will  usually  he  negative. 

To  map  low- pass  prototype  filter  response  to  corresponding  band-pass 
filter  response  use  the  approximation 


(6) 


JL  . 

»  v  «  / 


where 


»  *  2' 


/a : 

\<*2  *  ui  I 


(8) 


I  H“1  \ 

+  <^  /  • 


(7) 


(9) 


where  u'  and  are  as  defined  in  Fig.  8.02-l(a)i  and  <■>,  nig,  nij ,  and  n^ 
are  defined  in  Fig.  8 . 02- 1(b). 


FIG.  8.05-1  DESIGN  EQUATIONS  FOR  CAPACITIVE-GAP-COUPLED 
TRANSMISSION-LINE  FILTERS 
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k  m  'ftn  [£0*hW] 
%  *  *] 


_ j  k _ ^  many  practical  situationa  the 

^  ■  —  "!■  ■  —  —  ■  3  capacitive  gaps  between  reso- 

c  r0  i  y0  y  natora  will  be  so  large  that 

1  |  -  ■* - Sk  they  cannot  be  treated  as 

t  simple  series  capacitances. 

(a)  Consider,  for  example,  the 

capacitive  gap  in  a  strip 

b6  transmission  line  shown  in 

I  **  T  Fig.  8.05*2(a).  If  the  length 

i  ::B0  l9: :  1  of  each  resonator  is  defined 

|  |  as  extending  from  the  center- 

^  ^  line  of  one  capacitive  gap  to 

the  centerline  of  the  next  gap 

(b) 

(as  is  done  in  Fig.  8.05-1), 

8  it  j  [  (1)  then  an  equivalent  circuit  for 

M>  K  L  '  'J  the  gap,  as  referred  to  the 

B  pi  centerline  of  the  gap,  will 

^  In  [coth  <2)  include  series  capacitance  and 

some  negative  shunt  capaci¬ 
tance  to  account  for  the  fact 

FIG.  8.05-2  GAP  EQUIVALENT  CIRCUIT,  AND 

OLINER’S  EQUATIONS9,10  FOR  taat  the  8aP  reduces  the  shunt 

CAPACITIVE-GAP  SUSCEPTANCES  capacitance  in  the  vicinity  of 

FOR  THIN  STRIP  LINE  the  centerline.  Figure  8.05-2(b) 

Parameter  b  is  the  ground-plane 

spacing,  and  \is  the  wavelength  in  shows  such  an  equivalent  cir- 

media  of  propagation,  in  some  units.  cuit  for  the  gap,  and  also 

Equations  are  mast  accurate  lor  .hows  -OM  equations  due  to 

w/b  *  1*2  or  moro  and  t/b  m  0,  * 

where  t  is  the  strip  thickness.  01lner  whlch  *lTe  approximate 

values  for  the  susceptances, 
for  the  case  of  atrip  line  of 
nearly  sero  thickness.  (Altschuler  and  Oliner10  point  out  that  these  equa¬ 
tions  are  reasonably  accurate  if  w/b  is  fairly  large  as  is  the  case  for  a 
50-ohm  strip  line  having  nearly  zero  thickness  and  air  dielectric.  However, 
if  w/b  is  small  the  error  is  considerable.)  Having  reasonably  accurate 
values  for  the  susceptances  in  Fig.  8.05-2(b),  the  corresponding  admit¬ 
tance  inverter  parameters  for  a  given  gap  size  can  be  computed  by  use  of 
Fig.  8.03-3(b).  The  gap  sizes  must  be  chosen  to  give  the  Jj  .  +1/F#  values 
called  for  by  Eqs.  (1)  to  (3)  in  Fig.  8.05-1,  and  the  corresponding  values 
of  ^  obtained  from  Fig.  8.03-3(b)  are  then  used  with  Eq.  (6)  in  Fig.  8.05-1 
in  order  to  obtain  the  proper  electrical  diatance  between  the  centerlines 


FIG.  8.05-2  GAP  EQUIVALENT  CIRCUIT,  AND 
OLINER’S  EQUATIONS9,10  FOR 
CAPACITIVE-GAP  SUSCEPTANCES 
FOR  THIN  STRIP  LINE 
Parameter  b  is  the  ground-plane 
spacing,  and  \is  the  wavelength  in 
media  af  propagation,  in  tome  units. 
Equations  are  most  accurate  for 
w/b  *  1.2  or  more  and  t/b  ■  0, 
where  t  is  the  strip  thickness. 
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of  the  coupling  gap*.  It  should  be  noted  that  all  susceptances  and 
electrical  distances  are  to  be  evaluated  at  the  midband  frequency  eu^. 

Figures  8. 0S-3(a)  to  (c)  present  data  for  capacitive-gap  filters 
wh ich  were  obtained  by  experimental  procedures11  (see  Chapter  11).  These 
data  are  for  the  particular  rectangular-bar  strip  line  construction  shown 
in  Fig.  8.05-3(a).  Figures  8. 0S-3(a), (b)  give  data  to  be  used  for  deter 
mining  the  proper  gap  spacing  A  in  inches  to  give  a  specified  J/Y „  value 
while  Fig.  8.05-3(c)  is  for  use  in  determining  the  proper  negative  line 
length  to  be  associated  with  the  inverter.  A  simple  numerical  example 
will  clarify  the  use  of  these  charts. 

Suppose  that  a  filter  is  desired  with  a  0.5-dh  ripple  Tchebyscheff 
pass  band  from  / j  «  3.0  Gc  to  /2  «  3.20  lie  and  that  30-db  attenuation 
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SOURCE:  Rafaronca  11,  by  G.  L.  Mitthui.  (By  courtesy  of  tht 

Ramo-Wooidridga  Dto.  of  tha  Thompaon-Ramo-WooldrWgu  Corp.) 

FIG.  8.05-3(o)  J/[y0(fo)Ge]  *»•  (fo)oe  FOR  CAPACITIVE-GAP  J-INVERTERS  IN  BAR 
TRANSMISSION-LINE  CONSTRUCTION 

The  choroctoristic  impedance  of  the  tronamission  lines  it  Zo  ■  1/Yo  ■  50  ohms 
and  (fo)cc  '*  ♦he  band  center  frequency  of  the  filter  in  Gc 
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SOURCE!  Roftroaco  11,  by  G.  L.  Mstthooi.  (By  coarttay  of  tha 

RaawWooMrM|a  Dhr.  of  tba  Tbooipaoa-RaawWooldrWga  Cory.) 

FIG.  8.05-3(e)  PARAMETER  *FOR  THE  J-INVERTER  DISCONTINUITY  IN  FIG.  8.05>3(«) 
IN  TERMS  OF  AN  AUXILIARY  PARAMETER  r 
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3. 50  Gc. 


By  Fqs.  (7)  to  (9) 


is  inquired  at  f  •  2.50  Gc  and  at  /t  ■ 
in  Fig.  8.05-1 


v 


ft  ~  fl\ 

- - -  *  0.0645 

h  +  fJ 


-ftf  i 

/  o  *  T77  '  310  Gc 

J2  1 1 

_  2  //  ~  *o\ 

»  \  /  l 


which  for  /  ■  2.5  Gc  gives  '<''/<>[  ■  “7.45,  while  for  f  =  3.5  Gc  it  gives 

*  3.55.  Since  has  the  smaller  magnitude  for  /  »  3.5  Gc ,  the 

restriction  at  that  frequency  controls  the  design.  Using  Fig.  4.03-7  and 
the  procedure  discussed  in  Sec.  3.04,  lor  LAr  *  0.5  dl>  we  find  that  for 
a  three-resonator  design,  should  he  about  35  db  at  3.5  Gc,  and  it  should 
be  about  55  db  at  2.5  Gc .  Thus,  three  resonators  will  be  sufficient. 


By  Table  4.05-2(a),  the  element  values  for  an  n  »  3  reactive  element 
0.5  db-ripple  Tchebyscheff  prototype  are  gfl  «  1 ,  gj  *  1.5963,  g2  *  1.0967, 
g}  *  1.5963,  and  g4  *  1.000.  By  Fqs  (1)  to  (3)  in  Fig.  8.05-1, 

J<n/Yo  *  Ju/Yo  *  0.252,  </,2/F0  *  J2i  *0  '  0.0769.*  Since  /#  «  3.1  Gc, 
J0l/y0(/«>c«  ■  0.252/3.1  *  0.0313  and  J l2/Y 0(.f 0)Ce  *  0.0769/3.1  »  0.0248. 
Using  Fig.  8.05-3(a)  a  plot  of  A  vs.  J/Yt( f0)0t  lor  /0  *  3.1  Gc  is  made 
for  purposes  of  interpolation,  and  from  this  plot  the  required  gaps  are 
found  to  be  A01  *  A3 4  ■  0.027  inch,  and  Aj  2  *  A2J  »  0.090  inch. 

Using  Fig.  8.05-3(c)  for  determining  the  'p,  ,i*\’  *ir,ce  Aoi  <  0.040" 
we  use 


*01  "  *34 


“2  tan"1  (0.252)  *  “0.494  radian 


For  the  Aj 2  *  0.090-inch  gap  we  use  the  chart  to  get  t  ■  0.090  rsdian/Gc 
for  ■  3.1  Gc.  Then 


Filtin  aiiaa  Fi*.  1.05-1  Mi  lay  lyoaitriiil  or  latiaitricil  yritityyi  lack  ai  thou 

ia  Taklai  4.05-1  (•).  (a),  ar  4 . 05- 2 < a  ),  (h  )  will  alaaya  hi  lyaaitrieil. 
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</0 >0* (0.5323  A  -  r) 


-0.130 


radian 


*U  "  tii  " 

By  Eq.  (6)  in  Fig.  8.05-1 


dx  -  ei  -  77  +  -J  [-0.494  -  0.130]  -  2.830 


radians 


and 


ei  *  77  +  7  [-0.130  -  0.130] 


■  3.012  radians 


For  propagation  in  air,  K  -  3.810  inches  at  3.10  Gc,  and  the  dis¬ 
tances  between  the  centerlines  of  the  capacitive  gaps  is  lj  ■  l3  * 
ttyK/l-n  ■  1.715  inches  for  Resonators  1  and  3,  and  12  =  6^/277  =  1.825 
inches  for  Resonator  2.  The  resonator  bars  may  be  supported  by  Polyfoam 
or  by  thin  horizontal  slabs  of  dielectric  passing  through  the  sides  of 
the  bars.  Of  course,  some  correction  in  resonator  bar  dimensions  will 
be  required  to  compensate  for  the  effect  of  the  dielectric  supporting 
material  on  the  velocity  of  propagation  and  line  impedance.  In  order  to 
tune  the  filter  precisely  tuning  screws  may  be  used  as  described  in 
Sec.  11.05,  or  alternately  the  resonant  frequency  of  the  various  i  io- 
nators  may  be  checked  by  testing  them  individually  or  in  pairs  as  is 
also  described  in  Secs.  11.03  to  11. 05- 

Figure  8.05-4(a)  shows  a  filter  constructed  using  the  design  charts 
in  Fig.  8.05-3(a)  to  (c).  This  is  a  four-resonator  filter  designed  for 
a  1.0-percent  bandwidth  maximally  flat  response  centered  at  /„  ■  6.120  kMc. 
In  this  filter  the  resonators  are  supported  by  0. 062-inch-thick  Rexolite 
2200  dielectric  slabs  which  pass  through  the  sides  of  the  resonator  bars, 
the  slabs  being  held  by  clamp  strips  at  the  sides  of  the  filter.  The  four 
bars  in  the  interior  of  the  filter  are  resonators  while  the  bar  at  each 
end  is  a  50-ohm  input  or  output  line.  The  resonant  frequencies  of  the 
resonators  were  checked  by  testing  them  in  pairs  as  discussed  in  Sec.  11.04. 
These  tests  indicated  small  errors  in  the  lengths  of  the  resonator  bars, 
and  the  required  corrections  were  made.  Figure  8.05-4(b)  shows  the  re¬ 
sulting  measured  response  obtained  after  the  filter  was  assembled  without 
tuning  screws.11 
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SOURCE:  Reference  11,  by  G.  L.  Mattheei.  (By  courtesy  of  the 

R  a  mo- Wooldridge  Div.  of  the  Thompaon-Ramo-Wooldridge  Corp.) 


FIG.  8.05-4{o)  A  FILTER  WITH  0.9*;  BANDWIDTH  CENTERED  AT  6.120  Gc  AS  SHOWN 
IN  FIG.  8.05-4(b) 

A*  it  setn  from  the  photograph,  thit  filtor  u«»»  four,  \q/2  rosonatori 
in  bar  eonftruction 


Figure  8.05-5  shows  the  measured  response  of  a  six-resonator  filter 
in  similar  construction.12  This  filter  was  designed  for  1-db  Tchebyscheff 
ripple  and  20  percent  bandwidth.  The  x’s  show  the  measured  data  while 
the  circles  show  points  mapped  from  the  low-pass  prototype  using  the 
mapping  in  Eqs.  (7)  to  (9)  of  Fig.  8.05-1.  As  can  be  seen,  even  for 
bandwidths  as  large  as  20  percent  the  design  procedure  and  the  mapping 
give  good  accuracy.  However,  the  bandwidth  for  which  this  procedure  is 
accurate  depends  somewhat  on  the  pass-band  ripple  tolerance.  For  ripples 
as  small  as  0.01  db,  this  design  procedure  will  not  meet  the  design  ob¬ 
jectives  for  as  large  bandwidths  as  it  will  when  the  ripples  are,  say, 

0.5  or  1.0  db.  For  bandwidths  of  around  15  percent  or  more  and  very 
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■mall  pass-band  ripples,  the  procedures  in  Chapter  9  are  recommended  for 
this  type  of  filter. 

Observe  that,  the  wider  bandwidth  filter  reaponae  in  Fig.  8.05*5 
shows  less  dissipation  loss  than  does  the  narrow-band  response  in 
Fig.  8 . 05 -4(b).  The  unloaded  Q  for  reaonators  in  this  construction  has 
been  found  to  be  typically  about  1000  to  1300  at  5  band. 

Other  considerations  in  the  practical  design  and  application  of 
filters  of  this  type  are  that  the  second  pass  band  of  the  filter  will  be 
centered  at  roughly  twice  the  center  frequency  of  the  first  pass  band, 
and  that  the  attenuation  in  the  stop  band  between  the  first  and  second 


SOURCE:  Rafaranca  II,  by  G.  L.  Matthaai.  (By  cowtaay  of  tha 

Ramo*  Wooldridge  Div.  of  tho  Thompaon-Ramo-Wooldridff  Corp.) 


FIG.  8.05.4(b)  THE  ATTENUATION  CHARACTERISTIC 
OF  THE  FILTER  IN  FIG.  8.05.4(e) 


SOimCK:  Reference  12,  by  G.  I,.  Meitheei.  (By  couricey  of  the 

Rimo-^ooldridie  Div.  of  the  Thompeon-Remo-looldridf*  Corp.) 


FIG.  8.05-5  THE  ATTENUATION  CHARACTERISTIC 
OF  A  6-RESONATOR  FILTER 
The  x’s  indicated  measured  attenuation 
while  the  circles  are  theoretical  points 
calculated  using  the  mapping  in  Eqs.  (7) 
to  (9)  of  Fig.  8.05-1 


pees  bend  will  level  off  to  some  peek  finite  value  of  SB  decibels, 
which  occurs  at.  about  o>  *  3w#/2.  The  size  of  this  maximum  attenuation 
in  the  upper  stop  band  can  be  estimated  by  use  of  the  formula 


(O 


A'  USB 


20  lo8,0 


“  (n  +  1)3.53  -  6.02 


db 


(8.05-1) 
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where  the  B;  ;  +1/yo«re  computed  from  the  J;.  +  \/Y0  u,e  of  Eq.  (4)  in 

Fig.  8.05-1.  The  stop  band  below  the  pass  band  has  a  first-order  pole  of 
attenuation  (Sec.  2.04)  at  co  ■  0.  Thus,  in  the  case  of  the  lower  atop 
band  the  attenuation  continues  to  grow  aa  the  frequency  goes  lower,  and 
the  attenuation  approachea  an  infinite  value  as  cu  approaches  zero. 

If  sizeable  attenuation  in  the  upper  stop  band  is  required  for  a 
given  application,  (I>4)0SB  should  be  computed.  The  attenuation  predicted 
by  Eqs.  (7)  to  (9)  in  Fig.  8.05-1  for  upper-stop-band  frequencies  near 
the  pass  band,  will  be  reasonably  accurate  only  so  long  as  the  computed 
attenuation  values  are  around  20  db  or  more  below  (f>4)usB. 

In  the  case  of  the  three- resonator  numerical  example  discussed  above, 
d01/F„  -  Jj4/F0  -  0.252,  and  J^/Y^  -  J}j/F0  «  0.0769.  By  Eq.  (4)  in 
Fig.  8.05-1,  B01/Y0  =  B}t/Y0  *  0.269,  and  B,2/F0  «  B2J/F0  -  0.077.  Then 
by  Eq.  (8.05-1),  (L4  ^ us B  "  $4  db.  Thus,  the  35-db  value  computed  for 
3.5  Gc  by  use  of  the  mapping  should  be  reasonably  accurate  since  the  35-db 
value  is  about  19  db  below  SB- 

It  will  be  found  that  (L4)USB  decreases  rapidly  as  the  fractional 
bandwidth  increases,  but  at  the  same  time  d4)USB  increases  rapidly  as 
the  number  of  resonators  is  increased.  Thus,  if  (f>4)USB  is  found  to  be 
too  small,  it  can  be  increased  by  adding  more  resonators. 

SEC.  8.06,  SHUNT- INDUCTANCE -COUPLED,  WAVEGUIDE  FILTERS 

The  waveguide  filter  in  Fig.  8.06-1  is  in  most  respects  the  dual  of 
the  capacitive-gap  coupled  filter  in  Fig.  8.05-1.  In  this  case,  the  in¬ 
verters  are  of  the  type  in  Fig.  8.03-l(c)  and  the  structure  operates  like 
the  filter  with  series  resonators  shown  in  Fig.  8.02-3.  The  low-pass  to 
band-pass  transformation  in  Eqs.  (6)  to  (8)  in  Fig.  8.06-1  for  the  wave¬ 
guide  filter  is  the  same  as  that  in  Eqs.  (7)  to  (9)  for  the  capacitive- 
gap  coupled  filter  if  both  transformations  are  expressed  in  terms  of  guide 
wavelength.  However,  since  the  guide  wavelength  for  waveguide  varies 
with  frequency  in  a  different  way  from  the  guide  wavelength  in  a  TEM-mode 
structure,  the  frequency  responses  will  be  somewhat  different  for  the  two 
types  of  filters.  In  particular,  for  a  given  range  of  guide  wavelength, 
the  waveguide-type  of  filter  will  have  narrower  frequency  bandwidth  be¬ 
cause  of  the  more  rapid  change  in  guide  wavelength  for  non-TEM  modes  of 
propagation. 
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where  Kj,  ....  ar<*  ',s  defined  in  I  i  .  4.04*1*  "j  i*  defined  in 

Fig.  8.02- 1(a).  and  tr^  is  the  gu ide- wave) cngt h  fractional  bandwidth  de¬ 
fined  he  low.  Tlie  Aj  ^  4j  are  impedance  inverter  parameters  and  7 q  is 
the  guide  impedance. 

For  purely  lumped- induM ance  discontinuities  having  shunt  reactance 


For  discontinuities  with  more  complicated  equivalent  circuits  use 
Fig.  8.03-3  and 


9}  -  it  *  -J-  [<A_,  }  **  radiana  ,  (5b) 

where  the  <t>' s  will  uauaily  be  negative. 

(Continued  on  p.  448) 

FIG.  8.06-1  DESIGN  EQUATIONS  FOR  SHUNT-INDUCTANCE-COUPLED 
WAVEGUIDE  FILTERS 
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To  aup  low-pass  filter  response  to  corresponding  band-pass  filter 
response  uoo 


\o'  '  \2'  ,n<*  \  *re  t*'e  guide  wavelengths  at  frequencies  <ufll  ^  , 

uij,  ana  u  as  defined  in  Fig.  8.02-KM;  <•>'  and  &>j  are  as  defined  in 
Fig.  8 . 02 -1(a);  and  A. is  the  wavelength  of  a  plane  wave  at  frequency 
o>q  in  the  aedium  of  the  ^uide. 


PIG.  8.06-1  Concluded 
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As  turning  that  the  waveguide  propagates  the  TEj fl  mode  of  propagation 
and  that  all  higher-order  modes  are  cut  off,  the  procedure  for  uaing  the 
equations  in  Fig.  8.06-1  it  very  similar  to  that  for  the  equations  in 
Fig.  8.05-1.  Figures  8.06-2  and  8 . 06 -3(a), (b)  present  inductive  iris  and 
inductive  post  coupling  discontinuity  data  from  Vlarcuvitz.13  The  reac¬ 
tances  plotted  relate  to  the  equivalent  circuit  in  Fig.  8.06-4.  Since 
for  a  very  thin  iris,  Xa  =  0,  Eqa.  (4)  and  (5)  in  Fig.  8.06-1  which  assume 
a  simple,  shunt,  lumped-inductance  discontinuity  may  be  used.  For  the 


a. 

0 


(0) 


SOURCKt  Hu  reguide  Handbook  edited  by  N.  MarcuvitzJ^ 

FIG.  8.06-2  SHUNT  REACTANCE  OF  SYMMETRICAL  INDUCTIVE 
WINDOW  IN  RECTANGULAR  GUIDE 
Fig.  8.06-4  shows  the  equivalent  circuit  for  this 
discontinuity 
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FIG.  8.06-3(o)  CIRCUIT  PARAMETERS  OF  CENTERED  INDUCTIVE  POST 
IN  RECTANGULAR  GUIDE 

The  guide  wavelength  ot  midband  is  \  q  while  Kq  i*  the 
corresponding  free-space  wavelength 
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FIG.  8.06-4  EQUIVALENT  CIRCUIT 
FOR  THE  SHUNT- 
INDUCTIVE  DISCONTIN¬ 
UITIES  IN  FIG.  8.06-2 
AND  8.06-3(o),  (b) 

Note  that  X0  *  0  for  cate 
of  Fig.  8.06-2 
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FIG.  8.06-3(b)  DEFINITION  OF  THE 
DIMENSIONS  IN 
FIG.  8.06-3(a) 


case  of  the  inductive  post  (or  a  thick  iris),  Xt  is  not  negligible  and 
it  should  be  accounted  for  in  the  design  process.  This  can  be  done  for 
the  case  of  inductive  posts  by  first  computing  the  required  normalised 
inverter  parameter  values  K ■  . +  1/Z„  by  use  of  Eqs.  (1)  to  (3)  in 
Fig.  8.06-1.  Then,  using  the  data  in  Fig.  8.06-3(a)  along  with 
Fig.  8.03-3(a),  a  plot  in  made  of  K/Zt  and  <p  vs.  d/a,  for  the  desired 
midband  guide  wavelength  A.|0,  corresponding  plane-wave  wavelength  \Q, 
and  waveguide  width  a.  From  this  chart  the  post  diameters  d  which  will 
give  the  normalized  impedance  inverting  parameters  K  . +1/Z#  can  be  de¬ 
termined,  and  also  the  corresponding  values  of  Then,  paralleling 

the  analogous  case  for  Fig.  8.05-1,  the  electrical  distance  between  the 
centers  of  the  posts  at  each  end  of  Resonator  j  is 

t.  m  v  +  —  [<#>,  _.  ,  +  <t> ,  1+,  ]  radians  (8.06-1) 

j  2  j  1  *  j  / » / T| 


Except  possibly  for  the  case  of  large  posts,  the  <f>. should  be  negative. 
The  distance  between  post  centers  for  Resonator  j  is  then 


2t r 


(8.06-2) 


This  design  procedure  should  give  good  accuracy  for  designs  having 
guide-wavelength  fractional  bandwidths  [see  Kq .  (7)  in  Fig.  8.06-1] 
of  20  percent,1  with  diminishing  accuracy  for  larger  bandwidths. 

Analogously  to  the  strip-line  filter  in  Sec.  8.05,  this  waveguide 
filter  will  have  for  TE10-mode  propagation  a  second  pass  band  centered 
approximately  at  the  frequency  for  which  This  frequency 

would  be  somewhat  less  than  2&>g  because  of  the  manner  in  which  and 
the  Xj  vary  with  frequency.  Also,  the  attenuation  between  the  first 

and  second  pass  bands  for  TEtg-mode  propagation  will  level  off  with  a 
peak  value  of  (f>4)usB,  which  can  be  estimated  by  use  of  the  equation 


^a^us»  *  20  lo*io 


(n+  1)3.53  “6.02 


db 


(8.06-3) 
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where  the  Xj  J+j /Z#  are  computed  from  the  ^./wi/Zo  by  use  of  Eq.  (4)  in 
Fig.  8. 06-1.  Equation  (8.06-1)  is  the  dual  of  Eq.  (8.05-1).  and  some 
further  ramifications  concerning  its  use  are  diseuaaed  at  the  end  of 
Sec.  8.05. 

As  for  the  type  of  filter  in  Sec.  8.05,  the  waveguide  filter  in 
Fig.  8.06-1  will  have  monotonically  increasing  attenuation  for  fre¬ 
quencies  varying  from  the  pass-band  frequency  downward.  Thus,  the  at¬ 
tenuation  in  the  lower  stop  band  riaea  to  an  infinite  value  at  co  ■  0, 
due  to  the  attenuating  effects  of  the  irises,  and  due  to  the  cutoff  of 
the  waveguide. 

It  should  be  noted  that  the  discussion  above  assumes  that  only  the 
TEj 0  mode  is  present.  If  other  modes  are  also  present  (as  is  likely  to 
happen  for  frequencies  which  are  around  1.5  or  more  times  ) ,  the  per¬ 
formance  can  be  greatly  disrupted.  This  disruption  arises  because 
higher-order  modes  have  different  guide  wavelengths  than  that  for  the 
TF.j  fl  mode.  As  a  result  the  pass  and  stop  bands  for  energy  in  the  higher 
modes  will  occur  at  quite  different  frequencies  than  for  the  TEj 0  mode. 
Thus,  the  possible  effects  of  higher-order  modes  should  be  kept  in  mind 
when  this  or  any  other  type  of  waveguide  filter  is  to  he  used. 

In  order  to  clarify  the  differences  between  strip-line  and  waveguide 
filter  design,  a  waveguide  filter  design  example  will  now  be  considered 
which  is  closely  related  to  the  strip-line  filter  example  in  Sec.  8.05. 

Let  us  suppose  that  a  pass  band  with  0.5-db  'l'chebyscheff  ripple  is  de¬ 
sired  from  /t  *  3.047  to  *  3.157  Gc,  and  that  at  least  30-db  attenua¬ 
tion  is  required  at  the  frequencies  f  ■  2.786  Cic  and  f k  »  3.326  Gc.  Let 
us  suppose  that  WH-284  waveguide  is  to  be  used.  The  design  calculations 
are  those  outlined  in  Table  8.06-1. 

In  Part  (a)  of  Table  8.06-1,  guide  wavelengths  are  computed  that 
correspond  to  the  various  frequencies  of  importance.  In  Part  (b), 
and  v  *  (f 2  ~  /,)//,,  are  computed,  and  it  should  be  noted  that  ,  the 
guide-wavelength  fractional  bandwidth,  is  nearly  twice  as  large  as  the 
frequency  fractional  bandwidth  w.  Also,  normalized  prototype  frequencies 
o)' /a>i  are  computed  corresponding  to  /a  and  for  the  waveguide  filter, 
and  the  attenuation  is  predicted  by  use  of  the  chart  in  Fig.  4.03-7.  It 
will  be  noted  that  w ^  ■  0.0645  for  this  example,  which  corresponds  exactly 
to  v  *  0.0645  for  the  example  in  Sec.  8.05.  Also,  the  ratios  “ 

5.130/6.361  ■  0.806  and  ■  5.130/4.544  ■  1.129  correspond  exactly 
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Table  8.06-1 

OUTLINE  Or  A  WAVEGUIDE  FILTER 
DESIGN  CALCULATION 


Part  (a) 

Assume  DR-284  guide.  Width  ■  a  ■  2.840  inches 
Height  »  b  ■  1.340  inchee 


./(0.08472/)2  -  (^-)2 


inches 


where  a  is  in  inches  snd  f  is  in  Gc. 


'1 


3.047 


Cc  .  \fi  - 


(1) 


5.2%  inches 


/j  ■  3.157  Ge  ,  ■  4.%5  inches 

\f0  -  N-i  *  N.2  •  5.130  inches  (/„  -  3.100  Gc) 
■  (Plane  wavelength  at  /q)  ■  3.807  inches 

ft  ■  2.786  Gc  ,  A^  *  6.361  inches 


*  3.326  Gc  ■  4.544  inches 


X  ,  -  X  «  /,  -  /. 

•x  ■  _£L - Si  •  0.0645  ,  •  -  -*-y — 1  ■  0.0355 


Part  (6) 

1  * 

X 


«0 

Alternately: 


■A -(-^)  *  "  (0.0355)  ■  0 

d.  -  2  (\o  ' 

4  -X\  \o  I  <2> 


0645 


For  / 


■  2.78b  Ge 

■  K 

*  K 

and 

Cl) 

-  7.45 

( 

«« 

Cl) 

-  3.326  Gc 

1  Kt 

* 

snd 

4 

3.55 

By  Fig.  4.03-7i  for  ■  0.5-db  ripple  n 
For  /  ■  /,  (Ww'J  ■  7.5) 

For  /  •  /*  (!*>;!  •  3.55) 


3  design: 

La  ■  55  db. 

La  •  35  db. 
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Table  8.06*1  Continuid 


Part  (e) 


For  n  ■  3i  O.S-db  ripplo  Tchebyaeheff  prototype, 
by  Table  4.05-2(a):  g#  »  1.  *j  ■  1.5963, 

*j  *  1-0967,  fj  ■  1,5963.  f4  -  1.0000,  end  ■  1. 

- ^  *  /f  0.252 

* o  r  zo 


Ill 
Z , 


0 


111 


«  0.0769 


z. 


J.J+l 

*0 


'■m 


•*01  ^14 

—  -  ■  0.269 


(3) 


hi  •  ill  .  0.077* 

2 0  zo 


*01  \o 

Zg  a 


^i*hl 
2 0  « 


*H  \o  .  *»  \o 


2o  « 


*o  • 


0.269(5.130) 

2.840 

0.0774(5.130) 

2.840 


.486 


0.140 


By  Fig.  8.06-2,  with  a/\#  ■  2.840/3.807  •  0.746: 
For  *0l  end  *J4,  d/a  ■  0.37  end  d  -  1.050  inchet 
For  ZJ2  end  Z1J(  d/a  ■  0.22  end  d  ■  0.625  inch 

Part  (d) 

9-  ■  w  ”  ["tan”1  illlj  ♦  ten”*  1 

'  L  *0  *«  J 

0j  ■  9,  ■  2.819  radiant,  Oj  •  2.989  radiant 
the  apacing  between  iriaea  ia: 


(4) 


I,  -  l,  ■  tjtii  • 


2 n 


2.302  inchea 


i.  -  !£si  - 


2* 


2.441  iaehea 


to  the  /,//#  •  2.5/3.10  *  0.806  end  f Jf  *  3.5/3.10  ■  1.129  ratios  for 

the  example  of  Sec.  8.05.  The  attenuations  are  seen  to  be  the  aame  for 
these  corresponding  ratios.  In  fact,  using  \(0/A(  8  normalised  fre- 

quency  variable,  the  response  of  the  waveguide  filter  would  be  identical 
to  that  of  the  strip-line  filter  example  in  Sec.  8.05,  plotted  vt.  ///#. 

But  note  that  the  waveguide  filter  response  plotted  as  a  function  of  fre¬ 
quency  will  be  quite  different.  As  is  seen  from  the  calculations,  an 
n  *  3  design  gives  an  adequate  rate  of  cutoff,  and  over  30-db  attenuation 
at  both  /  and  / k. 

In  Part  (c)  of  the  table  the  dimensions  of  the  coupling  irises  are 
determined  with  the  aid  of  the  chart  in  Fig.  8.06-2,  and  in  Part  (d)  the 
spacings  between  iriaes  are  determined.  The  iris  data  in  Fig.  8.06-2 
are  for  thin  irises,  and  if  the  iris  is,  say,  0.020-inch  thick,  the  error 
due  to  thickness  should  not  be  serious  for  most  purposes,  since  the  main 
effect  will  be  on  the  resonant  frequency  of  the  cavities.  There  are 
presently  no  data  available  which  give  an  accurate  thickness  correction 
for  irises  of  the  form  in  Fig.  8.06-2  with  holes  as  large  as  are  to  be 
used  in  this  filter.  A  suggested  procedure  is  to  measure  the  resonator 
lengths  l,,  l j,  and  i}  from  the  centerline  of  one  iris  to  the  centerline 
of  the  next.  This  should  make  the  resonant  frequencies  of  the  resonators 
a  trifle  high,  so  that  they  can  be  tuned  down  to  the  correct  frequency 
using  tuning  screws  and  the  alternating  short-  and  open-circuit  method 
discussed  in  Sec.  11.05.  If  a  precision  design  without  tuning  screws  is 
desired,  the  single-  or  double- resonator  test  procedures  described  in 
Secs.  11.03  to  11.05  are  recommended  for  precision  determination  of  the 
iris  sizes  and  resonator  tunings. 

The  peak  attenuation  <L^ ) us B  between  the  first  and  second  pass  bands 
will  be  about  54  db  just  as  for  the  example  in  Sec.  8.05.  However,  it 
should  be  recalled  that  this  holds  only  if  the  TEj #  mode  alone  is  present. 

SEC.  8.07,  NARROW-BAND  CAVITY  RESONATOR  FILTERS 
COUPLED  BY  SMALL  IRISES 

The  design  of  cavity  resonator  filters  coupled  by  small  irises  can 
be  carried  out  in  a  general  fashion  by  means  of  Bathe's  small-aperture 
theory  (see  Sec.  5.10).  For  most  of  the  filters  discussed  in  this  chapter, 
it  will  be  convenient  to  carry  out  the  design  in  te^ms  of  the  resonator 
slope  parameters  or  and  the  inverter  parameters  or  J  j  +1 . 


as 


However,  in  this  section  it  will  be  more  convenient  to  use  the  entirely 
equivalent  approach  which  deals  in  terms  of  the  external  Q’n,  (Q#)4  end 
(Qf) t  of  each  end  reaonator  loaded  by  its  adjacent  termination,  end  the 
coupling  coefficienta  k.  ^+l  for  the  coupling  between  adjacent  reaonatora. 
These  matters  were  introduced  in  Sec.  8.02,  and  equations  for  the  external 
Q' s  and  coupling  coefficients  are  given  in  Eqs.  (6)  to  (8)  of  Figs.  8.02*3 
and  8.02-4. 

Figure  8.07-1  presents  formulas  for  the  external  Q's  of  a  rectangular 
cavity  coupled  to  a  terminated  waveguide  in  any  of  varioua  ways.  In  the 
equations  and  in  the  discussion  below  A.  is  the  free-space  wavelength,  A( 
and  \(1  are  the  guide  wavelengths 


M 3 


ind 


v«l 


(8.07-1) 


$  is  the  number  of  half  guide-wavelengths  in  the  l t  dimension  of  the 
cavity,  Ml  is  the  magnetic  polarizability  of  the  iris,  and  the  quantities 
a,  b,  al ,  6,,  and  t y  are  dimensions  defined  in  the  figures.  Having  com¬ 
puted  the  required  values  of  ((?,)4  and  (<?e)a  from  Eqs.  (6)  and  (7)  of 
Figs.  8.02-3  or  8  02-4,  the  appropriate  equation  in  Fig.  8.07-1  can  be 
used  to  solve  for  the  required  magnetic  polarizability  .  Then,  by  use 
of  Figs.  5 . 10- 4( a ) , (b) ,  the  dimensions  of  the  coupling  iris  can  be  ob¬ 
tained.  It  should  be  noted  that  Mj  has  dimensions  of  (length)?  which 
is  consistent  with  the  equations  in  Fig.  8.07-1,  and  with  the  normali¬ 
zation  of  the  ordinates  in  Figs.  5. 10- 4(a ) , (b) . 

Figure  8.07-2  shows  formulas  for  the  coupling  coefficient  k  for  two 
rectangular  resonators  coupled  by  a  small  iris  in  either  the  end  or  side 
wall.  The  significance  of  the  other  parameters  in  the  equations  is  the 
same  as  for  Fig.  8.07-1-  The  required  coupling  coefficient  values  for 
the  couplings  between  the  various  adjacent  resonators  of  a  filter  can  be 
computed  by  use  of  Eq.  (8)  of  Fig.  8.02-3  or  Fig.  8.02-4.  Then,  by  use 
of  the  appropriate  formula  in  Fig.  8.07-2,  the  magnetic  polarisabili  ty 
of  the  various  coupling  irises  can  be  solved  for.  As  for  the  end  irises, 
the  dimensions  of  the  internal  irises  can  be  determined  with  the  aid  of 
Fig.  5. 10-4(a) , (b) . 
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FIG.  8.07-1  EXTERNAL  Q,  Q.(  OF  A  RECTANGULAR  CAVITY  COUFLED  TO  A 
TERMINATED  WAVEGUIDE  BY  A  SMALL  IRIS  IN  VARIOUS  WAYS 
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For  narrow-band  filters  such  ss  those  discussed  in  this  section, 
the  low-pass  to  band-pass  stepping 


where 


and 
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(8.07-2) 


should  give  satisfactory  accuracy. 

As  an  example  of  the  use  of  this  method  we  consider  the  design  of  a 
three-cavity  direct-coupled  filter  having  a  0.01-db  pass-band  ripple  to 
operate  at  a  center  frequency  of  10  Gc  in  WR-90  waveguide  (a  «  0.900  inch, 
b  ■  0.400  inch).  We  choose  the  bandwidth  to  be  50  Me  (w  »  0.005)  and 
choose  1  j  «  ^4j/2  ■  0.7815  (s  »  1).  The  elements  of  the  low-pass  prototype 


(b) 


X  •  Face  SFACE  WAVE  LENGTH,  X„  «  GUIDE  WAVELENGTH,  t,  •  t  I 

I  •  »  AN  INTESCN 

s-awr-twe 


FIG.  8.07-2  COUPLING  COEFFICIENT  k  FOR  RECTANGULAR  CAVITIES  COUPLED 
BY  A  SMALL  IRIS  IN  THE  END  WALL  OR  SIDE  WALL 


4M 


FIG.  8.07-3  REALIZATION  OF  NARROW-BAND  DIRECT-COUPLED 
FILTER  USING  SMALL  IRISES 


filter  are  determined  Irom  Table  4.05-2(a)  to  be  g0  *  g4  *  1.000, 
gj  •  gj  >  0.6291,  and  g2  *  0.9702.  Figure  8.07-3  illustrates  the  reali¬ 
zation  of  this  filter.  fle  determine  from  Fig.  8.02-3  that  ( Qe)A  *  (Qc)am 
g0g,  “j/w  *  125.8  and  that  kl2  =  k2J  =  v/(o>jVg tg2  )  -  0.0064-  Using 
Figs.  8 . 07 -1(a)  and  8.07-2(a)  we  find  the  polarizabilities  1/j  for  the  external  and  in¬ 
ternal  apertures  to  he  6.62  *  10’3  and  0.79  x  10-3  respectively.  For  the 
rectangular  end  irises  we  choose  2  /  •/,  =  0.5  (see  Fig.  8.07-3).  Referring 

to  Fig.  5.10-4(a),  we  find  from  tiie  curve  for  rectangular  irises,  an 
initial  value  of  d2  ■  0.344  inch.  However,  d2  is  an  appreciable  fraction  of 
K  *  1.18  inches,  so  that  we  use  Kq.  (5.10-3)  to  determine  an  approximate 
correction  and  find  as  final  values  </2  =  0.31  incli  and  d-t  *  0.155  inch. 

For  the  circular  middle  irises  we  find  d  -  (6/l/j)1^  =  0.168  inch  (see 
Sec.  5.10).  If  the  thickness  of  the  irises  is  0.005  inch  or  less,  the 
thickness  correction  of  Eq.  (5.10-5)  is  negligible.  However,  for  greater 
thickness  this  correction  should  be  applied. 

The  presence  of  the  apertures  will  have  the  effect  of  lowering  the 
resonant  frequencies  of  the  resonators  slightly  from  what  they  were  before 
the  apertures  were  added.  If  desired,  a  small  correction  in  the  lengths 
of  the  resonators  in  Fig.  8.07-3  could  be  made  by  applying  Eq.  (5)  of 
Fig.  8.06-1.  For  this  example  the  normalized  reactances  X.  .  +  ( /Z0  can  be 
obtained  from  Fig.  5.10-5,  which  for  the  centered  irises  in  Fig.  8.07-3 
gives 


)  *0  t  •  3 


abK_ 


where  Z0l/Z,  and  ZJ4/Z0  are  for  the  irises  at  the  ends. 


(8.07-3) 
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The  design  method  of  this  section  is  bssed  on  Bethe's  small-aperture 
theory  and  is  very  versatile.  However,  it  does  rely  on  the  assumption 
that  the  coupling  irises  are  relatively  small,  which  also  implies  that 
the  fractional  bandwidth  w  of  the  filter  is  small  (say,  of  the  order  of 
0.01  or  less).  Some  discussion  of  the  derivation  of  the  equations  in 
Figs.  8.07-1  and  8.07-2  will  be  found  in  Sec.  8.14. 

SEC.  8.08,  FILTEHS  USING  TWO- PORT,  QUARTER- 
WAVELENGTH  RESONATORS 

The  filters  discussed  in  Sec.  8.05  use  7-inverters  of  the  type  in 
Fig.  8.03-2(d)  along  with  half-wavelength  resonators,  and  their  design 
equations  can  be  derived  from  Fig.  8.02-1  as  will  be  outlined  in 
Sec.  8.14.  The  filters  discussed  in  Sec.  8.06  use  /(-inverters  of  the 
type  in  Fig.  8.03-  1(c)  along  with  ha  1 f -wavelength  resonators,  and  their 
design  equations  can  be  derived  from  Fig.  8.G2-3.  If  quarter-wavelength 
resonators  are  used  in  an  analogous  way,  they  themselves  have  an  inverting 
effect  so  that  if  at  one  end  of  each  resonator  they  behave  like  the  series 
resonators  in  Fig.  8.02-3,  at  their  other  ends  they  will  operate  like  the 
shunt  resonators  in  Fig.  8.02-1-  In  this  manner  it  can  be  shown  that 
filters  can  be  constructed  using  two-port,  quarter-wavelength  resonators 
if  they  are  coupled  alternately  by  A-  and  7-inverters.1* 

Though  other  types  of  construction  and  other  types  of  A -  and  7- 
inverters  may  also  be  used,  Fig.  8.08-1  gives  design  data  for  a  TEM-mode 
type  of  filter  using  quarter-wavelength  resonators  with  espacitive-gap 
7-inverters,  and  shunt  inductance  A-inverters.  Except  for  the  use  of 
two  different  kinds  of  inverters  and  other  minor  differences  which  result 
from  the  fact  that  the  resonators  are  a  quarter-wavelength  rather  than  a 
half-wavelength  long,  the  design  procedure  is  much  the  same  as  for  the 
preceding  cases.  Using  the  st  p-line  construction  shown  in  Fig.  8.05-3(a), 
the  7-inverter  capacitive-gap  spacing  and  the  electrical  length  <P  can  be 
determined  by  use  of  the  data  in  Figs.  8. 05-3(a) , (b) ,  and  (c). 

Figures  8.08*2(a)  to  8 . 08 -4(b)  show  data  for  inductive-stub  A-inverters. 

Note  that  the  ordinates  on  these  graphs  are  normalized  with  reapect  to 
frequency  in  Gc,  and  that  due  to  the  junction  effect  the  <p  values  sre  not 
always  negative  in  this  case. 

Figure  8.08-5(a)  shows  a  filter  with  six  quarter-wavelength  reso¬ 
nators  designed  using  the  charts  just  discussed.11  The  construction  is 


where  g j,  |j ,  ....  gn  are  defined  in  Fig.  4.04-1,  is  defined  in 
Fig.  8.02-Ka),  end  w  is  the  fractional  bandwidth  defined  below.  In 
this  structure,  impedance  inverters  (with  parameters  K  ■  ^+J)  alternate 
with  adaiittance  invertera  'with  parameters  J ^  ;4.|)>  and  * 0  *  l'Y0  i% 
the  characteristic  impedance  of  the  line  between  inverters. 


Using  Kj  inverters  of  the  form  in  fig.  8 . 03- 1  ( c )  and  J t  in* 

vertera  of  the  form  in  Fig.  8 . 03-2 ( d > ,  the  A\  H.  and 

4 t  valuescanbe  computed  from  the  equations  in  those  figures.  Then 

• }  “  f  ♦i’  K-l.,  *  r*d,“*  (4) 


where  the  are  negative. 

Using  the  construction  ahown  in  Figs.  8. 08- 5(a),  the  gap  spacings  a 

and  the  4  values  for  the  J  inverters  may  be  determined  by 

Figs.  8.05-3(a),  (b),  (c).  {he  stub  lengths  and  4  values  for  the 

Kt  .*i  invertera  may  be  determined  by  Fig».  8.08-2(a)  to  8.08-4(b). 
/*/T* 

To  map  low-pass  prototype  filter  response  to  corresponding  band¬ 
pass  filter  response  use  the  approxiaMtion 


where 


(6) 
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FIG.  8.08-1  DESIGN  EQUATIONS  FOR  FILTERS  WITH  TWO-PORT, 
QUARTER-WAVELENGTH  RESONATORS 
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(f0)Gc  .FREQUENCY  —  6c 


SOURCE:  Reference  II,  by  G.  L.  Matthaei.  (By  courtesy  of  the 

Ramo>Wooldridge  Div.  of  the  Thompeon'Ramo  Wooldridge  Corp.) 

FIG.  8.08.2(a)  K/[Z0(f0)ec]  v*.  (f0)Gc  FOR  DOUBLE-STUB,  SHUNT  INDUCTANCE 
K-INVERTERS  IN  BAR  TRANSMISSION-LINE  CONSTRUCTION 
The  characteristic  impedance  of  th*  resonator  transmission  lino  is 
Z0  ■  1/Yg  *  50  ohms,  and  (fg)Gc  is  the  resonant  frequency  in  Gc 


SOURCE!  Retnrencn  11,  b y  G.  L  Matt  had.  (By  ceurtaay  el  the 

Reme-VeeUrU,*  Die.  ol  the  Thom, ■  or. Remo- Vooldridge  Corp.) 


FIG.  8.08.2(b)  0/(fo)Gc  v».  (f0)Oe  vs.  (f0)6e  FOR  THE 

DOUBLE-STUB  K-INVERTER  IN  FIG.  8.08-2(a) 


DIMENSIONS  Of  PlgCOWTINUITY 


— H  1^*  Oil# in. 


0  Sit-in.  MOUND  PUNC 
MACINO  CCNTCR  CON¬ 
DUCTOR  BAN  l«  am  m. 
THICK. 


AIN  DIELECTRIC 


•  MIT-IM 


SOURCE:  Raforonca  11.  by  C.  L.  Maltha*!.  (By  courtooy  of  tho 

Ramo-Wooldridgt  Div.  of  tho  Thompaon-Ran.<>-Wooldridg«  Corp.) 


FIG.  8.08-3(a)  K/[Z0(f0)Ge]  v».  (f0)Ge  FOR  A  SINGLE-STUB,  SHUNT  INDUCTANCE 
K-iNVERTER  IN  BAR  TRANSMISSION-LINE  CONSTRUCTION 
The  characteristic  impedance  of  the  resonator  transmission  line  is 
Zq  ■  1/Y0  *  50  ohms,  and  (fG)Ge  Is  the  resonant  frequency  in  Ge 


SOURCES  ItlmMi  II,  hr  C.  L.  Mitthnl.  (By  court*.?  of  tb« 

I.m-InIMs*  DW.  at  tb.  Tboneaon-R.mo-WooUrids.  Cory.) 


FIG.  8.08-3(b)  <tff0)Ge  vs.  (f0)Gc  FOR  THE  SINGLE-STUB 
K-INVERTER  IN  FIG.  8.08-3(a) 
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SOURCE:  Rtfarinct  11,  by  G.  L.  Metthaei.  (By  courtesy  of  the 

Ramo-Wooldridge  Div.  of  the  Thompeon  Ramo  Wooldridge  Corp.) 

FIG.  8.08.4(a)  K/[Z0(f„)Ge]  v».  (f0)Ge  FOR  A  SHUNT  INDUCTANCE  K-INVERTER 
DESIGNED  TO  PERMIT  RELATIVELY  LOOSE  COUPLINGS  IN  BAR 
TRANSMISSION  LINE 

The  characteristic  impedance  of  the  resonator  transmission  line  is 
z0  *  1/Yq  *  50  ohms,  and  (fQ)Gc  is  the  resonant  frequency  in  Gc 
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SOURCE:  Reference  II,  by  G.  L.  Metthaei.  (By  courtesy  of  the 

Ramo-Wooldridge  Div.  of  the  Thompson-R  a  mo- Wooldridge  Corp.) 


FIG.  8.08-4(b)  0/(fo)6c  v»*  (Vce  F0R  THE  ^'INVERTER  IN  FIG.  8.08-4(a) 
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SOURCE t  R#f«r«ac«  II,  by  0.  L.  Maltha#  i.  (By  courtaay  o I  tba 

Ramo-Vooldrnig*  Div.  of  tha  Tho«ip*oo-R*mo-WooMr4dlfi  Corf.) 

FIG.  8.08-5(o)  A  FILTER  WITH  SIX,  \</4  RESONATORS  IN  BAR  CONSTRUCTION 
The  ratooni,  it  (hewn  in  Fig.  8.06-5(b) 


quite  rugged,  and  no  dielectric  aupport  material  is  required.  The  reso¬ 
nators  in  this  filter  were  tested  in  pairs  by  the  methods  described  in 
Secs.  11.04  and  11.05  to  insure  that  their  tuning  was  correct.  The  de¬ 
sign  pass  band  was  from  2.6  to  3.4  Gc,  and  as  can  be  seen  from 
Fig.  8 . 08 -5(b),  this  was  achieved  with  good  accuracy.  The  mapping  de¬ 
fined  in  Kqs.  (5)  to  (7)  in  Fig.  8.08-1  is  not  quite  as  accurate,  however, 
for  this  type  of  filter  as  for  the  type  in  Fig.  8.05*1.  In  this  case, 
the  predicted  attenuation  at  2.4  Gc  is  about  40  db,  which  is  only  about 
2  db  more  than  was  measured;  however,  the  predicted  attenuation  at  3.7  Gc 
is  about  37  db  as  against  a  measured  attenuation  of  32  db.  * 


This  type  of  filter  hes  severel  advantages  over  analogous  filters 
using  half-wavelength  resonators.14  The  quarter-wavelength  resonators 
are,  of  course,  shorter  which  gives  a  smaller  filter  for  a  given  number 
of  resonators.  A  filter  with  half-wavelength  resonators  equivalent  to 
the  filter  in  Fig.  8.08-5(a)  would  have  a  second  pass  band  centered  at 
about  twice  the  center  frequency  of  the  first  pass  band,  or  at  about 
6  kMc.  However,  in  this  quarter-wavelength- resonator  type  of  filter, 
the  second  pass  band  is  centered  roughly  three  times  the  band'  center  of 
the  first  pass  band,  or  at  about  9  kMc  in  this  case.  This  particular 
filter  has  about  61. S  db  attenuation  at  6  kMc. 

Quarter-wavelength  resonators  of  the  type  described  have  an  addi¬ 
tional  advantage  in  that  their  reactance  or  susceptance  slope  parameters 
are  half  as  large  as  for  corresponding  hal f-wavelength  resonators. 
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FIG.  8.08-5(b)  THE  ATTENUATION  CHARACTERISTIC 
OF  THE  FILTER  IN  FIG.  8.08-5(o) 
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Because  of  thia,  for  a  given  bandwidth  and  pass-band  ahape  the  couplings 
are  considerably  looser  for  the  quarter-wavelength  than  for  the  half¬ 
wavelength  resonator  types  of  filters.  This  calls  for  larger  capacitive 
gaps  so  that  tolerances  are  less  of  a  problem,  and  it  also  results  in 
considerably  higher  maximum  attenuation  U>4)uSB  in  the  stop  band  above 
the  pass  band.  Also,  because  of  the  shorter  resonators  and  looser 
couplings  the  circuit  is  more  nearly  lumped,  and  as  a  result,  the  design 
equations  in  Fig.  8.03-1  will  be  found  to  give  filters  with  specified 
pass-band  characteristics  accurately  for  greater  bandwidths.  They  should 
give  good  results  for  many  filters  having  bandwidths  as  large  as  30  percent. 
As  in  the  preceding  cases,  the  equations  are  more  accurate  for  larger 
bandwidths  if  the  pass-band  ripple  tolerance  is  0.5  to  1.0  db  than  if  a 
very  small  tolerance  such  as  0.01  db  is  called  for. 

For  this  type  of  filter,  the  maximum  attenuation  between  the  first 
and  second  pass  band  is  always  finite  (just  as  for  the  filters  in 
Secs.  8.05,  8.06,  and  8.07),  but  in  this  case,  the  attenuation  levels 
off  to  a  maximum  value  near  o>  >  2a>Q.  This  maximum  upper-stop-band  attenu¬ 
ation  can  be  estimated  by  use  of  the  formula 
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where 
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and  the  l/Z(j  and  J.  y+1/F#  are  computed  by  use  of  Eq.  (1)  to  (3)  in 

Fig.  8.08-1.  An  n-resonator  filter  of  this  type  will  have  an  (n  +  1 )  - 
order  pole  of  attenuation  (Sec.  2.04)  at  co  ■  0.  For  that  reason,  this 
type  of  filter  will  have  a  very  fast  rate  of  cutoff  below  the  pass  band, 
as  can  be  seen  in  the  case  of  the  reaponse  in  Fig.  8.08-5(b). 

SEC.  8.09,  FILTERS  WITH  PARALLEL -COUPLED 
STRIP-LINE  RESONATORS 

Figure  8.09-1  presents  design  equations  (which  are  a  modified  form 
of  equations  due  to  Cohn15)  for  filters  using  hal f-wavelength  strip-line 
resonators,  positioned  so  that  adjacent  resonators  parallel  each  other 
along  half  of  their  length.  This  parallel  arrangement  gives  relatively 
large  coupling  for  a  given  spacing  between  resonator  strips,  and  thus, 
this  construction  is  particularly  convenient  for  printed-circuit  filters 
up  to  about  10  or  IS  percent  bandwidth.15  For  larger  bandwidths  the 
resonators  can  be  constructed  from  bars  having  a  rectangular  cross  section 
(which  permits  tighter  coupling),  and  for  that  case  the  wide-band  filter 
equations  in  Chapter  10  are  recommended. 

The  use  of  the  equations  in  Fig.  8.09-1  is  best  illustrated  by  use 
of  an  example.  Let  us  suppose  that  a  low  VSWR  in  the  pass  band  is  de¬ 
sired  so  that  a  0.01-db  ripple,  Tchebyscheff  prototype  is  to  be  used  in 
the  design.  The  desired  fractional  bandwidth  is  assumed  to  be  w  ■  0.10, 
and  the  design  center  frequency  is  to  be  fQ  -  1207  Me.  We  shall  assume 
that  25-db  attenuation  is  required  at  f  *  1100  Me.  Then,  by  mapping 
Eqs .  (6)  to  (8)  in  Fig.  8.09-1  for  f  -  1100  Me, 


By  Fig.  4.03-4  it  is  found  that  t.n  n  *  6  design  has  29  db  attenuation  for 
Iu'/oj^  |  -  1  ■  0.77  while  an  n  *  5  design  has  LA  *  18.5  db.  Thus,  n  ■  6 
is  required.  By  Table  4.05-2(a),  the  desired  n  ■  6  prototype  parameters 
are  g0  *  1,  gl  ■  0.7813,  g2  *  1.3600,  g}  ■  1.6896,  g4  ■  1.5350, 
g,  -  1.4970,  g6  -  0.7098,  gT  -  1.1007,  and  -  1. 

4M 


n-l,n  P”"" 

»,Ml 


5»0 


L> *1  to  »~i 


(1) 

(2) 

(3) 


where  gfl,  gj,  ....  gB+1  are  as  defined  in  Fig.  4.04-1.  is  as  defined  in 
Fig.  8.02-l(a),  and  *  is  the  fractional  bandwidth  defined  below.  The  ere 

edeiittence  inverter  parameters  and  FQ  is  the  cherecterietic  edmittence  of  the 
terminating  linee.  The  even-  and  odd-mode  impedances  of  the  strips  are 


(X) 

00 


;  *0  to  n 


(4) 


(5) 


and  the  strip  dimensions  can  be  determined  by  use  of  .Sec.  5. 05. 


To  map  the  low-pass  prototype  response  to  the  band-pass  filter  response  use 
the  approximation 


l(- 1%) 

•\  “o  ' 

(6) 

•  "l 

(7) 

"0 

"2  *  "l 

- 2 — 

(8) 

and  oij  and  a'j  are  11  defined  in  Fig,  8.02-l(b). 


FIG.  8.09-1  DESIGN  EQUATIONS  FOR  FILTERS  WITH  PARALLEL-COUPLED  RESONATORS 
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Table  8.09-1 

IESIGN  PARAMETERS  FOR  EXPERIMENTAL  PAHALLEL- COUPLED  STRIP- LINE -RESONATOR  FILTER 


i 

<Zee)j./4 1 

1 

'/./♦» 

*/./♦! 

0 

0.449 

82.  5  ohm 

37.6  ohms 

0.236  inch 

0.021  inch 

0.073  inch 

l 

0.1529 

58.8  ohm 

43. 5  ohms 

0  346  inch 

0.110  inch 

0.084  inch 

2 

0.1038 

55.7  ohms 

45.  3  ohm 

0.360  inch 

0.158  inch 

0.085  inch 

3 

0.0976 

55.4  ohm 

45.6  ohms 

0.361  inch 

0.163  inch 

0.085  inch 

SOURCE :  Final  naporc,  Contract  DA  36-039  SC-64625,  SRI ;  reprinted  in  1M  Trane.  PGHTT 
(aae  Rtf.  IS  by  S.  8.  Cohn). 


Table  8.09-1  shows  the  ;+,/T'0,  (Zat)} ,j+i>  and  (2##);;+l  values 
as  computed  from  the  equations  in  Fig.  8.09-1-  This  filter  was  con¬ 
structed15  using  polystyrene  dielectric  witli  a  relative  dielectric  constant 
of  2.55.  Using  a  0.5-inch  ground  plane  spacing  and  copper-foil  reso¬ 
nators  of  negligible  thickness,  by  use  of  Figs.  5. 05- 3(a) , (b)  the  dimen¬ 
sions  of  the  strip  widths  Vi  t  4JI  and  the  gaps  ;+i>  **re  obtained  and 
they  are  as  is  also  shown  in  Table  8.09-1.  The  significance  of  these 
dimensions  is  further  illustrated  in  Fig.  8.09-2. 

The  dimensions  d}  indicated  in  'fable  8.09-1  and  Fig.  8.09-2  are 
resonator  length  corrections  to  account  for  the  fringing  capacitance  from 


SOURCE:  Find  report.  Contract  DA  36-039  SC-64625,  SRI;  reprinted 
in  IRE  Tram.,  PCMTT  (eee  Ref.  15  by  S.  B.  Cohn). 


FIG.  8.09-2  LAYOUT  OF  PARALLEL-COUPLED-RESONATOR  FILTER 
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the  end  of  each  strip.  The  basic  length  1  indicated  in  the  Fig.  8.09-2 
ia  a  quarter-wavelength  at  frequency  in  the  medium  of  propagation, 
while  the  actual  strip  lengths  are  shortened  by  the  amount  d .  ....  Al- 

J  *  )  *  * 

though  Table  8.09-1  indicates  some  variation  in  the  d  ...  values,  Cohn1* 
haa  found  that  a  constant  correction  of  <f,  ...  «  0.165b  (where  b  is  the 
ground-plane  spacing)  is  apparently  satisfactory. 

As  a  result  of  the  filter 
being  designed  from  an  antimetric 
prototype  filter  (see  Sec.  4.05), 
the  resulting  paral lei -coupled 
microwave  filter  has  symmetry 
about  its  center.  For  that  reason 
only  the  dimensions  of  half  the 
filter  are  shown  in  Table  8.09-1- 
The  input  and  output  lines  are  of 
50  ohms  impedance  which  requires 
that  they  lie  Hj,  =  0.372  inch  wide 
as  determined  from  Fig.  5.04-1 
with  6  *  0.50,  f  *  0,  and  er  * 

2.55.  Figure  8.09-3  shows  the  manner  in  which  the  input  and  output 
strips  were  beveled  to  give  a  low-reflection  transition  from  the  printed- 
circuit  strip  line  to  coaxial  line. 

Figure  8.09-4  shows  a  photograph  of  the  completed  printed-circuit 
filter  with  its  upper  half  removed.  The  circles  in  Fig.  8.09-5  show 
measured  attenuation  values  while  the  solid  curve  shows  the  theoretical 
attenuation  as  computed  from  the  low-pass  prototype  attenuation  with  the 
aid  of  the  mappings  in  bqs.  (6)  to  (8)  of  Fig.  8.09-1.  As  can  be  seen 
from  the  figure,  the  agreement  is  very  good.  Of  course,  as  a  result  of 
dissipation  loss,  the  pass-band  attenuation  is  considerably  above  the 
0.01  db  theoretical  value  for  a  lossless  filter.  Working  back  from 
the  measured  attenuation  using  Fqs.  (4.13-2),  (4.13-8),  and  Fig.  4.13-2, 
the  Q  of  the  resonators  in  this  filter  is  estimated  to  be  roughly  600. 


FIG.  8.09-3  COAXIAL-LINE  TO  STRIP-LINE 
JUNCTION 
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SOURCE:  Final  Kaport,  Contract  DA  36-039  SC-64625,  SRI;  reprinted 
in  IRE  Trang.,  PGMTT  (eee  Raf.  15  by  S.  B.  Cohn). 


FIG.  8.09-4  PHOTOGRAPH  OF  THE  EXPERIMENTAL  PARALLEL-COUPLED  FILTER 
WITH  ITS  COVER  PLATE  REMOVED 
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SOURCE:  Final  report.  Contract  DA  36*039  SC-64625,  SRI;  reprinted 
in  IRE  Trans.,  PCMTT  (see  Ref.  15  by  S.  B.  Cohn). 

FIG.  8.09*5  THEORETICAL  AND  MEASURED 
ATTENUATION  FOR  THE  FILTER 
IN  FIG.  8.09-4 

SEC.  8.10,  FILTERS  WITH  QUARTER- WAVELENGTH  COUPLINGS 

A*  has  been  previously  mentioned,  quarter-wavelength  lines  can  be 
used  satisfactorily  as  K -  or  ./-inverters  in  narrow-band  filters  (i.e., 
filters  with  bandwidths  of  the  order  of  a  few  percent  or  less). 

Figure  8.10-1  shows  a  filter  with  quarter-wavelength  lines  for  inverters 
and  presents  the  appropriate  design  equations.  The  n/4  and  v/2  terms  in 
the  equations  for  the  normalised  resonator  susceptance  slope  parameters 
^/Fg  represent  correction  terms  for  the  added  selectivity  introduced 
by  the  quarter-wavelength  lines.4  The  particular  structure  shown  gives 
perfect  transmission  at  the  midband  frequency  hence,  it  is  only 
applicable  for  achieving  responses  that  have  this  property  (i.e.,  no 
reflection  loss  at  w„).  Therefore,  the  data  given  is  valid  for  use  with 
the  maximally  flat  low-pass  prototypes  in  Tables  4. 05-1 (a) , (b) ,  having 
any  value  of  n,  but  only  for  Tchebyscheff  prototypes  in  Tables  4.05*2(a), 
(b),  having  an  odd  number  of  reactive  elements  n.* 

Ibkabyaakaff  nipwni  sorraapaaiiag  to  a  .v.a  caa  alao  b«  aakiavai  with  this  tvs*  of  filtar  it  (Is 

lias*  aro  allawai  ts  Isn  r«  vslsss  iiffaraat  tram  that  at  Iks  tarai.a tiaaa.  Is  Fig.  1.10-1, 
tka  lias*  ara  all  tka  aaaa,  far  aiaflicity. 
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For  maximally  flat  filter!  with  n  avan  or  odd,  or  Tchabyachaf  f  filtarawithn  odd: 


V-  - 

..  **o 


®  ];  ■  odd  <s 


-y  ■  y- 

'o  r0 


where  the  gfl<  gj ,  ....  gB+j  are  aa  defined  in  Fig.  4.04-1,  isdefined  in 
Fig.  8. 02-1 (• ), the  ^  are  auaceptance  slope  parameters  defined  in  Fig.  8.02-4, 

•  ia  aa  defined  below,  AQ  i a  the  propagation  wavelength  at  the  midband  frequency 
u0,  and  Fgiathe  admittance  of  the  tranamiaaion  line  connecting  the  resonatora. 

To  map  low-paae  filter  reaponae  to  correaponding  band-paaa  filter  responae 
uae  (for  narrow-band  designs): 


-  2  (U  ’  “o) 

^  “o  ' 

■■(*?)  • 

■ 


and  o>j.  and  are  as  defined  in  Fig.  8.02-l(b). 


FIG.  8.10-1  DESIGN  EQUATIONS  FOR  FILTERS  WITH  QUARTER-WAVELENGTH  COUPLINGS 
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iue  resonators  for  Titters  of 
tiiis  type  can  be  formed  from  semi- 
lumped  elements,  cavities  with  loop 
couplings,  resonant  irises,*  and 
other  means.  One  common  way  of 
realizing  the  desireu  resonators 
is  illustrated  in  tig.  3. 10-2. 4  In 
this  case,  the  resonator  used  is  a 
iia  1  f-wa ve  1  enB tli  resonator  with  a 
A-inverler  at  each  end,  as  indicated 
at  (b)  in  the  figure.  The  /(-inverters 
tend  to  reflect  low- impedance  levels 
to  the  ends  of  the  half-wavelength 
line  section  which,  it  can  be  shown, 
will  make  it  operate  like  a  series 
resonator  (see  sec.  3.11).  However, 
this  series  resonance  operation 
when  viewed  f row  the  outside  through 
the  A'-inverters  looks  like  a  shunt 
resonance  equivalent  to  that  ol  the 
siiunt-tuned  circuit  shown  in 
fig-  8.  10-2(4*)-  Using  waveguide 
and  inductive  irises  of  shunt  re¬ 
actance  Xj  to  realize  the  A^  in¬ 
verters,  the  resulting  'juarter- 
wave  length-coupled  waveguide  filler  takes  the  form  shown  in  Fig.  8.10-3. 
Note  that  the  half-wavelength  resonators  are  corrected  for  the  electrical 
length  cp)  associated  with  the  A-inverters,  and  that  the  juarter-wa velengtli 
coupling  lengths  should  be  corrected  in  a  similar  way. 

The  main  advantage  of  this  type  of  filter  appears  to  be  that  the 
resonators  are  easily  tested  individually.  If  a  waveguide  joint  is  placed 
in  the  center  of  each  quarter-wavelength  coupling,  the  filter  can  easily 
be  disassembled  and  each  resonator  checked  by  itself.  Each  resonator 
should,  of  course,  resonate  at  «0,  and  if  Fig.  8.10-1  calls  for  a  sus- 
ceptance  slope  parameter  of  V  for  the  jtli  resonator,  then  if  the  reso¬ 
nator  is  connected  to  matched  source  and  load  waveguides  of  the  same 
dimensions  (and  characteristic  admittance  Y0 ) ,  the  resonator  should 
exhibit  a  doubly  loaded  Q  of 


(a) 


-*j  ♦,  •  NEG  f* - * - *|  g,  *NEG  (<- 


( b) 


ELECTRICAL  LENGTHS  ARE  DEFINED  AT 
FREQUENCY  u0 

4-hr  -  M 


FIG.  8.10-2  REPLACEMENT  OF  A  SHUNT 
RESONATOR  BY  A  HALF- 
WAVELENGTH  RESONATOR 
WITH  TWO  K-INVERTERS 
The  K-Inverters  shown  ore  of 
the  type  defined  in  Fig.  8.03-l(c) 
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f  0 

/» -  f 


(8.10-1) 


►  . 

_ 

2yn 


where  /4  and  ft  are  the  3-db  points  of  the  transmission  through  the 
resonator. 

To  summarize  the  procedure  for  the  design  of  a  quarter-wavelength 
coupled  waveguide  filter  of  the  type  in  Kig.  8.10-3,  the  number  of  reso¬ 
nators  and  the  value  for  and  the  required  number  n  of  resonators 
should  be  determined  by  use  of  Kqs.  (6)  to  (8)  in  Kig.  8.06-1,  as  dis¬ 
cussed  in  Sec,  8.01.*  Then  should  be  used  to  replace  w  in  Ejs.  (1) 
to  (1)  in  Kig.  0.10-1  (since  guide-wavelength  variation  controls  the 
bandwidth  in  this  case)  and  the  normalized  susceptance  slope  parameters 
^  K0  should  be  determined  using  the  desired  1 umped - e 1 emen t  prototype 
parameters.  ily  Kig.  8.10-2 


(8. 10-2) 

since  Zn  -  1  ')'w,  (laving  values  for  the  A^,£0,  the  dimensions  of  the  dis¬ 
continuities  and  their  corresponding  .  values  can  be  determined  as 
previously  discussed  in  Sec.  8.06.  ’I he  radian  electrical  spacings  f  .  and 


e-lltr-iM 

FIG.  8.10-3  WAVEGUIDE  FILTER  USING  SHUNT-INDUCTIVE  IRISES 
AND  QUARTER-WAVELENGTH  COUPLINGS 
The  <p,  or*  as  indicated  in  Fig>.  8.10-2  ond  8.03-l(e) 


See  Sec.  1,14  fir  diicuceion  of  the  oee  of  A  -/A  te  e  frequency  pcraneter  in  detiyn  of  enre- 
guide  filter*.  *  * 
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(with  reaped  to  guide  wavelength)  of  the  discontinuitiea  are 
then  determined  aa  indicated  in  Fig.  8.10-3. 


SEC.  8.11,  LUMPED- ELEMENT,  COUPLED- RESONATOR  FILTERS 

At  the  lower  microwave  frequencies  it  may  be  possible  to  use  semi- 
lumped  elements,  and  analysis  in  terms  of  the  lumped-element  structures 
in  Fig.  8.11-1  or  8.11-2  may  be  helpful.  The  structure  in  Fig.  8.11-1 
approximates  that  in  Fig.  8.02-4  using  lumped,  shunt  resonators  Bj(oi) 
and  lumped  J-inverters  of  the  form  in  Fig.  8. 03-2(b) .  In  Fig.  8.11-1 
the  capacitances  C  are  the  effective  capacitances  for  determining  the 
resonant  frequency  and  susceptance  slope  parameters  of  the  resonators. 

But,  the  actual  shunt-capacitor  elements  used  are  smaller  than  tiie  C  ., 
as  indicated  in  Eqs,  (8)  to  (10).  This  is  because  the  negative  shunt 
capacitance  of  the  J-inverters  must  be  subtracted  from  the  positive 
resonator  capacitance  to  give  the  net  shunt  capacitance  actually  inserted 
in  the  circuit.  The  end  coupling  capacitances  CQ1  and  Cn  (()  are  treated 
in  a  somewhat  different  manner,  as  discussed  in  Sec.  8.14,  in  order  to 
prevent  having  to  deal  with  a  negative  shunt  capacitance  next  to  the 
terminations  GA  and  Gg .  Note  that  GA ,  u'a,  and  the  Crj  may  be  given  any 
values  desired. 

The  circuit  in  Fig.  8.1I-2(b)  is  the  exact  dual  of  that  in  Fig.  8.11-1 
if  Lr0  and  Lrntl  are  chosen  to  equal  A/0J  and  M #  respectively,  which 

will  make  L0  and  *ero.  The  equations  are  slightly  modified  from 

those  in  Fig.  8.11-1,  however,  in  order  to  also  accommodate  the  circuit 
form  in  Fig.  8. 11 -2(a). 

The  low-pass  to  band-pass  mappings  shown  in  Figs.  8.11-1  and  8.11-2 
are  accurate  for  narrow  bandwidths  only;  however,  Cohn1  has  shown  that 
the  approximate  mapping 


where 


(8.11-1) 


(O  J  + 


Jl): 


oyuj 


(8.11-2) 
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1-Htr-to 

For  definitions  of  the  g^,  o^,  o.^,  end  the  J.  j  +,  ;  see  Figs.  4.04*1> 

8.02-l(al,<b),  8.02-4,  end  8.03-2(h). 

Choose  values  for  Gy  Cf j,  CrJ,  ....  Cfn.  snd  Gy  Then: 


where  e  is  defined  below. 

The  coupling  capacitances  are: 


FIG.  8. 1 M  DESIGN  FORMULAS  FOR  CAP  ACTIVELY  COUPLED  LUMPED-ELEMENT  FILTERS 
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Ike  net  (hunt  eapaei taneai  art: 


Cl 

’  Crl 

"  Cjl  ‘  C12 

(8) 

C,| 

3  2  CO  n-l 

'  Cr> 

'  cy-i./  ~ 

(9) 

c. 

«  c 

rn 

Ca-I.a  C^(ll+i 

(10) 

•bora  tha  Cy  ara  given  by  Eqs.  (S)  to  (7)  and 

C„ 


C5l 


"01 


1  ♦ 


(11) 


c* 

Si,»+1 


"a.  s+1 


(12) 


For  aapping  loar-paaa  prototype  responae  approximately  to  band*psss  response  use, 
if  oj/uj  »  1.05, 


where 


a  \<u„  a.  / 

(13) 

"«  = 

(14) 

"2  "  "l 

V  *  — = - -  • 

wn 

(15) 

For  >  1,05  aae  text  for  a  suitable  mapping  and  definition  of  a  and  o># 


FIG.  8.11*1  Concluded 
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FIG.  8.11-2  DESIGN  FORMULAS  FOR  INDUCTIVELY  COUPLED,  LUMPED-ELEMENT  FILTERS 
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where 


*1 

"  Lrl  ~  *01  '  *1* 

(9) 

4  -2  to  e-1 

'  ^  ’Vi.)  -*).,♦> 

(10) 

Ln 

'  Lm  *  *„-!.«  -  <..♦» 

(11) 

Ln*l 

*  ^rn+l  ‘  *n,»+l 

(12) 

*01 

„  ‘  *01^*4*01^0 

*4 

(13) 

*C1 

>•«?)' 

U  A 

.  ^re+l  _  *i.,n+l^"o*a.nallp»+l 

T 


1  ♦ 


For  form  shown  at  (a)  above,  tha  are  the  total  loop  inductances  and 


(14) 


Lp0  '  Lr0 

(15) 

L,l  *  Lrl  *M0l  ‘*01 

(16) 

w'|>«2  ton-1  r* 

(17) 

^pa  '  ^rn  *  *»,«♦!  ”  *a,n*l 

(18) 

peal  *  ^rn+1 

(19) 

For  mapping  low-pass  response  approximately  to  band-pass  response,  if  o^/a^  *  1.05  use 

"■  ■*(*-*) 


where 

"0  “  ’S6* 

-  .  5_13  . 

"0 

For  a^/aij  >  1.05,  sea  text  for  a  suitable  mapping  and  definition  of  v  and 

FIG.  8.11-2  Concluded 


(21) 

(22) 
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givea  good  results  to  bandwidths  around  20  percent.  A  definition*  of 
w  for  use  in  such  coses  is1 


(3.11-3) 


SEC.  8.12,  BAND  - PASS  F1LTEHS  WITH  WIDE  STOP  BANDS1* 

All  of  the  filter  structures  diiscuaseu  so  far  that  involve  trans¬ 
mission  lines  tend  to  have  additional  pass  bands  at  frequencies  which 
are  multiples  of  their  first  pass-band  J're  juenci  es,  or  at  least  at  fre¬ 
quencies  which  are  odd  multiples  of  their  pass-band  frequency. 

Figure  8.12-1  shows  a  lilter  structure  which  when  properly  designed  can 
be  made  to  be  free  of  higher-order  pass  bands  up  to  quite  high  frequencies. 
The  shunt  capacitances  C 1  in  Fig.  8.12-1  are  not  necessary  to  the  opera¬ 
tion  of  the  device,  but  are  stra>  capacitances  that  will  usually  be 
associated  witli  the  coupling  capacitances  C ;»i-  At  the  pass-band  center 
frequency  of  the  filter,  each  resonator  line  is  somewhat  less  than  a 
quarter-wavelength  long,  as  measured  from  its  short-circuited  end  to  its 
open-circuited  end.  (They  would  all  be  exactly  a  quar te r - wave  1 ength  long, 
if  it  were  not  for  the  capacitive  loading  due  to  the  C‘  and  the  C]  -  +, . ) 

As  seen  from  the  connection  points  at  whicli  the  resonator  lines  are 
attached,  at  midband  the  short-circuited  portion  of  each  line  looks  like 
a  shunt  inductance,  while  the  open - c i rc u i ted  portion  looks  like  a  shunt 
capacitance,  so  the  circuit  is  very  similar  to  that  in  Fig.  8.11-1. 

Hie  circuit  in  Fig.  8.12-1  will  tend  to  have  additional  pass  bands 
when  the  length  of  the  transmissions  line  resonators  is  roughly  an  odd 
multiple  of  a  quarter-wavelength  long.  However,  it  can  be  seen  that  such 
pass  bands  can  be  suppressed  if,  when  a  line  is  resonant,  the  length  from 
the  short-circuited  end  of  the  line  to  the  connection  point  is  exactly 
one-half  wavelength  or  a  multiple  thereof,  while  the  electrical  distance 
from  the  open- c i rcu i ted  end  to  the  connection  point  is  exactly  an  odd 
multiple  of  one-quarter  wavelength.  Linder  these  conditions  the  connection 
point  of  such  a  resonator  is  at  a  voltage  null,  and  the  resonance  looks 
like  a  series  resonance  which  short-circuits  the  signal  to  ground,  instead 


Th«  definition  of  »  uted  hero  differe  fro»  the  »'  th.t  Cohn1  ueee  for  thie  ceee,  by  n  fector  of 

Thie  feet  ie  consistent  with  the  eqtistione  need  herein  and  |ivo*  the  tine  end  result.  The  •  defined  here 

is  fractions!  bendeidth,  while  Cohn's  s'  is  not. 
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For  definition!  of  the  ,  u{,  ug,  cjj ,  end  the  J  . j  eee  Fife.  4.04-1! 
8. 02-l(e),(b).  8.02-4,  end  8. 03-2(b). 

Qiooie  valuea  for  C^,  Gg.  and  Fg  end  estinate: 
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Obtain  elope  parameter!  from  the  B j,  Kg, end  Fig.  8.12-2  or  Fig.  8.12-3  or 
Eq.  (8.12-4). 


(4) 


(5) 


*»,  «♦! 


(Continued  on  p.  484) 
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FIG.  8.12-1  DATA  FOR  BAND-PASS  FILTERS  WITH  WIDE  STOP  BANDS 


4fl 


•here  *  it  given  by  (11)  below. 


For  mapping  low-pass  prototype  response  approximately  to  band-pasa  reaponae 
use 


where 


tftlU 


(10) 


(11) 


“2  +  “1 


(12) 


FIG.  8.12-1  Concluded 


of  a  shunt  resonance  which  passes  the  signal.  Since  for  this  higher  reso¬ 
nance  the  connection  point  has  zero  voltage,  the  C‘  and  the  Cy  y+1  have 
no  effect  on  the  higher  resonant  frequency.  By  designing  the  various 
resonators  to  suppress  different  pass  bands,  it  should  be  possible  to 
make  the  stop  band  extend  very  far  without  any  spurious  pass  bands. 

The  By  in  Eqs.  (1)  to  (3)  in  Fig.  8.12-1  are  susceptances  which 
account  for  effects  of  the  Cj  and  Cy  y+1  on  the  tuning  of  the  resonators 
and  on  their  susceptance  slope  parameters  at  the  midband  frequency  a 
The  total  susceptance  of  the  jth  resonator  is  then 


By  («) 


(8.12-1) 


where  F0  is  the  characteristic  admittance  of  the  resonator  line,  is 

the  electrical  length  of  the  open-circuited  portion  of  the  resonator  line 
at  frequency  <vg ,  and  .  is  the  electrical  length  of  the  short-circuited 
portion  at  the  same  frequency.  At  frequency  coQ  we  require  that  By(c<>0)>0 
which  calls  for 

B'i 

—  *  cot  Bjy  -  tan  &uj  (8.12-2) 


In  order  to  short-circuit  pass  bands  at  3w#  or  5oj#,  etc.,  it  is  only 
necessary  that  B  .  ■  B^y/2,  or  Vmj  *  B^y/4,  etc.,  respectively,  as 
previously  discussed.  Having  related  B#y  and  6^. ,  one  may  solve 
Eq.  (8.12-2)  for  the  total  electrical  length  requir  -d  at  frequency  «# 
in  order  to  give  resonance  in  the  presence  of  the  susceptance  By.  If 
1;  is  the  resonator  length,  then 


g.)  1 

v/2 


(8.12-3) 


where  Kg  is  the  wavelength  in  the  medium  of  propagation  at  the  frequency 
cj#.  Applying  Eq.  (1)  of  Fig.  8.02-4  to  Eq.  (8.12-1)  gives,  for  the 
susceptance  slope  parameter  ty  normalised  with  respect  to  F#, 
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■*./<Xo/4' 


(8.12-4) 


Figure  3.12-2  shows  a  plot  of  lj/{KQ/ 4)  and  ,>j/Y0  vs.  Bj/Y0  for  reso¬ 
nators  which  are  to  suppress  transmission  at  the  3m  0  pass  band. 

Figure  8.12-3  shows  corresponding  data  for  resonators  designed  to  sup¬ 
press  the  pass  band  in  the  vicinity  ol  5w#. 

When  using  the  design  data  in  Figs.  8.12-1  to  8.12-3,  some  iteration 
in  the  design  calculations  will  be  necessary  if  high  accuracy  is  desired. 
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— -•  NORMALIZED  capacitive  susceptance 

T0  1418*  140ft 


FIG.  8.12-2  CHART  FOR  DESIGN  OF  RESONATORS  TO  SUPPRESS  THE  SPURIOUS  PASS 
BAND  IN  THE  VICINITY  OF  3«0 
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1.0 


1.9 


FIG.  8.12-3  CHART  FOR  DESIGN  OF  RESONATORS  TO  SUPPRESS  THE  SPURIOUS 
PASS  BAND  IN  THE  VICINITY  OF 


This  is  because  the  B 1  must  be  known  in  order  to  compute  the  coupling 
capacitances  Cj  (and  usually  the  Cj )  accurately,  while  in  turn  the 

and  Cj  must  be  known  in  order  to  determine  the  Bj  accurately. 
However,  since  the  Bj  generally  have  a  relatively  minor  influence  on 
the  coupling  capacitance  values  ,  required,  the  calculations  con- 

verge  quickly  and  are  not  difficult.  First  the  Bj  are  estimated  and 
corresponding  values  of  the  C;  and  Cj  are  obtained.  Then  improved 
values  for  the  Bj  are  computed,  and  from  them  improved  values  for  the 
l  *n<^  *//(A0/4)  are  obtained.  These  latter  values  should  be 
sufficiently  accurate. 

Figure  8.12*4  shows  a  possible  form  of  construction  for  the  filters 
under  consideration.  The  resonators  are  in  50-ohm  (F#  ■  0.020  mhos) 

M7 


GAP,  jr  —  inch«» 


FIG.  8.12-5  CHARTS  OF  ESTIMATED  VALUES  OF  THE  CAPACITANCES 
ASSOCIATED  WITH  THE  COUPLINGS  FOR  THE 
CONSTRUCTION  IN  FIG.  8.12-4 
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FIG.  8.12-6  DEFINITION  OF  THE  JUNCTION  REFERENCES 
PLANES  FOR  THE  CONSTRUCTION  IN 
FIG.  8.12-4 


about  "0.10  *  Approximate  reference  planes  for  fixing  the  lengths 

of  the  open-  ami  sho  r  l  -  c  i  rcu  i  Leii  sides  of  the  resonator  are  shown  in 
Fig.  8.12-6.  In  fixing  the  length  of  the  open - c i rcu i ted  end,  allowance 
must  he  made  for  the  fringing  capacitance  from  the  end  of  the  bar.  It 
is  estimated  that,  in  order  to  correct  lor  this  capacitance,  the  length 
Z  (see  Figs.  8.12*2.  -3,  -6)  should  be  reduced  by  about  0.055  inch. 

The  two- resonator  filter  built  in  the  construction  in  Fig.  8.12-4 
was  intended  to  suppress  the  3v()  pass  band,  but  at  first  did  r.ot  do  so. 
The  reason  was  that  the  open-  and  short-circuited  sides  of  the  resonators 
did  not  reflect  short-circuits  to  the  connection  points  at  exactly  the 
same  frequencies,  as  they  must  for  high  attenuation.  To  correct  this, 
“balance”  tuning  screws  were  added  at  two  points  on  each  resonator  indi¬ 
cated  by  the  arrows  in  fig.  8.12-4.  In  addition,  pass-band  tuning  screws 
were  placed  directly  over  the  coupling-tab  junction  of  each  resonator. 

* 

The  negative  «ign  merely  indicate*  that  with  the  j une t iorr  rt ftrenct  plane*  being  used,  tout 

capacitance  must  be  subtracted  in  order  to  represent  the  junction,* 
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The  balance  screws  were  adjusted  first  to  give  high  attenuation  in  the 
vicinity  of  3o>0  and  then  the  pass-hand  tuning  screws  were  adjusted  using 
the  procedure  discussed  in  Sec.  11.05.  Since  the  pass-band  tuning  screws 
are  at  a  voltage  null  point  for  the  resonance  in  the  vicinity  of  3a>#,  the 
adjustment  of  the  pass-uand  tuning  screws  will  not  affect  the  balance 
tuning  adjustment  of  the  resonators.  However,  it  should  be  noted  that 
the  balance  adjustment  must  be  made  before  the  pass-band  tuning  adjustment 
since  the  setting  of  the  balance  tuning  screws  will  affect  the  pass-band 
tuning. 
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FIG.  8.12-7  THE  MEASURED  RESPONSE  OF  A  FOUR- 
RESONATOR  FILTER  OF  THE  FORM  IN 
FIG.  8.12-4 

The  solid  line  is  the  measured  response 
while  the  x’s  represent  attenuation  vaiues 
mapped  from  the  low-pass  prototype  using 
Eq.  (10)  in  Fig.  8.12-1 
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FIG.  8.12-8  THE  STOP-BAND  RESPONSE  OF  A  FOUR-RESONATOR 
FILTER  OF  THE  FORM  IN  FIG.  8.12-4 


Figures  8.12-7  and  8.12-8  show  the  measured  response  of  a  four- 
resonator  filter  constructed  in  the  form  in  Fig.  8.12-4  using  the  design 
data  discussed  above.  As  can  be  seen  from  Fig.  8.12-7,  the  bandwidth  is 
about  10  percent  narrower  than  called  for  by  the  points  mapped  from  the 
low-pass  prototype  (which  are  indicated  by  x’s).  This  is  probably  due 
largely  to  error  in  the  estimated  coupling  capacitances  in  Fig.  8.12-5. 

If  desired,  this  possible  source  of  error  can  be  compensated  for  by 
using  values  of  tr  which  are  10  percent  larger  than  actually  required. 

The  approximate  mapping  used  is  seen  to  be  less  accurate  on  the  high  side 
of  the  response  in  fig.  8.12-7  than  on  the  low  side  for  this  type  of  filter. 

Ihe  four- resonator  filter  discussed  above  was  designed  using  one  pair 
of  resonators  to  suppress  the  3a>c  resonance  and  a  second  pair  to  suppress 
the  resonance.  Since  the  two  sets  of  resonators  had  their  higher 
resonances  at  somewhat  different  frequencies  it  was  hoped  that  balance 
tuning  would  be  unnecessary.  This  was  practically  true  for  the  3o>#  reso¬ 
nance  since  high  attenuation  was  attained  without  balance  tuning  of  the 
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resonators  intended  to  suppre*  a  that  resonance.  However,  there  was  a 
small  dip  in  attenuation  at  ib*cut  3.8  kMc  (aee  Fig.  8.12-8)  which 
probably  could  easily  have  bee;n  removed  by  balance  tuning. 

The  pass  band  near  Sojg  wo  uld  not  disappear  in  this  case  no  matter 
how  the  balance  screws  were  adjusted  on  the  resonators  meant  to  suppress 
that  pass  band.  Some  experimentation  with  the  device  suggested  that  this 
was  due  to  a  resonance  effect  in  the  coupling  tabs,  which  was  greatly 
aggravated  by  the  fact  that  tii  «  resonators  involved  were  the  end  reso¬ 
nators  (which  have  relatively  large  coupling  capacitances).  This  dif¬ 
ficulty  can  probably  be  avoided  by  putting  the  resonators  to  suppress 
pass  bands  near  fk<>0  or  higher  in  the  interior  of  the  filter  and  putting 
the  resonators  to  suppress  the  pass  band  near  3&)ft  at  the  ends  of  the 
filter.  Also,  keeping  the  coupling  tabs  as  short  as  possible  should  help. 


SEC.  8.13.  COMB-LINE,  BAND-  PASS  FILTERS 

Figure  8.13-l(a)  shows  a  ■comb-line  band-pass  filter  in  strip-line 
form  and  Fig.  8.13-l(b)  presents  design  equations  for  this  type  of  filter. 
The  resonators  consist  of  line  elements  which  are  ahort-circuited  at  one 
end,  with  a  lumped  capacitance  C*  between  the  other  end  of  each  resonator 
line  element  and  ground.  In  F  ig.  8.  1 3 - 1  ( a )  Lines  1  to  n,  along  with  their 
associated  lumped  capacitances  CJ  to  Cj  comprise  resonators,  while  Lines  0 
and  n  +  1  are  not  resonators  bait  simply  part  of  impedance-transforming 


NODAL 
POINT  n  +  i 


FIG.  8.13-Ko)  A  COMB-LINE,  BAND-PASS  FILTER 
Them  nodal  points  aro  defined  for  wee  in 
the*  design  equation  derivations 
dis-cumsed  in  Sec.  8.14 
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Chooae  the  norm* li ltd  characteristic  admittances  Yf./ YA  so  aa  to  give 
good  reionator  unloidod  y’a.  (See  text.)  Then  compute: 


•here  8 0  ie  the  elmctricel  length  of  the  reeonator  element*  et  the  mid¬ 
band  frequency 

Compute: 


where  ■  i*  the  fractional  bandwidth  defined  below. 

The  normalized  capacitance*  per  unit  length  between  each  line  and  ground 
are 


FIG.  8. 13- 1(b)  DESIGN  EQUATIONS  FOR  COMB-LINE  FILTERS 
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•bar*  *  ia  the  abaolute  dielectric  conetant  of  the  nediua  of  propagation, 
and  <r  ia  tha  ralativa  dialactric  conatant. 

The  noraaliied  Mutual  capacitance*  per  unit  length  between  adjacent 
linea  are: 
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PIG.  8.13-1(b)  Concluded 
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sections  at  the  ends.  Coupling  between  resonators  is  achieved  in  this 
type  of  filter  by  way  of  the  fringing  fields  between  resonator  lines. 

With  the  lumped  capacitors  C‘  present,  the  resonator  lines  will  be  less 
than  a#/4  long  at  resonance  (where  a#  is  the  wavelength  in  the  medium  of 
propagation  at  midband),  and  the  coupling  between  resonators  is  predomi- 
nantly  magnetic  in  nature.  Interestingly  enough,  if  the  capacitors  CJ 
were  not  present,  the  resonator  lines  would  be  a  full  A0/4  long  at 
resonance,  and  the  structure  wouh'  have  no  pass  band/17  This  is  so 
because,  without  some  kind  of  reactive  loading  at  the  ends  of  the  reso* 
nator  line  elements,  the  magnetic  and  elrctiic  coupling  effects  cancel 
each  other  out,  and  the  comb-line  structure  becomes  an  all-stop  structure.* 

For  the  reasons  described  above,  it  is  usually  desirable  to  make  the 
capacitances  C*  in  this  type  of  filter  sufficiently  large  that  the  reso¬ 
nator  lines  will  he  A  '3  or  less,  long  at  resonance.  Besides  having 
efficient  coupling  between  resonators  (with  sizeable  spacings  between 
adjacent  resonator  lines),  the  resulting  filter  will  be  ijuite  small.  In 
this  type  of  filter,  the  second  pass  band  occurs  when  the  resonator  line 
elements  are  somewhat  over  a  ha l f -wave  length  long,  so  if  the  resonator 
lines  are  a#/8  long  at  the  primary  pass  band,  the  second  pass  band  will 
be  centered  at  somewhat  over  four  times  the  frequency  of  the  center  of 
the  first  pass  hand.  If  the  resonator  line  elements  are  made  to  be  less 
than  Ag /8  long  at  the  primary  pass  band,  the  second  pass  band  will  be 
even  further  removed.  Ilius,  like  the  filter  in  Sec.  8.12,  comb-line 
filters  also  lend  themselves  to  achieving  very  broad  stop  bands  above 
their  primary  pass  bands. 

.Since  the  coupling  between  the  resonators  is  distributed  in  nature, 
it  is  convenient  to  work  out  the  design  of  the  resonator  lines  in  terms 
of  their  capacitance  to  ground  C >  per  unit  length,  and  the  mutual 
capacitances  C  per  unit  length  between  neighboring  lines  j  and  j  +  1. 

These  capacitances  are  illustrated  in  the  cross-sectional  view  of  the 
line  elements  shown  in  Fig.  8.13-2.  Fringing  capacitance  effects  beyond 
nearest  neighbors  will  be  neglected.  Figure  8,13-2  also  defines  various 
dimensions  for  the  case  where  the  resonator  lines  are  to  be  constructed 
in  rectangular-bar  strip  line.  Using  the  design  formulas  in  Fig.  8. 1 3- I ( b ) , 
the  distributed  line  capacitances  will  be  computed  in  normalized  form  to 

• 

However,  if  every  other  unloaded,  Aq/4  resonator  vore  turned  end  fer  end  oe  that  the  otreetere 
had  open-  end  a hort-circuited  enoa  alternating,  the  band-otep  structure  weald  beeeae  a  bend- 
pane  structure.  The  resulting  configuration  is  that  of  the  iuterdigitel  filters  discussed  in 
Sueu.  10.06  sud  10.07. 
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FIG.  8. 13-2  DEFINITIONS  OF  THE  LINE  CAPACITANCES  AND  SOME  OF 
THE  DIMENSIONS  INVOLVED  IN  COMB-LINE  FILTER  DESIGN 


give  Cj  A  and  C ^  ^  ♦ i / 4  values,  where  e  is  the  absolute  dielectric  constant 
of  tiie  medium  of  propagation.  Then  by  use  of  the  charts  and  formulas  in 
Sec.  5.05  the  corresponding  rectangular-bar  line  dimensions  and  Sj  ■  +1 
in  Fig.  8.13-2  can  be  determined  for  specified  t  and  b. 

To  carry  out  the  design  of  a  comb-line  filter  by  use  of  Fig.  8.13-l(b), 
the  low-pass  prototype  filter  parameters  g0,  g, ,  ...,  +  1  and  are 

selected  in  the  usual  manner  (Secs.  8.02  and  8.04).  The  low  pass  to  band¬ 
pass  mapping  indicated  in  Lqs.  (8)  to  (10)  is  a  commonly  used,  simplified, 
narrow-band  mapping,  but  unfortunately  it  is  not  outstandingly  accurate 
for  this  type  of  filter  when  the  bandwidth  is  as  large  as  10  percent  or  so. 

From  the  trial  design  described  below,  the  largest  error  is  seen  to  occur 
on  the  high  side  of  the  pass  band  where  the  narrow-band  mapping  does  not 
predict  as  large  a  rate  of  cutoff  as  actually  occurs.  The  reason  that  the 
actual  rate  of  cutoff  tends  to  be  unusually  large  on  the  high-frequency  side 
of  the  pass  band  is  that  the  structure  has  infinite  attenuation  (theoretically) 
at  the  frequency  for  which  the  resonator  lines  are  a  quarter- wavelength  long. 
Thus,  the  steepness  of  the  attenuation  characteristic  on  the  high  side  will 
depend  to  some  extent  upon  the  choice  of  the  electrical  length  of  the 
resonator  lines  at  the  pass-band  center  frequency.  Although  the  simplified 
mapping  in  bqs.  (8)  to  (10)  of  Fig.  8. 13-l(b)  cannot  account  for  these  more 
subtle  effects  in  the  response  of  this  type  of  filter,  it  is  sufficiently 
accurate  to  serve  as  a  useful  guide  in  estimating  the  number  of  resonators 
required  for  a  given  application. 

Next  the  terminating  line  admittance  YA,  the  midband  electrical  length 
6^  of  the  resonator  lines,  the  fractional  bandwidth  w,  and  the  normalized 
line  admittances  Yf./YA  must  all  be  specified.  As  indicated  above,  it  is 
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usually  desirable  to  make  O0  ■  v/ 4  radians  or  less.  The  choice  of  the 
resonator  line  admittances  F  .  fixes  the  admittance  level  within  the 
filter,  and  this  is  important  in  that  it  influences  the  unloaded  Q’ a 
that  the  resonators  will  have.  At  the  time  of  this  writing  the  line 
characteristic  admittances  to  give  optimum  unloaded  i?’s  for  structures 
of  this  type  have  not  been  determined.  However,  choosing  the  Ymj  in 
Eq.  (1)  of  Fig.  8.13'l{b)  to  correspond  to  about  0.0143  mho  ( i.e .,  about 
70  ohms),  appears  to  be  a  reasonable  choice.  [The  admittance  F  .  in 
Fig.  8.13-l(b)  is  interpreted  physically  as  the  admittance  of  Line  j 
with  the  adjacent  Lines  j  -  1  and  j  +  1  grounded.]  The  remainder  of  the 
calculations  proceed  in  a  straightforward  manner  as  presented  in  the 
figure.  As  mentioned  above,  having  the  C-/€  and  Cj  J+J/e,  the  required 
line  dimensions  are  obtained  from  the  data  in  Sec.  5.05. 

Table  8.13-1  summarizes  various  parameters  used  and  computed  in  the 
design  of  a  trial  four- resonator ,  comb-line  filter  designed  for  a  frac¬ 
tional  bandwidth  of  >  ■  0.10,  and  0.1-db  Tchebyscheff  ripple.  Due  to  a 
misprint  in  the  table  of  prototype- fi Iter  element  values  which  were  used 
for  the  design  of  this  filter,  the  gt  element  value  is,  unfortunately, 
off  by  about  10  percent.  However,  a  computed  response  for  this  filter 
revealed  that  this  error  should  not  have  any  sizeable  effect  on  the  shape 
of  the  response.  In  this  design  t~0  *  v/\  radians  so  that  the  resonator 
lines  are  A.0/8  long  at  the  midband  frequency,  which  was  to  be  1.5  Gc. 


Table  8. 13-1 

VARIOUS  PARAMETERS  WHICH  WERE  SPECIFIED  OH  COMPUTED  IN  TOE 
DESIGN  OF  TOE  TRIAL.  FOUR- RESONATOR,  COMB-LINE  FILTER 
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TO  CONTBOL  RESONATOR 


CAPACITOR  PLATES 


FIG.  8.13-3  DRAWING  OF  THE  TRIAL,  FOUR-RESONATOR,  COMB-LINE  FILTER 
Additional  dimensions  of  oloctrical  importance  are  given  in  Table  8.13-1 

Note  that  F  /  *  0.677  which  with  YA  c  0.020  mhc  makes  Y^.  ■  0.0135  mho, 

or  ■  74  ohms.  The  electrically  important  dimensions  ol  this  filter 

are  summarised  in  Table  8.13-1  along  with  figs.  8.13-2  and  3.  Figure  8.13-4 
shows  the  completed  filter  with  its  cover  plate  removed. 

The  filter  was  tuned  using  a  slotted  line  and  the  alternating  short- 
circuit  and  open-circuit  procedure  described  in  Sec.  11.05-  To  adjust  the 
capacitance  of  an  individual  resonator,  first  its  sliding  block  (shown  in 
Fig.  8.13-3}  was  adjusted  to  give  slightly  less  than  the  required  resonator 
capacitance,  and  then  the  tuning  screws  on  the  resonator  were  used  to  bring 
the  resonator  to  the  exact  desired  frequency.  In  this  case  the  bandwidth 
was  sufficiently  large  so  that  the  alternating  short-circuit  and  open- 
circuit  procedure  did  not  give  entirely  satisfactory  results  as  evidenced 
by  some  lack  of  symmetry  in  the  pass-band  response.  However,  it  was  found 
that  this  could  be  easily  corrected  by  readjusting  the  tuning  screws  on  the 
end  resonators*  while  using  a  sweep-generator  and  recording- ref lectometer 

Siaca  tka  aaJ  raaaaatara  kava  aijacaat  coapliasa  ahiek  ara  qaita  dii'faraftt  from  tkoaa  ef  tka 
iatariar  raaaaatara,  it  ia  anally  tka  aad  raaaaatara  tkat  aaaaa  tutiaj  j.fficaltiaa  wkaa  aaiaf 
tka  altaraatias  akart-eircait  a  ad  epea-circait  procadara. 
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aat-up.  After  the  tuning  was  completed,  the  measured  input  VSWR  was  as 
shown  in  Fig.  8.13*5  and  the  measured  attenuation  as  shown  in  Fig.  8.13-6. 

The  VSWH  characteristic  in  Fig.  8.13-5  corresponds  to  roughly  a 
0.2-db  Tchebyscheff  ripple  rather  than  a  0.1-db  ripple.  The  discrepancy 
is  believed  to  be  due  to  the  fact  that  coupling  effects  beyond  nearest- 
neighbor  lines  have  been  neglected  in  the  design  procedure  in  Fig.  8.13-1- 
If  a  smaller  ripple  were  necessary,  this  could  be  achieved  by  small  ad¬ 
justment  of  the  spacings  sfll  and  s 4 5  between  the  input  line  and  the  first 


FIG.  8.13-4  A  FOUR-RESONATOR  COMB-LINE  FILTER  WITH  ITS  COVER 
PLATE  REMOVED 

SM 


FIG.  8.13-6  MEASURED  ATTENUATION  OF  THE  FILTER  IN  FIG.  8.13-4 


$•1 


resonator,  and  between  tiesoriaLor  4  and  the  output  line.  A  similar 
phenomenon  occurred  in  the  iniordigital  line  filter  example  discussed 
in  Sec.  10.06.  In  that  case  the  .size  of  the  ripples  was  easily  reduced 
by  decreasing  the  sizes  of  end-gap  spacings  sQ1  and  Sn  In  the 

case  of  Fig.  8.13-5,  the  ripples  were  not  considered  to  be  sufficiently 
oversized  to  warrant  expenditure  of  time  on  additional  adjustments. 

From  the  VSWH  character¬ 
istic  in  Fig.  8.13-3  the  meas¬ 
ured  fractional  bandwidth  at 
the  equal-VSWP-ripple  level 
is  found  to  be  ui  *  0.116  in¬ 
stead  of  the  specified  v  * 

0.100.  This  somewhat  over¬ 
size  bandwidth  may  also  be 
due  to  coupling  effects 
beyond  nearest  neighbor  line 
elements,  which  were  neglec¬ 
ted  in  the  derivation  of  the 
deaign  equations  in  Fig.  8.13-l(b).  Table  8.13-2  compares  attenuation 
values  computed  by  use  of  the  mapping  Eqs.  (8)  to  (10)  of  Fig.  8.13*l(b) 
as  compared  to  the  actual  measured  values.  Conditions  A  are  for  the 
original  specifications  while  Conditions  B  are  for  the  w  *  0.116  frac¬ 
tional  bandwidth  and  approximately  0.2-db  ripple  indicated  by  the  VSWR 
characteristic  in  Fig.  8.13-5.  Note  that  in  either  case  the  attenuation 
predicted  by  th«  mapping  for  f  *  1.25  Cc  (f  below  f0)  has  come  out  close 
to  being  correct,  while  the  attenuation  predicted  by  the  mapping  for 
/  *  1.70  Gc  (/  above  /0)  is  somewhat  low,  for  reasons  previously  discussed. 


Table  8.13-2 

COUP Alii. SON  OF  ATTENUATION  VALUES  OBTAINED  BY 
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SEC.  8.14,  CONCERNING  THE  DERIVATION  OF  SOME 
OF  THE  PRECEDING  EQUATIONS 

For  convenience  in  using  the  preceding  sections  for  practical  filter 
design,  some  background  theoretical  matters  have  been  delayed  until  this 
section.  Let  us  first  note  how  the  design  equations  for  the  general, 
coupled-series- reaonator  case  in  Fig.  8.02*3  are  derived. 


In  Sec.  4.12  it  was  shown  that  the  lumped-prototype  circuit  in 
Fig.  8.02-2(a)  can  be  converted  to  the  form  in  Fig.  4.12*2(a)  (where  RA, 
and  the  may  be  chosen  arbitrarily). 


response  will  result.  This  low-pass  circuit  may  be  transformed  to  a 
corresponding  lumped-element  band-pass  circuit  by  use  of  the  transformation 


where 


(8.14-1) 


(8.14-2) 


(8.14-3) 


and  o)' ,  wj ,  w,  a)g,  ,  and  <^>i  are  as  indicated  in  Figs.  6.02-l(a),  (b) 
for  the  case  of  Tchebyscheff  filters.  Then  the  series  reactances 
in  Fig.  4. 12-2(a)  transform  as  follows: 


where 


(8.14-4) 

(8.14-5) 


*} 


“{L.j 


and 


ui'.L 

l  a;  0 


(8.14-6) 


This  reasoning  may  then  be  used  to  convert  the  low-pass  circuit  in 
Fig-  4.12-2(a)  directly  into  the  band-pass  circuit  in  Fig.  8.02-2(c). 
To  derive  the  corresponding  general  equations  in  Fig.  8.02-3  we  can 
first  use  the  function 


Xi  («) 


n 


(8.14-7) 


for  the  resonator  reactances  in  Fig.  8 . 02 -2(c)  in  order  to  compute  the 
resonator  slope  parameters 
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(8.14-8) 
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Then  by  Eqs,  (8.14-6)  and  (8.14-8) 

xVar 

L  =  -V-  (8.14-9) 

Substitution  of  tiiis  result  in  the  equations  in  Fig.  4.12-2(a)  yields 
Eqs .  (2)  to  (4)  in  Fig.  8.02-3. 

Equat ions  (6)  and  (?)  in  Fig.  8.02-3  can  be  derived  by  use  of 
Fq.  (8.14-8),  Fig.  4.12-1,  and  the  fact  that  the  external  )  of  each  end 
resonator  is  simply  j  or  divided  by  the  resistive  loading  re¬ 

flected  through  the  adjacent  impedance  inverter.  The  basis  for  Eq.  (8) 
in  Fig.  8.02-3  can  be  seen  by  replacing  the  idealized  impedance  inverters 
in  Fig.  8.02-2(c)  1»>  inverters  of  the  form  in  Fig.  8.03-l(a),  yielding  a 
circuit  similar  to  that  in  Fig.  8. ll-2(b)  with  the  equivalent  transformer- 
coupled  form  shown  in  Fig.  8.11-2(a).  Then  the  coupling  coefficients  of 
the  interior  resonators  of  the  filter  are 
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;  *  1  to  «-l 
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hill— 

V,;  ♦  1 


(8.14-10) 


Equation  (8)  in  Fig.  8.02-3  will  be  seen  to  be  a  generalized  expression 

for  this  same  quantity.  For  example,  for  Fig.  8.11-2,  Kjtj  + 1  * 

and  the  %.  -  '<>Q Lpt-  If  these  quantities  are  substitutes  in  Eq.  (8.14-10), 

Eq.  (8)  of  Fig.  8.02-3  will  result. 

The  derivations  of  the  equations  in  Fig.  8.02-4  follow  from 
Fig.  4.12-2(b)  in  exactly  the  same  manner,  but  on  the  dual  basis.  The 
equations  for  the  K-  or  ./-inverter  parameters  for  the  various  filter 
structures  discussed  in  this  chapter  are  obtained  largely  by  evaluation 
of  the  reactance  or  susceptance  slope  parameters  x  or  &  for  tiie  particular 
resonator  structure  under  consideration,  and  then  inserting  these  quantities 
in  the  equations  in  Fig.  8.02-3  or  8.02-4.  Thus  the  derivations  of  the 
design  equations  for  the  various  types  of  filters  discussed  in  this  chapter 
rest  largely  on  the  general  design  equations  in  Figs.  8.02-3  and  8.02- 4. 
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The  Capacitively-Coupled  Filters  of  Sec.  8.0 5— Let  us  now  derive 
the  resonator,  susceptance  slope  parameters  for  the  capacitive-gap- 
coupled  transmission-line  filter  in  Fig.  8. 05-1-  In  this  case,  the 
resonator  lines  are  roughly  a  half-wavelength  long  in  the  pass  band  of 
the  filter,  and  if  ZL  ia  the  impedance  connected  to  one  end  of  a  reso¬ 
nator  line  the  impedance  looking  in  at  the  other  end  will  be 
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ZL  +  jZ0  tan 


(8.14-11) 


(8.14-12) 


Ju««»r  u. 


Filtera  of  the  form  in  Fig.  8.05*1  which  have  narrow  or  moderate  bandwidth 
will  have  relatively  small  coupling  capacitances.  It  can  be  shown  that 
because  of  this  each  resonator  will  see  relatively  large  impedances  at 
each  end.  Applying  this  condition  to  Eq.  (8.14-12)  .  \ZL\  »  Z„,  and  at 
least  for  frequencies  near  o>,  Ej.  (8  14-12)  reduces  to 


where 
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Yl  ■  \/ZL  and  F„  *  1 /Z0  (8.14*15) 


Thus,  Zia  looking  into  the  line  looks  like  the  load  admittance  in 
parallel  with  a  resonator  susceptance  function  B(w) .  Applying  Eq.  (1) 
of  Fig.  8.02-4,  to  Eq.  (8.14-14)  for  the  j th  transmission  line  resonator 
gives,  for  the  susceptance  slope  parameter 


(8.14-16) 


MS 


Since  all  of  the  lines  in  Fig.  8.05*1  have  the  same  characteristic  admit¬ 
tance  F0,  all  of  the  t.  are  the  same  in  this  case.  Inserting  Eq.  (3.14-16) 
in  Eqs.  (2)  to  (4)  in  Fig.  8.02-3  yields  Ejs.  (1)  to  (3)  of  Fig.  8.05-1. 

It  is  interesting  to  note  that  filters  of  the  type  in  Fig.  8.05-1  can  also 
be  constructed  using  resonators  which  are  nominally  n  half-wavelengths 
long  at  the  desired  pass-band  center  frequency  et)Q.  In  that  case  the 
susceptance  slope  parameters  become 


(8. 14-17) 


The  Wo veguide  Filters  in  Sec.  8 . U6 — The  waveguide  filter  in  Fig.  8.06-1 
with  shunt - i uduc tunce  couplings  is  the  dual  of  the  capaciti vely-coupled 
filter  in  Fig.  8.05-1  except  lor  one  important  factor.  This  factor  is  that 
the  additional  frequency  effect  due  to  the  dispersive  variation  of  the  guide 
wavelength  A  in  the  waveguide  must  also  be  accounted  for.  It  can  be  shown 
that  the  response  of  the  waveguide  filter  in  Fig.  8.06-1  will  have  the  same 
form  as  that  of  an  etuivalent  strip  line  filter  as  in  Fig.  8.05-1  if  the 
waveguide  filter  response  is  plotted  with  1/Af  as  a  frequency  variable 
instead  of  v.  Thus,  the  equations  in  Fig.  8.06-1  are  simply  the  duals  of 
those  in  Fig.  8.05-1  with  frequency  ratios  and  r‘>t/ci>0  replaced 

by  corresponding  guide-wa velength  ratios  A<#/Af,  Ag0/Afl,  and  Aj#/Af2, 
where  aj0  is  the  guide  wavelength  at  midband.  The  half-wavelength  reso¬ 
nators  in  this  case  have  a  series-type  resonance  with  slope  parameter 
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(8. 1 4 - 1 8  a ) 


Equation  (8.14-18a)  applies  to  waveguide  resonators  only  if  the  frequency 
variable  is  in  terms  of  reciprocal  guide  wavelength  (or  )i  however, 

it  applies  to  TEVI-mode  resonators  on  either  a  frequency  or  reciprocal- 
guide-wavelength  basis.  If  radian  frequency  a>  is  to  be  used  as  the  fre¬ 
quency  variable  of  a  waveguide  filter,  the  slope  parameter  must  be 
computed  including  the  additional  effects  of  Af  as  a  function  of  frequency. 
Using  w  as  the  frequency  variable,  the  slope  parameter 


Mi 


(8. 14- 18b ) 


discussed  in  Sec.  5.08  must  be  used.  Jn  an  actual  filter  deaign  the 
difference  between  the  alope  parameter*  given  by  Eqs.  (8 . 14-  18a )  and 
( 8 . 14-1 8b )  is  compensated  for  by  the  fact  that  the  fractional  bandwidth w 
in  terma  of  frequency  will  be  different  from  the  fractional  bandwidth 
in  terma  of  guide  wavelength  by  the  factor  ( 0/^-0 ) 2 .  at  least  for  narrow- 
band  cases.  [See  Eq.  (7)  of  Fig.  8.06-1.]  The  reciprocal  guide  wavelength 
approach  appears  to  be  the  most  natural  for  most  waveguide  cases,  though 
either  may  be  used. 

Insertion  of  Eq.  (8.13-18a),  ftA  *  RB  *  Z0,  and  (in  place  of  w)  in 
Eqs.  (2)  to  (4)  of  Fig.  8.02-3  gives  Eqs.  (1)  to  (3)  of  fig.  8.06-1. 

The  \arrow - Band ,  Cavity  Filters  of  Sec.  8.07— As  an  example  of  the 
derivation  of  the  equations  in  Sec.  8.07,  consider  the  case  of  Fig.  8.07-l(a) 
which  shows  a  cavity  connected  to  a  rectangular  waveguide  propagating  the 
TE10  mode  by  a  small  iris  with  magnetic  polarizability  M,  (see  Sec.  5.10). 
The  fields  within  the  cavity  in  MRS  units  are 
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In  these  equations  ►M)/e(|  *  376.6  ohms 
space),  A.  is  free  space  wavelength  and 
along  the  length,  1,,  of  the  cavity, 
guide  are 
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where  Kf  is  given  by  Kq.  (8.07-1).  Vie  define  <)t  as 
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(8.14-21) 


where  <v  =  2  it  f  is  the  angular  resonance  frequency,  II  is  stored  energy 
within  the  cavity  and  l'L  is  the  average  power  lost  through  the  iris  to 
the  terminating  guide. 

The  stored  energy  within  the  cavity  is 


"  '  4  eo  jj j  I5  tlx  •h  ,lt 


oWi a  l  f>  1  *  l 
2s2/ 2 


(8.14-22) 


where  we  have  used  (8.13-19). 

The  power  lost  through  the  iris  is 


:.4.i  .S, 


(8. 14-23) 


where  A%,  the  amplitude  of  the  normal  mode  fields  excited  in  the  termi¬ 
nating  guide,  is  given  by 


"VW#//, 


(8.14-24) 


The  amplitude  of  the  tangential  normal-mode  magnetic  field  in  the  termi¬ 
nating  waveguide  at  the  center  of  gravity  of  the  window  is  II,  and  H1  is 
the  amplitude  of  the  tangential  magnetic  field  in  the  cavity  at  the  center 
of  gravity  of  the  window.  The  quantity  Sa  is  the  peak  power  of  the  normal 
mode  in  the  rectangular  waveguide  or 


(8.14-25) 


Substituting  Eqs .  (8.14-24)  *n 8  (8.14-2S)  into  Eq.  (8.14-23)  we  find 
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When  Eq.  (8.14-26)  and  Eq.  (8.14-22)  are  substituted  in  Eq.  (8.14-21)  we 
find 


a  j  b  j  a  b  l  J  /c 


(8.14-27) 


as  given  in  Fig.  8.07  1(a). 

When  two  resonant  cavities  are  connected  together  by  a  small  iris  as 
shown  in  Fig.  8.07-2(a)  they  will  have  two  natural  resonant  frequencies 
<«>r  and  o>  ~  V<i.  When  the  tangential  magnetic  fields  are  pointing  in  the 
same  direction  on  either  side  of  the  iris  the  cavities  will  oscillate  at 
frequency  <vf ,  which  is  the  natural  resonant  frequency  of  a  cavity  with  no 
iris.  When  the  tangential  magnetic  fields  are  pointing  in  opposite  direc¬ 
tions  on  either  side  <  f  the  window,  the  natural  resonant  frequency  is 
o>r  -  Ac.),  When  An>  is  small  the  coupling  coefficient  k  can  be  defined  as 


r,'r  €0jJJ  Uyi  i2  dx  dy  di 


(8.14-28) 


Substituting  Kq.  (8.13-1*1)  into  Kq.  (8,13-28)  we  find 

<1/  j  A. 2  s  2 

k  =  -  (8.14-29) 

*iai6i 

as  for  Fig.  8. 07-2( a) . 

The  Quarter-Wave lenpth-Resonator  Filter  of  Sec.  8.08~\»  diacussed 
in  Sec.  8,08.  the  filter  structure  in  F»g.  8.08-1  looks  like  the  filter 
type  in  Fig.  8.02-3  when  observed  from  its  K- i n verters .  but  looks  like 
the  filter  type  in  Fig.  8.02-4  when  observed  from  its  ./- inverters.  Thus, 
at  one  end  of  each  quarter-wavelength  resonutor  u  reactance  slope  param¬ 
eter  applies,  while  at  the  other  end  u  aiisceptancc  slope  parameter  applies. 


By  analysis  similar  to  that  in  Eqs.  (8.14-11)  to  (8.14-16)  it  can  be 
shown  that  for  quarter-wavelength  resonators  exhibiting  series  resonance 


at,  -  •  (8.14-30) 

i  4 

and  when  exhibiting  shunt  resonance 

*  7^o  •  (8.14-31) 

Insertion  of  these  equations  in  the  appropriate  equationa  in  Figs.  8.02-3 
and  8.02-4  gives  Lqs.  (1)  to  (3)  of  Fig.  8.08-1. 

The  Para l le l -Coup  led  Filters  of  Sec.  8.09— The  equations  presented 
in  Fig.  8.09-1  can  be  derived  by  showing  that  for  narrow  or  moderate  band- 
widths  each  of  the  paral 1  el -coupled  sections  j,j  *  1  of  length  l  in 
Fig.  8.09-1  is  equivalent  to  a  7-inverter  with  a  length  of  line  on  each 
side,  the  lines  being  a  quarter- wavelength  long  at  frequency  o>#.  A  com¬ 
plete  derivation  of  the  equations  in  Fig.  8.09-1  (in  somewhat  different 
form)  can  be  found  in  Hef.  15. 

The  Quar  te  r -Have length-Coup led  Filters  of  Sec.  8.10 — The  design 
equations  (1)  tao  t4)  in  Fig.  8.10-1  can  be  derived  from  those  in 
Fig.  8,02-1  by  setting  CA ,  G'g .  and  the  inverter  parameters  J .  }  all 
equal  to  1  fl ,  and  then  solving  for  the  7>  /}'0.  As  previously  discussed  in 
Sec.  8.10.  the  i:/\  and  i:,-2  terms  were  introduced  in  these  equations  to 
account  for  the  added  selectivity  introduced  by  the  quarter-wavelength 
lines.4  Ihe  correction  is  7;/}  ior  the  end  resonators  which  have  only  one, 
qua r t e r - wa v e 1  eng t h  line  adjacent  to  them,  and  is  twice  as  large  for  the 
interior  resonators  whicli  have  a  qua rt e r- wave  1 ength  line  on  each  side. 

.Note  that  c:.»-  1; / \  correction  per  quarter-wavelength  line  corresponds  to 
the  v“  ies  l°r  the  quarter-wavelength  resonators  discussed  in  con¬ 

nection  with  Kq.  (8.11-31). 

The  Lumped-Element  Filters  of  Sec.  8.11  —  ‘ihe  resonator  susceptance 
slope  parameters  for  the  capaciti vely-coupied,  lumped-element  filter  in 
Fig.  8.11-1  are  simply 

S  =  f"oCr>  (8.14-32) 


510 


and  these  valuta  inserted  in  Eqs,  (2)  to  (4)  of  Fig.  a  '2-4  yield  Eqs.  (2) 
to  (4)  in  Fig-  8.11*1.  The  7-inverters  in  this  case  nit  of  the  form  in 
Fig.  8. 03’2Cb).  The  negst  ive  shunt  capacitsnces  required  for  these  in¬ 
verters  art  lumped  with  the  resonator  capacitances  Crj  to  yield  the  some- 
whet  smaller  net  shunt  capacitance  actually  used  in  constructing  the  filter 
However,  in  the  case  of  the  inverters  between  the  end  resonators  and  the 
terminations,  this  procedure  does  not  work  since  there  is  no  way  of  absorb¬ 
ing  the  nogstive  capacitance  that  would  appear  across  the  resistor  termi¬ 
nation.  Thsi  difficulty  in  analysis  can  be  avoided  by  analysing  the  end 
couplings  in  a  somewhat  different  way. 


LookinM  from  llesonator  1  in  Fig- 
series,  the  admittance  is 


8.11-1  out 


towar/1 

/ 


«rnd  CA 


in 


where  /<01  -  .  Meanwhile,  looking  left  from  llesonator  1 

into  the  inverter  the  conductance 


in  Fj  g .  8.02-4 


(8.14-34) 


is  seen.  Kqgiillting  (i  in  Kq.  (H.  14-34)  to  the  real  part  of  FinKq.  (8.14-33) 
and  so] v i ng  for  CQl  gives  Kq.  (5)  in  Fig.  8.11*1,  and  ensures  that  the  con¬ 
ductance  loimding  on  llesonator  1  will  be  the  same  as  that  called  for  by  the 
general  equations  in  Fig.  8.02-4.  Ihc  imaginary  part  of  F^iiuJ4q-r'Tfi .  14- 
can  be  dealt-  with  satisfactorily  by  replacing  it  by  a  shunt  capac  j  fc 
susceptance  "V:o  1  of  the  same  sise  which  then  lends  to  Kq.  (Tl)  in 
Fig.  8 .  1  1*1-  Since  effectively  increases  the  shunt  cupacitnrra  of 

llesonator  1,  this*  umourit  should  be  subtracted  from  C'rt  as  tndi  i*.cd  iu 
Kq.  (8)  in  1— ' i g .  8.11-1  when  computing  the  net  shunt  capacitance  to  be  used 
in  construct- ing  llesonator  I.  Of  course,  the  same  reasoning  app'i;>s  for 
design  of  time  C H  R  +  J  coupling  ul  the  other  end  of  the  filter. 


It  slmtm  Id  be  noted  why  the  procedure  discussed  above  is  necessary  for 
the  l umped-fm  lament  circuit  in  Fig.  8.11*1  when  it  whs  not  necessury  for  ths 
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upproxinate,  open- 
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■fajw.Ti  I  was  specified 

a )  between  Nodal 
1 1- 1  ’  l  and  2  ,  2  and  3, 
r  •>  *  e-jin  v.  lences  in 


and  2,  2  and  3,  etc.  Note  that  the  line  admittances  in  Fig.  8.14*1  are 

defined  in  terms  of  the  line  capacitances  per  unit  length  C  and  G'  .  .. 

J  J  »  )  *  * 

as  defined  in  Fig.  8.13-2.  times  the  velocity  of  propagation  (which  gives 
the  dimensions  of  admittance).  This  representation  of  a  comb- line  filter 
is  approximate,  and  neglects  the  effects  of  fringing  caporitances  beyond 
nearest  neighbors.17 

The  design  equations  in  Fig.  8.13-l(b)  are  based  on  the  general 
equations  in  Fig.  8.02-4.  In  order  to  modify  the  circuit  in  Fig.  8.14-1 
to  a  form  such  that  the  data  in  Fig.  8.02-4  can  be  easily  applied,  the 
series  stubs  between  Nodal  Points  1  and  2,  2  and  3,  etc.,  in  Fig.  8.14-1 
were  iucv,-.-;,o rated  into  7-inverters  of  the  form  in  Fig.  8.03-4,  which  gave 
the  result  shown  in  Fig.  8.14-2.  Since  each  of  the  inverters  J  con¬ 

sists  of  a  pi  configuration  of  a  aeries  stub  of  characteristic  admittance 
Y,  and  two  shunt  stubs  of  characteristic  admittance  ~Y ,  it  was  necessary 
to  increase  the  characteristic  admittances  of  the  actual  shunt  stubs  on 
each  side  in  order  to  compensate  for  the  negative  admittances  ascribed  to 
the  inverters.  This  is  why  the  shunt  stubs  2  to  n  -  1  in  Fig.  8.14-2  now 
have  the  admittances  Ya/  =  v  (CJ  ♦  Cy . ,  f  ♦  C';  ;  «, ,  )  instead  of  just  v  C)  . 

The  portion  of  the  circuit  in  Fig.  8.14-1  between  Nodal  Points  0  and  1  has 
been  converted  to  the  form  shown  in  Fig.  8.14-2  by  use  of  a  simplifying 
constraint  which  brings  about  the  properties  summarized  in  Fig.  5 . 09  -  3 ( a ) . 

When  applying  the  general  relations  in  Fig.  8.02-4  to  the  circuit  in 

8.14-2  to  derive  design  ejuations  for  comb-line  filters,  the  admittance- 
inverter  parameters  Jt.l  are,  of  course,  evaluated  at  midband,  and  the 
resonator  slope  parameters  are  computed  from  the  resonator  circuits  con¬ 
sisting  of  the  lines  of  admittance  Yaj  shunted  uy  the  lumped  capacitances 
Cr  The  t-ern'inaiing  admittance  G'r,  in  Fig.  8.14-2  is  specified  so  that 
GTl  =  w^,ere  t>ie  value  of  70,  is  as  given  in  Fig.  8.02-4. 
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